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A. A. KupuijioBy,
OT KOTOPOIO sI BIIEPBbBIE YCJBIIIAJ CJIOBA
«TIpOU3BOASIIAs PYHKIIAST>

[Tpenucnosne

IMocne ymuoxkenust Ha (2n — 1)! xkosddumment npn x*"~! pasmoxe-
HUd QYHKIUHU tg X 10 CTENEeHSIM T CTAHOBUTCS IIOJIOKUTEJHHBIM IIEJIBIM
qucjiom. 1o 6ojtee yIuBUTEIBHO, 3TO YMCJIO OKA3BIBAETCS PABHBIM YHUCILY
NMJI000PA3HBIX [EPECTAHOBOK Ha MHOxkecTBe {1, ..., 2n — 1}. ®yHKIms
tgx TeM caMbIM SBJISIETCH <«IKCIIOHEHIMAJIBHON MPOM3BOALAIIECH (DyHKITH-
eil» JIJIsI TOC/IeIOBATEILHOCTH, OOPA30BAHHON YNCIAME [TJI000PA3HBIX I1e-
PECTaHOBOK. DTOT (haKT MOXKHO JIOKA3aTh, OJHAKO HEJIb3sl CKA3aTh, ITO-
OBl MBI BIIOJIHE TIOHUMAJIU IIPUPOJLY CTOSINETO 33 HUM siBjieHusi. OyHKIMs
tg x He omMHOKA — KO (DUITUEHTHI PA3JIOKEHUS B PsiJl MHOTUX «KJIACCHIE-
cKuX» (QYHKIWHI NME0T KOMOMHATOPHY0 nHTeprperanuio. Coa OTHOCAT-
Csl TPUTOHOMETPUYECKUE, THIEPTeOMETPUIECKUE, IJIIHITUIECKHe (DyHK-
1AW, SJUINITHYECKHEe UHTerpajbl U T. 1. MoXHO [1aXke yTBEPKIATH, ITO
ecou (PYHKIWS IPECTaB/ISIeT HHTEPEC «caMa 10 cebey, a He KaK JIEMEHT
HEKOTOPOI COBOKYITHOCTHU (PYHKIIUH, TO ee KOIDPUIMEHTHI MMEIOT KOMOU-
HATOPHBIA CMBICJL.

Maremaruku XVIII—XIX BekoB 3Ha/mm GyHKIUM «B U0y, Bpsm an
YUCJIO CHEIUAINCTOB, BJIAJIEIONINX STUM UCKYCCTBOM Ceffdac, HAMHOTO IIpe-
BBIIIIAET UX YUCJIO CTOJETHe Ha3ak. A BeJb KOPHH IIPOU3BOJISIIEH (DyHK-
AU, ee aCUMIITOTUYIECKOE IMOBEJEHNE, KPYT CXOIMMOCTH, TUI OCOOEHHO-
CTelf, TOTIOJIOTHsI COOTBETCTBYIOMIE PUMAHOBOM MMOBEPXHOCTU MOI'YT MHO-
roe CKa3aTh O XapaKTePe OIMUCHIBAEMBIX €10 OObHEKTOB.

[Ipoussoasmure (GpyHKIMH €CTECTBEHHBIM 00pa3oM pa30WBAIOTCS Ha
Kyaccoul. [Ipocreiimuit n3 HUX — KJIACC PAIMOHAIBHBIX (DYHKITHIT — XOPO-
10 U3yYeH, ¥ U3BECTHBI MHOI'OYUC/IEHHBIE IPUMEPBI 33184, [IPUBOISIIIX
K PallOHAJBHBIM [TPOU3BOIASIINM (DYHKIHAM. AJjrebpandecKkre Ipon3Bo-
gsmme QYHKINN TaKXKe BCTPEYaroTcs O9eHb 9acTo. B Hagase 60-x romos
ITroTrienbepke mokaszast, 9TO UX HEKOMMYTATHBHBIE AHAJOTA €CTECTBEH-
HO BO3HHUKAIOT B #A3BIKAX, [TOPOXKIAEMBIX (POPMAIHHBIMU IPAMMATHKAMU
C OJIHO3HAYHBIM BbIBOJOM. (OJHaKO KJjiacc ajrebpanmdeckux QYHKIUN
(B omIMuMe OT DAIMOHAJBHBIX) HE3AMKHYT OTHOCHTEJLHO eCTeCTBEH-
HOIi omeparuu — npousBeenus Ajamapa. [Ipoussenenne Anamapa jaByx
asredpamdecKnx (PYHKIINNH MOXKET OKa3aTbCsl aJredpo-1orapudMuaecKoit
dynkmnumeit. Knace amnrebpo-orapudmvumdeckux QyHKIMA y2Ke BBITISIIAT
OYeHb €CTECTBEHHBIM.

Cesi3b anrebpandeckux (QyHKIUA ¢ (HOPMAJBHBIMU I'PAMMATHKAMEI
YKa3bIBAET HAa CYIIECTBEHHYI OJHOMEPHOCTH IE€PEYUC/ITEMbIX O0bEK-



6 IIpenuciioBue K TpeTbeMy H3JAHHIO

TOB — CJIOBA B SI3bIKAX 3aIlUCHIBAIOTCA JUHENHO. OObEKTHI, IEPEeYNCIeHHEe
KOTOPBIX OKa3bIBAETCsl HEOOXOJIUMBIM B COBPEMEHHBIX MOJEJISIX KBAHTO-
BOIl TeOpWM TOJist, HOCAT CYIIECTBEHHO JIBYMEpHBIN xapakrep. lIpupoma
BOBHUKAIOIIUX 37€Ch MMPOU3BOIANMX (PYHKINN HE MOHATA 0 CHX IIOP.
IIpuaymanubiit bu3mKaMu USANTHBI METOJ IPEICTABICHIS TAKIX (DyHK-
1yl B BUJIe MATPUYHBIX HHTETPAJIOB II03BOJISET IOy YUTh OKOHYATEJILHbIE
Pe3yJIbTAThI JINIIb B OTIAEJbHBIX CJIydasiX.

MHe X0TeI0Ch HAIMCATD MPOCTYIO U JIOCTYITHYIO KHUTY, Y/I€JIUB BHIMA-
HUE B [IEPBYIO 0YEPE/Ib APKUM [IPUMEPAM, a He 0OIIUM TeopusiM (KOTOpPbIE,
K TOMY Ke, 339aCTyi0 OTCYTCTBYIOT). B pesyibrare 3a ee 60pTOM OKas3a-
JINCh MHOTHIE BarKHbIE IPUJIOZKEHIST METOa ITPOU3BOAANINX DYHKITHI, Cpe-
JI KOTOPBIX Teopus Iepeuncienus 1lojima u g-aHAJIOIH, IPOU3BOISIIIE
MHOrowIeHsl [lyaHkape TOMOJIOrHIeCKIX MHOIOOOpa3wii U IPOU3BOISIINE
ceMelicTBa, Teopusi PA3BETBJICHHBIX HAKPBITUII 1 MHOTOE JIPYTOE.

Moit naTEpeCc K KOMOMHATOPUKE O0SI3aH CBOMM ITPOMCXOXKIECHUEM Psi-
JIy 3aJ1a4, KOTOpble ObLIM 1ocTaBjeHbl B. V. ApHOIBIOM B CBSA3U C HEKO-
TOPBIMU TIPOOJIEMAMU TEOPHH OCODEHHOCTEH, a Tak:Ke ero cOOCTBEHHBIM
paboraMm B 9T0i1 0bjacTu. 3HAYUTEILHOE BIIUSTHUE HA MEHs OKa3aJm pabo-
ThI (PPAHITY3CKOII KOMOMHATOPHOI IITKOJIBI, B IIEPBYIO odepensb Jlaboparo-
puu o mcciaeaoBaHusAM B obsiactu mHMOpMaTUKA Y HUBepcuTera T. Bop-
no (2K. Brenno, P. Kopu, M. enect, a Takxke @. Diuazxoue). [Ipennara-
eMasl BHIUMAHUIO YUTaTesell KHWATa HAINCAHa HAa OCHOBE CIEIHAJILHOIO
Kypca, YATaBIIErocs CTyldeHTaM He3aBHCHMOTO MOCKOBCKOI'O yHHBEPCH-
Teta B 1992-99 rr. Bosbmryio moMornis B MPOBEJIEHUN 3aHATHI OKa3asl
vue M. H. Bsabrit, KoTOpbIit TaKKe TOATOTOBIII MATEPHUAJIBI STUX JIEKITAN
K [IPEIBAPUTEILHOMY M3IaHUIO. [[jIs HACTOAIIEr0 U3JaHNs KHUTA CyIIe-
cTBeHHO nlepepaboTana. OCHOBHBIM MCTOYHUKOM MOUX 3HAHUN 110 KOMOU-
HaTOPHKE HOCIyKUJI Mot apyr u coaBrop A. K. 3BOHKMH, Ube HCKYCCTBO
CO3/TaHUsI TEKCTOB OCTAETCs JIJIsl MEeHsI HeJOCTUXKUMBIM, YBbI, 00Pa3I[OM.

C. K. Jlando
HpeﬂI/ICﬂOBI/Ie K TpeTbeMy N3 J1aHNTO

Hacrosiiiee nzmanme pacmmpeno 3a cueT 1006aBIEHIS OIMUCAHIS MHOTO-
aeroB Beprysuin u Toxaecrs AGens. [lonxon k Muorowienam beprysuim
caeyer pekomenganusam 1. 3arupa. Kpome Toro, ncnpasiieHbl He3HAYN-
TEJIbHDBIE OIIEUATKH.

C. K. Jlando



T'maBa 1

dopmMaJjbHbI€ CTEIIEHHBIE PAIbI
1 npounsBoasinue pyHkimn. /lelictBus
HaJa POPMAaAJIbHBIMU CTEIIEHHBIMU
pagaMu. DJjeMeHTapHbIe
ITpon3Bo/isAIe PYyHKIIUN

1.1. 3agaya o 4mcJie CHACTINBBIX OMJIETOB

Haunewm ¢ 3agaqan, koropoit A. A. Kupuiios oTKpbIBaJI CBOH CEMUHAD
B Hagaje 70-x romoB. B Te Bpemena wesoBek, eaymiuii B OOIIECTBEHHOM
TPAHCIOPTE, IOJIKEeH OBbLI KyIUTh OWIeT B aBTOMATHIECKONU KaCCe WU Y
KOHJIyKTOpa. BujeTs! ObLIN IepeHyMepOBaHbl IMIECTU3HAYHBIMUA HOMEPa-
MH.

Buter HaspiBaeTCs cuacmaugsim, €CJId CyMMa, IIEPBBIX TPex 1udp ero
HOMEPA PABHSETCST CYMMe IMOCJIETHUX TPeX udp.

Tak, ommersr ¢ mHomepamu 000000 u 123060 — cuactyiuBbie, a OumIeT
¢ HoMepoM 123456 — HecuacTauBblii. CUacTiIuBBIA OUJIET I10JIArajIoCh Ha
CYACTBE CHECTb.

Nrak, ckoavko 6ceeo cyuecmeyem cuacmausur ouiemos?

YestoBeKy, BJIAJCIONMIEMY JIEMEHTAPHBIMIA HABBIKAMU [TPOTPAMMUAPOBA-
HUsl, HETPY/IHO HAITMCATH TPOrPAMMY [IJIsI IO/ICIeTa YNCJIa CIACTINBBIX On-
sretoB. IIpocreiimas Takast mporpamma repebupaer Bce HoMepa ot 000000
70 999999, orbupas cpenu Hux cyactTiauBble. /laBaiiTe, oJHAKO, TIPUTJIS-
JUMCS K 3aj1a1u€e TTOBHUMATEIbHEE.

Pazobrem Bce cuacTiiuBbie OUIETHI Ha, KJIACCHI, B KAXKJIOM M3 KOTOPBIX
CyMMa IIE€PBBIX TPeX udpP OAMHAKOBA. JTa CyMMa MOYXKET IIPUHUMATH 3Ha~
gyenus or 0 (i rpoiiku mudp 000) mo 27 (musa rpoiiku 999). Iosromy
qncio KJiaccoB papHo 28. OGo3HAUYMM 4Yepe3 a, UKMCJIO Pa3IuYHBIX TPO-
ek 1udp ¢ cymmoit nudp n. IlepBbie HeCKOTBKO 3HAYEHUI @, HETPYJIHO
BBIUHC/IATD:



8 Inasa 1. DuemenTapubie Tpou3BodIIre OYHKIMA

ag =1 (ecth Beero oana Tpoiika mudp 000 ¢ cymmoii 0);

a; = 3 (ecrs Tpu Tpoiiku 001, 010, 001 ¢ cymmoii udp 1);

a, =6 (rpoitku 002, 020, 200, 011, 101, 110).

JIerko BUZETH, 9TO YMCJIO CHACTIUBBIX OMJIETOB, CyMMa IEPBBIX TPEX
mudp KOTOPBIX paBHA N, ecTh a. JefiCTBUTENbHO, KaK B HAYAJIe, TaK U
B KOHIIE HOMEPa CHACTJIMBOIO OHMJIETa MOXKHO IIOCTABUTDH JIIOOYIO TPOMKY
mudp ¢ cymmoii n. Takum 0o6pazom, JJIsi MOJCYETa UHC/Ia CUYACTIIUBBIX
OMJIETOB HAM JIOCTATOYHO BBIYUC/IUTH YUCIA (,, & 3aTeM HAUTH CYMMY
KBa/IPATOB 3TUX 28 UHUCE.

Jj1s1 BoIYUCIEHUS 3HAYEHUN @,, TOIPOOYEM IOJICINTATh CHAYAJA TUC-
JIO OJTHO- M JBY3HAYHBIX YHCeJ ¢ cymMoi 1udp n. Ias kKaxkIoro n =
=0,1,2,...,9 cymecrByer pOBHO OJHO OJIHO3HAYHOE YHUCJIO C CyMMOi
mudp n (3a1UCh 9TOro YUC/Ia COBIAJAET ¢ 3aUCHIO Yucia n). Bygem onu-
CBIBATDH OJIHOZHAYHBIE YHUCJIa MHOTOYJIEHOM

A(s)=1+s+s+...+5°

CMBICJT y 9TOT0 MHOTOUJICHA CJI€IYIOITHIA:

xoappuryuenm npu 8" 6 mHozousene A, pasen wucay 00HOZHAMWHOHLEL
wucen, CYMma yu@p Komopur pasHa n.

pyrumu ciioBamu, KoadgduimeHT upu s” B MHorodjiene A; paseH 1,
ectn 0 <n <9, u pasen 0, ecotm n > 9.

Broinuimem rerneps MmuorowieH Ay (s), onuchBAIOMUil 1By3HAYHBIE TUC-
aa. Koaddunuent npu s™ B Muorowiene A,(s) paBeH 9uciLy JABY3HATHBIX
qucest ¢ cymmoit udp n. (Mbl paccMarpuBaeM U Takue JIBy3HAUHBIE YHC-
Jla, B KOTOPBIX TiepBas mudpa uan jgaxe odbe 1mudpbl MOTYT PABHATHCSI
HYJIIO. )

Herpyauo Buners, 9o crenenb mMHorounexa A, pasua 18. JleficTBu-
TeJIbHO, 18 — HanboIbIIas BO3MOXKHAsT CyMMa (P JIBY3HATHOTO YUCIA.
Hecsioxxno cocanrars 1 mepBble HECKOIBKO KOIMDMUIIMEHTOB STOTO MHO-
ro4JieHa;

Ay(s)=142s+3s>+4s° + ...

OxkagzbIiBaeTcst, MHOrOUYIeH Ay JIErKO CTPOUTCS 10 MHOTOWIEHY Aj.
IIpengioxxenne 1.1. A,(s) = (A,(s))?.

HdokaszaTenncTso. [Iponssenenne MOHOMOE s¥ m s™ maeT BKJas
B k03 durment npu mMoHOMe s" MmMHOrowieHa (A;(s))> B ToM u TONB-
KO B TOM ciyd4ae, eciit n =k + m. Ilosromy xoadduimenT mpu MOHO-
Me s" B muorowieHe (A;(s))? ecTb B TOYHOCTH YUCIO CIOCOGOB IIpe-
CTaBUTH 4UCJIO N B BUje cymMmbl n=Fk+m (k, m=0,1, ..., 9). Takum



1.1. CyacTiauBble GuieTsbl 9

06pa30M, MHOTI'OYJIEH B HpaBOfI JaCTU paBE€HCTBa COBIIaJaeT C MHOT'OYJIe-

HOM As,. O

Temepb HETPYJHO BBIIMCATH W MHOTOWIEH Agz(s)=ag+ a;s+ ...
.+ as78%7.

IIpenmoxenne 1.2. As(s) = (A4,(s))3.

HoxazaTeanbcTso. JlokazaTeabCcTBO TPAKTUIECKH JTOCTOBHO COB-
NAJAET C JIOKA3ATEIBCTBOM IIPEJbIYINErO yTBEPKIACHU: KOI(Dpuimen
npu s" B Muorowere (A;(s))® paseH 4mciy HpeicTaBieHHil ducIa n B
BHUE CyMMBbI Tpex udp, n=m-+k+1, m, k, 1=0,1,...,9. O

Urak, 3a1a4a 0 4UC/E CYACTJIUBBIX OMJIETOB IPAKTUYECKU DEIIEHA:
ocTasnoch Beraucanth MHOrowneH (A;(s))? m noacanrars cymmy KBajpa-
TOB ero ko3ddunuentos. Obparnre BHUMAHUE HA TO, 9TO yMHOXKEHHUE HA
MHOrouieH A;($) — odeHb HpOCTasl Ollepalsi. BhIYUCIeHIsT MOXKHO [IPO-
BECTH BPYYHYIO, 3aTPATUB Ha HUX OKOJIO JeCATH MUHYT. HaJloO0HOCTH B
HAIMCAHUU [TPOTPAMMBI OTIIAIACT.

O 1HAKO MOYKHO HE OCTAHABJIMBATHCA HA JOCTUTHYTOM W MOWTH JAJb-
mre!. VzmaraeMblii HUZKE TIOJIXOJ, K PEINIEHUIO 33/Ia91 O CUACTIIMBBIX GUIIe-
Tax, TPUHAJJIEKUAT — TOT/Ia AecaTukaaccHuky — B. Jlpundennbmty.

Paccmorpum Hapsizry ¢ muHOrowieHoMm Aj(s) «muorowrten Jlopanas
A3(1/s) or mepemenHoii s:

1
ITpoussenenne Az(s)As (f) TaKIKe sIBJIsSeTCs MHOrouiIeHoM JlopaHa (T. e.
s

OHO COJIEPZKUT MOHOMBI BUJIa s¥, rie k MOKeT OBITh KaK HOJIOKHTEIbHBIM,
TaK ¥ OTPUIIATEIHHBIM, HO [IPU STOM €ro 3HAYEHUsT OIPAHUYECHBI CBEPXY U
cun3y). CeobGonubiit wien (kosddunument npu s°) B 3TOM IpOM3BEIECHUNI
uMeer BUJ a2 + ai + ...+ a3;, U MBI 3aKJHOYAEM, UTO

YUCAO CHACTNAUBHLL OUAEMOE PABHO CBODOOHOMY UAEHY MHO2OUAEHA
Jlopara Az(s)Az(1/s).

s BBIMUCTIEHUST 9TOTO CBOOOJHOTO “JIEHA MBI MOXKEM Telepb BOC-
MTOJIb30BATHCS 0A3UCHBIM (paKTOM Teopuu (PYHKINH KOMILJIEKCHOTO TIepe-
MeHHOro — TeopeMoit Korru.

Mlocmemyromuit TekcT (mo xoHma pasnesa) TpeSyeT BIIAJEHHs SJIEMEHTAMA MaTeMa-
TUYECKOTI'O aHAJU3a U MOXKET OBITH NPOILyIeH 6e3 yiuepba i MOHUMaHUs JajbHei-
mero.
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Teopema 1.3 (Koum). Jas ar6ozo mrozousera Jopana p(s) ezo ceo-
600 waeH Py paseH

Po =

)

1 Sp(s)ds
2mi s
2de unmezpan bepemcs no A10007 OKPYIHCHOCTIU 1A KOMNAEKCHOT NPAMOU,
OPUEHMUPOBAHHOT, NPOUB HACOBOT CIMPEAKY U COOEPHCAWET, BHYMPU, Ce-
04 Hauano Koopduram.

JpyruMu cioBaMH, MHTerpaj OoT s*ds 10 Takoll OKPY>KHOCTU paBeH
2ni pu k= —1, u on paBen 0 Tpu BCEX OCTAJBHBIX IEJIBIX 3HAYCHUSX K.
10T HAKT JIETKO TPOBEPUTh.

st mammmx neseit Hanbosiee yIo0O6HONH OKa3bIBAETCS OKPYZKHOCTD €T~
HUYHOI'O PaJyca C IEHTPOM B Hadajie KOOpIAUHAT. BOCII0JIb30BaBIINCH
TeM, 9TO

A(s)=1+s+...+5 =

npejicraBuM Tpebyembiii MHOrowieH Jlopana B Buje
1 S |
P(s) = A3(S)A3(;) - Al(s)A1<;) -

17310 3 173_10 3 2781078_10 3
_<1—s)<1—s*1) _( 2—s5—s5"1 )
Bponga na equHUYIHOI OKPY?KHOCTH CTaHJAPTHLIN IIapaMeTp ¢ U OrpaHu-

yuBag Ha Hee MHorowien Jlopama P(s), mosydaeMm BbIpaKeHUe Jjisi €ro
CBOOOJIHOIO YJIeHA:

2n 2n
_ 1 272005(10@)>3 _ 1 sin (5cp) 5
po_QnS( 2 —2cos@ d T 2n sin (9 do =
0 0 9

_ lg(sm 10¢) ) do — 1

T\ sing T

TTonpobGyeMm o1leHUTH 3HAUEHUE TIOC/IeIHEr0 nHTerpaa. | padbuk QyHK-
sin(10¢) T

mun f(¢) = “eng HA OTPE3Ke | —o, 5| BBILIAJMT TaK, KaK HOKA3aHO

ua puc. 1.1. B myne byuknus gocruraer cBoero MakcuMmyma, pasaoro 10.

~3.

<73m(10“’))6d@. (1.1)

sin ¢

[\J\;l [ I E]

T n
Bre orpeska {——, —} BesimunHa (QYHKIUU f HE ITPEBOCXOIAT
10° 10 sin -~

10
T I
10’ E} B unrerpan (1.1)
He TIpeBocxXouT T - 35 & 2100 (Ha caMoM Jiejie OH 3HAYUTEHLHO MEHBIIE).

IlosTomy BKJIAJ JOMOJHEHWS K OTPE3KY {f
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f(e)
10

/to\;a
<

’\/\/0 \/

sin(10¢)
sin ¢

Puc. 1.1. Bun rpaduka dbynkmun f(¢@) =

OcHoBHAas XKe COCTaBJIdOIIad UHTETrpaJia (11) CcoCpeJI0TOY€eHa Ha OT-

by
pe3ke {—E 1l 0} JL711 OIleHKYM BKJI&J1a 9TOTO OTPE3KA BOCIIOIB3YEeMCS Me-

modom cmayuoHaPHOT Padvi. DTOT METOJ TIO3BOJISET OLEHUTH 3HAUYECHUE
UHTErPAJIa

1ST)ftdCP: ?e““'fdcp

upu ¢t — oo. Ilpu GOIbIKMX 3HAYEHUAX ¢ BEJIMINHA HHTEIPAJIA ONPEACIACT-

cst mosegenneM GyHKIwn In f («bas3pr» ) B OKPECTHOCTH CBOEH cTAIMOHAD-

Hoit Toukn 0 (Touku, B Koropoii (In f)' =0, wiu, 9o To xke camoe, ' =0).
33 33

B oxpecrnoctu nyns f(p)~ 10 (1 — 7({9), a Inf(p)~Inl0— ?@2

Ipu Gosbmux ¢ umeem

e
t(1n10-326?) etin10 83442 tin10 V2T
e 2? )do = S e 2%dpre —

V33t

[ =

|
|

Jn
ol

1

ol



12 Inasa 1. DuemenTapable Tpou3BodIIre OYHKIMA

Tomnaras ¢t =6 n BcoMmunast popmysty (1.1), mosydaem npubinrkeHHOE
DPaBEHCTBO
6
10
Do < ———= ~ 56 700.
3v1lx
[TosrydeHHBIN pe3yIbTAT ¢ XOPOIEH TOYHOCTHIO (OTKJIOHEHUE COCTABJISAET
ue 6osiee 3%) npubmkaeT NCKOMOE 3HAYCHUE.
Eme onun mojcuer uucia cYacTIMBBIX OMJIETOB, OCHOBAHHBII Ha CO-
BEPITIEHHO JIpDYTUX IPUHINIAX, IpUBeJieH B paszaene 7.1.

1.2. BriBoanbl

Ha ocroBanum paccMOTpeHHOTrO IpuMepa MOYKHO CJIeJIaTh HEKOTOPBIE
BBIBOJIBI O 3aj[a9aX, KOTOPBIMU MbI Oy/IeM 3aHUMATBCS, ¥ METO/AX, KOTO-
PBIMU MBI IIPU 3TOM OyJIEM MOJIb30BATHCS.

[IpeameroM HaIllero MCCIeIOBaHUS OYIyT 389U MEPEeIUCIUTE b
Hoit kKombmHaropuku. OHEM 3aK/IIOYAIOTCS B HOJCYETe YUCIa OOBEKTOB,
[IPUHA/JJIEKAIUX HEKOTOPOMY CeMeCTBY KOHEYHBIX MHOYKECTB. ¥ KaxK-
JIOr0 MHOXKECTBa ceMelicTBa uMmeeTcs CBOH HOMep (B 3ajade O ducje
CYACTVIMBBIX OMJIETOB TAKHM HOMEDPOM ObLIa CyMMa UMD TPEX3HATHOIO
YHCTIA).

Kaxk npaBmio, 3a1aua nepeancanTeIbHON KOMOMHATOPUKHI «B IIPUHITH-
Ie» pa3pennMa: s KazKI0ro MHOYKECTBA U3 CeMeNCTBa MOYKHO BBIIIACATH
BCE €ro 9JeMEHTHl U TaKUM 00pa3oM y3HaTbh ux uncio. IIpobrema, oxHa-
KO, COCTOUT B TOM, YTOOBI HAWTH «XOpOIee» perleHne, He Tpedyroriee
BBIITUCHIBAHUS BCEX DJIEMEHTOB U3Y9aeMbIX MHOXKECTB.

OrnpesiesinTh, YTO TaKOe XOpoIlee pellenne, JOBOJIHHO TPYIHO. 3atda-
CTYIO MOXKHO JIMINIb CPABHUTH JIBa PEIIEHUs] U CKa3aTh, KAKOE M3 HHUX
JIydIne.

Tlpu pemennun 3ama4 nepevInCIUTETHHON KOMOUHATOPUKH OYEHDb IO-
JIE3HO PACCMATPHUBATH HPOU3BOJSINME MHOrOWIEHbl (miu, Gosiee 06IIO,
IPOM3BOJAIE DsA/bl). B Hamem ciydae I0JIb3y HOPUHEC [IPOU3BOJIs-
muit MHorowieH As. Omnepamnuu ¢ KOMOMHATOPHBIME OObEKTaAMU OYEHB
€CTEeCTBEHHO BBIPAXKAIOTCS B TEpMUHAX MPON3Bosimx GyHknumii. Tak, me-
PexXo1, OT OJJHO3HAYHBIX YUCEN C 33JAHHOM CyMMON 1udp K TPeX3HATHBIM
YUCIAM COCTOSIJI MTPOCTO B BO3BEJEHUM MTPOUBBOJSIIEr0 MHOrowiena A;
B KyO.

IIpuBiieuenne MeTOOB M3 CMEXKHBIX O0sacTeil MaTeMarTuku (HalpH-
Mep, M3 aHAJIN3a) JIaeT HOBBIH B3IVIsAJ| Ha IE€PEeUNCIUTEIbHBIE 33/[a9d U
[I03BOJISIET HAXO/INTHh HEOXKUIAHHBIE ITO/IXO/Ibl K UX PEIIEHUIO.
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1.3. IIpousBoagniue (PyHKIIUU U JIeMCTBUS HAA HAMMU
[Tepeitaem K CTPOruM OTIPEIETICHUSIM.

Ounpexnesenne 1.4. Ilycrs ag, aq, ay, ... —upousBosbHas (6eCKOHEY-
Hasl) II0CJIEe0BATENILHOCTD Yucell. [Ipoussodswets gynkyued (npouseoos-
wWuM PAJOM) JIJIsT STOR TOCJIEIOBATEIHLHOCTH OyIeM HAa3bIBATH BBIPAYKEHUE
BHJIA

ao + a18 +ass* 4+ ...,

WA, B COKPAIIEHHON 3alliCH,

o0
E a,s”.
n=0

Ecin Bce wirennt II0CJIe10BATEJIbHOCTH, HaAYNHasdA C HEKOTOPOI'0, paBHbBI HY-
JITO0, TO IIPOU3BOATasA Cl)yHKL[HF{ ABJIACTCA npouseo&ﬂwum MHO20UNEHOM.

Yucna, BXOAANME B MOCIEI0BATEIIBHOCTD, MOTYT UMETh PA3IHIHYIO
npuposy. Mbr OyjieM paccMaTpUBATh IIOCJIE0BATEIbHOCTA HATYPAJIBHBIX,
[IEJIBIX, PAIIMOHAJIBHBIX, BEIIECTBEHHBIX U KOMILJIEKCHBIX dnces. [Ipousso-
JAITYI0 QYHKINIO, KaK U OOBITHYIO (DYyHKIHIO, MBI OyJieM 4acTo 0003Ha-
qaTh OAHOI OyKBOM, yKa3biBasg B CKOOKAX €e apryMeHT:

A(s) =ag+ a8+ as® + ...

3ameuanue 1.5. Yorpebsis c0BO «(DyHKIMS», MBI BOBCE HE TMEEM
B BH/Ly, 9TO HAIMCAHHOE BBIPA’KEHUE JEHCTBUTEIHHO SBJISETCS (DyHKIU-
eii. Tak, He ciemyer JAymarb, OYJATO MBI MOXKEM CKa3aTb, Y€MY PaBHO
«3Hauenue A(sq) npouspojsmei Gyukimn A B TouKe So». [lepemennast s
ABJISETCA (POPMAALHOU, U CyMMa Pslia ag + a1Sg + a253 + ... CMbICJIa HE
umeer. Onuako Bepuo yrBepxienue A(0) = ag, T.€. Mbl 3HaeM 3HAYEHUE
[IPOM3BO/IsAIIEH (DYHKIUN B HYJIE.

[IpousBossimnas yHKIUS MPEICTABIISET TOCJIEI0BATEIBHOCTD YHUCETT
B BUJE pdAna 10 creneHsaM (GopMasibHON mepemenHoi. [losromy Hapsimy
C TEPMUHOM <IIPOUBBOJAIIAA (DYHKIINA> MBI Oy/IeM TaKKe MOJIb30BATHCS
TEepMUHOM «(OPMAJIBHBII CTEIIEHHON Psiii».

Omnpenenenne 1.6. Cymmot IByX TPOU3BOJSINNX DYHKITHIA

A(s)=ag+ a5+ as®+ ...

B(S):b0+b13+b232+...
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Ha3bIBACTCA ITPOU3BOIAIIAA CI)yHKL[I/IH
A(S) + B(S) = (CLO + bo) + (al + bl)S + (G/Q + b2)82 + ...

Ipoussedenuem npousBonamux Gyukuuil A n B Ha3bIBae€TCS IPOU3BOLISI-
mast QyHKITAA

A(S)B(S) = aobo + (a0b1 + albg)s + (aobg + a1b1 + a2b0)82 + ...

Omneparuu CJIOKEHUsI U yMHOYKEHWS TPOU3BOISINNX (DYyHKIUIN, OUeBU/I-
HO, KOMMYTaTHUBHBI I aCCOIIMATUBHBL.

Onpenenenne 1.7. Ilycrs
A(s)=ag+ a8+ as®+ ...

B(t) = by + byt + bot® + bst® + . ..

— nBe npousBogiye byukimu, upudeMm B(0) = by = 0.
ITodcmanoskoti ipousBossieil GyHKIuU B B MPOU3BOISIILYIO0 (DyHK-
1m0 A HA3BIBAETCS TPOU3BOIAIIA (DYHKIIUS

A(B(t)) = Qo + alblt + (ale + QQbf)tQ + (a1b3 + 2a2b1b2 + a3b?)t3 =+ ...
Ecin, naupumep, B(t) = —t, To
A(B(t)) = A(=t) = ap — art + ayt® — ast® + ...

O6paruTe BHEMaHUE HA TO, 9TO OIepaIus MOJCTAHOBKU (DYHKIIUN, OT-
JINYHO OT HyJIs B HyJIe, He onpeesena. [Ipu monsITKe MoICTaBUTh TAKYIO
GYHKIINIO MBI CTOJIKHYJIUCH ObI ¢ HEOOXOANMOCTHIO CYyMMUPOBATEH OECKO-
HEYHBIE YHUCJIOBBIE PSIBI.

Koneuno xe, ecsiu 0b6e npousBojsimue QyHKIH A u B sBisitoTcst
MHOTOYJIEHAMY, TO OIPEJIEI€HUs] CYMMBbI, TPOM3BEIEHUS U IOJCTAHOBKU
JUISE HUX COBHAMAIOT C OOBIYHBIMU OIIPEIETCHUSMU STUX OIEPAIUl st
MHOT'OYJIEHOB.

YT100b! TO3HAKOMUTHCS C TPOU3BOISIINME (DYHKIIUAMEA TOOJIIKE, Ta-
BaiiTe JOKaXKeM BarKHYIO TEOpeMy.

Teopema 1.8 (06 obparnoit dyukuun). Hycms dyrryus
B(t) = byt + bot® + bst® + . ..
maxosa, wmo B(0)=by =0, a b; #0. Tozda cywecmeyrom marue Gyrryuy

A(s) =ays +ays® +ags® +..., A(0)=0,
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Clu)=ciu+cou’ +csu®+..., C(0)=0,

mo

A(B(t))=t u B(C(u)=u.
Oynryuu A u C eduncmeertiot.

Oyukiust A HasbBaeTcss Ae60U 0bpamnot, a dyukius C — npasot
obpamnoti K GyHKIuu B.

HokazaTeybcTBO. JJoKaxKeM CylIECTBOBAHNE U €IUHCTBEHHOCTD
JieBoit obpaTHoit pyHKInu. /lokazaTe/bCTBO /Ui TpaBoit 00paTHON aHaI0-
rugHo. ByaeM onpenensaTs KoadduimenTs hyHKIUN A 1mocie10BaTeIbHO.
Kosddummenr a, onpernensiercst u3 ycuosusi a,b; = 1, orkyma

1
a; = .
1=
IIpeamosnoxkum Tenepnb, 910 KOIMPUIMEHTHI G1, o, - . ., A, y?Ke OIpele-

sersl. Koadpdunuenr a,, ., onpesensercs u3 yCaoBus
n+1 _
an+1b1 +—0,

r7e TOYKaMu 0003HAYEH HEKOTOPBI MHOTOUJIEH OT Gy, - . ., Gy U b1, ..., by,
Tem cambiM, ycitoBHe MpeICcTaBIIsieT COOON JIMHEHOe YPABHEHIE HA Oy, 1,
npudeM Kodbdutument b} npu a,, ormmuen or nynsa. Takoe ypasnenue
UMeeT eJIMHCTBEHHOE PeIlleHre, U TeOPeMa JJOKA3AHA. O

Wrak, Mbpl HAyYIMINCh CKJIAJBIBATH W YMHOXKATH CTEIEHHDBIE PS/Ibl U
[IO/ICTABJISITh UX JAPYT B APyra. XOTEJI0Ch ObI TAKXKE HAYIUTHCS JIEIUTD UX
Apyr Ha napyra. llocsennss onepanus He Bceria KOPPEKTHO OIPeesIeHa.
B sTom oTHOIIEHNN CTENEHHBIE PSJIbI TIOX0XKU HAa IeJIble YhC/Ia: He BCErJia
LeJioe YHUCJIO IIPU JeJIeHHU Ha APYroe ILeJjioe YHUC/IO JaeT B OTBeTe liesloe
qucio. OgHAKO, BO BCIKOM CJIyvae, BO3MOXKHO JI€JIEHUE Ha CTEIEHHON PsiJI,
3Ha4YeHne KOTOPOI'o B HyJIe OTJIMYHO OT HYJIS.

IIpennoxxenne 1.9. [lycmo
A(s) =ag + a15 + ays® + ass® + ...

— dopmanvrodi cmenennol pad, npuuem A(0) #0. Toeda cywecmsyem
eduHcmBer b POPMALLHOT cmenenHoT pad

B(S):b0+b18+b282+b383+...,

maxod wmo A(s)B(s) =1.
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HoxkazaTenbcTBo. CHOBa MPOBEJEM JIOKA3ATEIbCTBO 110 MHJIYK-
1

nuu. by = —. IlycTs Teneps Bce K03 punuenTs! psina B BILIOTH 10 cTele-
ag

v n — 1 omHO3HAUHO onpeneeHbl. Koaddunuent npu s™ onpenensercs
n3 yCJIOBUS

a()bn + albn,1 + ...+ (lnb() =0.

D10 JinHEiHOE ypaBHEHUE Ha b,, , TpudeM KO3DDUIMEHT aq 11pu b,, OTInIeH
ot myas. [losTomy ypaBHeHUE UMeeT €IUHCTBEHHOE DEIeHHE. O

1.4. DyemenTapHbie ITpou3BoAdaIue QYyHKINU

Besikuit pas 3anucbiBaTh Mpou3BOsiue (QYHKIMU B BUIE Psijia
meymo0mo. IlosToMy i HEKOTOPBIX YACTO BCTPEYAONUXCS (DYHKITUAN
UCTIOJIb3YETCST COKPAIEHHAS 3aIHCh.

Onpeneaenue 1.10.
-1 —1)(a—2
1) (I+s)=1+ %s—l— a(a2' )32 + C 3)'(0( )53—|—..., roe n! =
=1-2-3-... 1 ¥ o.— IPOU3BOJBHOE KOMILIEKCHOE YHCJIO.

Kosddumnuent npu s” B 910l mpousBojgiieil (pyHKIUN HA3BIBAETCS
YUCAOM COMEMAHUT U3 O INEMEHMOE NO N U 0DO3HATAETCS depe3

(oc)zoc(ocfl)...(ocfn+1).

n n! ’

1 1 1
2)eszexps:l—l—ﬂs—l—532—&—553—1—...;
R S DR SR g .
3)1n<178)—s+2s +38t

1

. 1
4) sms:s—gs?’—ka?—...;

1 1
1 T2 gt
5) coss=1 5 TS T

Pasjioxenue 1) B oupeneserun 1.10 66110 BBeseno HporonoMm u Ha3bI-
Baercsa buromom Hvromona. Ilpu 1esioM MoToKUTETHHOM 3HATEHUHN o OHO
COBITAIAET C OOBIYHBIM OIpejiesieHneM crernenu ouHoma. I1lonb3ysach aTum,
MBI MOXKEM TIOJIyIUTh IIPOCTEiIe KOMOUMHATOPHBIE TOXK 1ecTBa. 1loacTas-

Jisisi, HAIIPUMED, 3HadeHns s = 1 u s = —1, moygaem
o o ) a | afa—1) a g
(0>+<1>+”‘+(a)_1+11+ a oty = 12

(g) - (T) Tt (—1)“(2) = (1.3)

JJIed JIIO60T0 OeJIOTO IIOJIO2KUTEJ/ILBHOT'O .
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Kpome Toro, Mek/1y BBEJIEHHBIMU JIEMEHTAPHBIMUA (DYHKIUSIMU MMeE-
FOTCsl €CTeCTBEHHBIE COOTHOIIIEHUS, KOTOPhIE TaKXKe CBSI3aHBbI C KOMOWHA~
TOPHBIMU TOXKJecTBaMu. JlokazkeM, HampuMep, 9To

e‘e * =1.

HeitcTBATEILHO, CBOOOIHBIN YI€H IpOoW3BeJeHUs paBeH 1, a mpu n >0
K03 purmenT mpu s” B MPOU3BEICHNN PABEH

IR S B
nl0! (n—1)11 ° (n—2)!2! o 0lnl!

YMHOXKasI TIOC/Ie[Hee BbIpaXKeHne Ha n!, MmojiydaeM JIEBYIO YacTh PaBEeH-
crBa (1.3) 1pu oo = n, 9TO U JOKA3BIBAET HAIE YTBEPXKICHUE.

1.5. JInddepennupoBaine n1 MHTErpUpPOBaHNUE
NPOU3BOAANINX (DyHKIIAA

Onpegenienne 1.11. Ilycrs A(s) =ag + a1s + ays* + ... —pousso-
ngamas Gyskuus. [Ipouseodnoti 31oit PYyHKIME Ha3bIBAETCs (PYHKIMS

A/(S) =a; + 2a25 +3a38> + ...+ na,s"" 4+ ...

Hrmeepasom HasbiBaeTcs GyHKIHS

2 53 8n+1

SA(s)*a5+aS—+a—+ +a,——+
= Qo 12 23 n(n+1)

Omnepanust guddepeHnupoBannst oOpaTHa Ollepallii HHTEIPUPOBAHUS:

(SA(S))' — Als).

Omnepariust »Ke MHTErPUPOBAHUST ITPOU3BOTHON TPUBOIUT K (DYHKITUH C HY-
JIEBBIM CBOOOIIHBIM YJIEHOM, U IIO9TOMY PE3yJIbTAT, BOOOIE TOBOPsI, OT/IU-
qaeTCst OT MCXOIHON (DyHKITIH.

3ameuyanue 1.12. Herpyamo BuaeTh, 9T0 /i DYHKIUI, TPEICTABU-
MBIX B BUJIE CTEIIEHHBIX PsII0B, (POPMYJIa J1Jisl IPOU3BO/IHON COOTBETCTBYET
obbranoii. Popmysia JJisi HHTErpaJia COOTBETCTBYET 3HAUYEHUIO WHTErpaJja
C TIEPEMEHHBIM BEPXHUM IIPEJIEIOM

s

(A(s) =(A@E)de.
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HOCJ’IG,JIHGB 3aMe4daHue IIO3BOJIdeT IIOJCHYUTBhLIBATD (T. €. BbIpazKaTb B
TepMHUHaX SJIeMeHTaprIX) IIPOU3BO/IAIINE (byHKLLHH I 6OJIbIlIOFO HqUuCJIa
Pa3HOOOPA3HBIX TOCAEIOBATEIbHOCTENH. Bhraucmm, Hampumep, Tpou3Bo-
JALYI0 (DyHKIUIO

f(s)*i+is+is2+ +;S"+
1.2 2.3 3-4 (n+1)(n+2)

VYmuoxkas gyaxnuio f #Ha s u auddepeHnupys, IoIydaem
1 1
(s°f(s)) =s+ 532 + 553 +...=In(1-s)"",
OTKY/1a

fls)=s7" Sln(l —8) t=s((s—1)In(l —s)"" +s).

1.6. Aarebpa u TomoJsioruss (pOPMaJIBHBIX CTEIEHHBIX PsiJIOB

Huzke IpUBOASATCA HEKOTODBIE CBEJICHHsI U3 TeOpUH (OPMasbHBIX CTEIeH-
HBIX Ps1/10B. OHM He MCIOJIb3YIOTCs B KHATe, HO MOT'YT [IOMOYb 0003HAYHUTH MECTO
9TOl TEOPHUU B PsAY JPYyTUX MATEMATHYECKUX JUCLUILIMH.

C anreGpanveckoil TOUKM 3pEHHsI MHOMXKECTBO (DOPMAJIBHBIX CTEIEHHBIX
psnoB (¢ koaddunueHTaMu B I0JIe KOMIUIEKCHBIX, BEIIECTBEHHBIX WM Palli-
OHAJILHBIX 9mCes) obpasyeT (GECKOHEYHOMEPHOE) 6EKIMOPHOE NPOCTPAHCMEO
Haja STuM noseM. Omnepanust yMHOMKEHHsI DPsiJIOB HPEBPAINAET 5TO BEKTOP-
HOe I[IPOCTPAHCTBO B aszebpy, Koropas obosnaudaercs C[[s]] (coors., R][s]]
nm Q[[s]]). Baxnyoo posb B 970l asrebpe UrpaioTr udeaasvi, T. €. TaKUAE IO~
muoxecrsa I C C[[s]], aro fI C I pmns soGoro smementa f € C[[s]]. B an-
re6pe OpPMAJIBHBIX CTENEHHBIX PSZOB BCE HJEAJIbl — 24a6Hvle, T. €. BCE OHU
umetor Bug fC[[s]] mna wmexoropoit dbyukuuu f € C[[s]]. Bonee roro, Bce
Hjeasbl JIErko ommcaTh: oru mmeror Bup I, = s"C[[s]], k=0,1,2,... (ne.
unean I cocrour u3 Beex (DOPMAJIBHBIX CTEIIEHHBIX PsiIOB, JEJISIIUXCS HA
sk). Opmuu u3z uneanos Ir, a umenHo I[;, MakCUMaJjieH: OH He COIEPXKUT-
Ccs HA B KaKOM JDPYrOM pnjeaje, OTJIMYHOM OT Bceil asireGpbl. AsreGpa c
OJZIHUM MAKCHMAJIBHBIM HJIEAJIOM HA3bIBAETCS A0KaAbHOU. CBOMCTBO JIOKAIB-
HOCTH COTmKaeT anrebpy bOpMAaJIbHBIX CTEHEHHBIX PsIOB ¢ KOOPAMHATHBIMU
anreGpaMi B OKPECTHOCTH Hadaja KoopAuHAr (anrebpamu pocmkos 6Gecko-
HeuHO udPEepEeHnupyeMbIXx W aHaguTudIeckux ynkumii). Paxmopaszebpol
C[[s]]/Ir na3biBaroTCs aA2EOPAMU CDE3AHHBIL MHOZOMAEHO8 K TOXKE OYEHb
BasKHBL.

B anrebpe popMabHBIX CTENEHHBIX DsJIOB OIpeJesieHa monoaozus. Om-
KPLUMbLMU B STOM TOMOJIOTUU ABISIOTCH upeansl I, k=0,1,2 ... u mycroe
MHOKECTBO. BBe/IeHHAas TOIOJIOrHsI ONIPeJIe/IsieT OHATUE CLOOUMOCTU: TI0CTIe
nmoBarenbHOCTh Fi(s), Fa(s), ... crodumcsa K GOPMATHLHOMY CTEIIEHHOMY DSIJTY
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F(s), ecnn ms ymoboro 9mcia m CyLiecTBYeT Takoil Homep N, 4TO Bce K03dh-
cunmentsr mpu crenensix s°, st, ..., s" y pagos Fi(s) mpu k > N cosmagaor ¢
koadduImenTaMn Ipyu COOTBETCTBYIOIIUX CTENeHsX y paga F(s). B wactHoCTH,
1I0CJIe/I0BATEJBHOCTD YaCTUIHBIX CyMM psia F'(s) cxomurces x F(s).

1.7. Bagaun

1.1. Bemumure siBHO MHOrouwienol A, m A; m nojcuuTaiite TOYHO
YHUCJIO CUACTIIMBBIX OUJIETOB.

1.2. Haiiyimre BeIpazkeHme JJIst 9UCIa CIACTIUBBIX OMIIETOB U3 27 udp
B CHCTEME CUUCJICHUS] ¢ OCHOBAHUEM (.

1.3. /lokaxkuTe cJeayioniue paBeHcTBa:

a) sin® s + cos? s = 1;

6) (1+s)*(1+5)° = (14 5)*"
B) exp(In((1—5)7")) = (1 -5~

)ln(l—i—s):s—%sQ—&—%sg—...—i—i

n) In((1 = $)*) =aln(l — s).

1.4. Ilycrs dbyuxmma B = B(s) = b, s + bys? + bys® + ... Takosa, 9T0O
b, #0. Jokaxkure, uro upasas obparnas dyukuus A(s) u seBas obpaTHas
dyukuusa C(s) coBuagaror. dra obiast 06pamnas Gyrkyus 0bo3HAIACTCS
gyepe3 B71(¢t).

1.5. JIokaxkuTe, 9TO CTENEHHBIC PSIIbI BUAJIA

H

15+ ass® + ..., a; #0,

06pasyIoT TPYIILy OTHOCUTEIHHO OMEPAINE KOMITO3UIHN.

1.6. TokazkuTe, 9TO HE CYIMIECTBYET TAKOrO (hOPMAILHOTO CTEIEHHOTO
pana A(s), aro sA(s) = 1.

1.7. JTokaxkuTe, 9TO eCn KaxKplil 13 cTerneHHbIX psjoB A(s) u B(s)
OTJINYEH OT HyJIsl, TO U ux npousBeseHne A(s)B(s) oTanaHO OT HYIIS.

1.8. Ilycre pampr A(s) =ag+ a1s+axs* +..., ag#0, u B(s)=
=bis+bys?+..., by #0, umeror nesnple Koabdunuentsl. [Ipn Kakmx

yCJIOBUSIX Ha KOI(MDUIMEHTHI 9TUX PsIIOB Psiibl , B7(s) umeror

A(s)
nesibie K03 durmenTo?
1.9. Haiizmre mpousBossiye GyHKIMA JJIs TOCIEI0BATEIbHOCTEI:
a)l,2,3,4,56,...;
6)1-2,2-3,3:4,...;
B) 12,22 3% 4% ...
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1.10. Tokaxute, 9To 1jist psina B = B(t) ¢ HyleBbIM CBOGOIHBIM e~
HoM, B(0) =0, u npoussoasHoro psina A = A(s)

(§4) (B = §aB®)B'®)

(dbopmysia 3aMeHbI IEPEMEHHBIX B MHTErpajie).
1.11. Hoxaxure dhopmyiny Heiorona—Jleiibuura

(A(s)B(s))' = A'(s)B(s) + A(s)B'(s).
1.12. Jlokaxkute GOpMyJIy HHTETPUPOBAHUS IO TACTIM:
§(A(s)B'(s) + A'(s)B(s)) = A(s) B(s) — A(0)B(0).

1.13 (GunOMMAasNbHAsT cucTeMa cuncienus ). Jlokaxkure, UTO IIPU 3a-
JIAHHOM HATYpaJbHOM 3HAJYeHWHW Kk JII00Oe HATypaJIbHOE YUCJIO 71 €IUH-
CTBEHHBIM 0OPa30M IPEICTABUMO B BUIE

(D1 b2 bk)
n=")+(5)++(F):
rae 0< by <by <...<b,. Hapumep, ipu k =1 3T0 BepHO, TaK KaK BCAKOE

n
YHUCJIO N AOIIYCKaeT €IMHCTBEHHOE IIpEJ/ICTaB/JICHUE B BUJIE 1l = ( 1 ), a 1Ipu

k = 2 uMeroT MeCTO CJeIyIoIne IPeICTABICHNS:

2=(1)+(5)
3=(1)+(5)
1=(1)+ ()
= (1)+(5):
5= (1) +(5)

p
(HamomumM, 9TO, IO ONIpEIEIEHNUIO, (q) =0 1pu HeaBIX p U ¢, TAKUX 9TO

0<p<q.)
1 1 1 .
1.14. Bocmoab30BaBIIACh PaBEHCTBOM ———— = — — ——, J1aiiTe
nn+1) n n+1

. 1 S s2
BBIBOJZ, (POPMYJIBI [IJIsi IPOU3BOJLAINENH (DYHKIMH 13 + 3.3 + 3.1 +
3
+ ;—5 + ..., OTJINYHBII OT IPUBEJIEHHOTO B pazfeie 1.5.
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ITpousBoagamine byHKIUnM 114
N3BECTHBLIX IIOCJIeJOBaTeJIbHOCTE

2.1. T'eomeTpudecKasi mporpeccus

IIpocreiimmas mocem0BaTEIBHOCTD — 3TO TTOCTOSHHAS TTOCTIEI0BATE/ b
mocth 1, 1, 1, ... IlpousBossimas OyHKIH IJIsT Hee MMEET BUL

Gs)=1+s+s+s+..., (2.1)

U ee HECJIOKHO BBIPDA3UTh Yepe3 JIEMEHTaPHbBIE ITPOU3BOIAIINe (DYHKIIAN.
HeiicTBuTeibHO, yMHOXKAB 00€ yacTu paseHcTsa (2.1) Ha s, HOIyInM

sG(s)=s+s*+s*+s"+...=G(s) — 1,

OTKY/1a

G(s) = . (2.2)

Tort ke BBIBOJ, C HEBHAUNTEIHbHBIMIA U3MEHEHUSIMU TTPOXOIUAT JJIsT TIPO-
U3BOJILHOI TOC/IeI0BATEIBHOCTH BUAR a, ar, ar?, ard, ... :

G.,(s)=a+ars+ar’s®+ar’s®+...=a(l+ (rs)+ (rs)> + (rs)* +...),

OTKy/1a
r8G..(5) =Gur(s) —a

a

Gar(8) (2.3)

T 1l-rs

IIpuBeeHADBIE BBIMIE BHIKJIAIKHA IIPEIACTABILIOT cOOOI HEe 9TO MHOE, KAK
U3BECTHBINA BBIBOJ, (POPMYJIBI [JIsI CyMMbBI P€OMETPUYECKON IIPOTPECCUN.
PesynbraT 3TUX BBIKJIAJ0K COIJIACYeTCs, KAaK HEeTPYIHO BUJETH, C OIpe/ie-
JienueM rpoussogsiei dyukium (1 — s)~ L.
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2.2. IlocaenoBaTrenbHOCTh PuUbOOHAYYM

3HaMeHUTas NocAedosamesvHocms Puborayw iy, OIPeIesIseTCsl CBOUMI
HadaabHbIMA WwieHamu fo = f; = 1 u cooTHOIEHEM

frvz = fat1 + fu (2.4)

3 37010 COOTHOIIEHNSI JIETKO MOJIYIATh HadaJI0 ocIeaoBareabaoct Ou-
OoHaYIn

1,1,2,3,5,8, 13,21, 34, ...,

B KOTOPOM KaXK/Iblif UJIeH, Ha9nHAas C fo, pABEH CyMMe JIBYX IPEIbIIyIIHIX.
Yr006b! BeIBECTH (DOPMYITY IPOU3IBOILAIIEH (PYHKINN

Fib(s) =1+ s+2s> +3s® +5s* + ..., (2.5)

YMHOKUM 00e dacTu paseHcTsa (2.5) Ha s + s%. [Tomyanm

(s+8*)Fib(s)=s+5>+2s° +3s' +5s° +... + 8 +5° + 25" + 3" +... =
=5+25%+3s%+ 55" +8s"+ ...,

NJIn
(s + s?) Fib(s) = Fib(s) —
OTKyza
1

[Momy4ennyio ¢GoOpMyITy MOYKHO HOHIMATE KaK KOMIO3HITHIO ABYX HPO-
nzpopsiux GyHxmmit — (1 — s)™' u s+ 2, T.e.

Fib(s) =1+ (s+8*) + (s +8°) >+ (s+s°)° +...

Takoe pa3zjoxkenne, OIHAKO, He OY€HD YI00HO, TAK KaK B €0 UjIeHaX Iepe-
MeITaHbl PA3JIUIHbIE CTEIIEHN IIEPEMEHHDBIX U OHO HE JaeT STBHON (pOPMYJIbI
st kKoapdurmerTon. [losiesnee npecraBuTh Apodb B BUIE CyMMBI JIBYX
3JIEMEHTAPHBIX JIPOOEii:

L L( 1 ) Y |
1—-s—82 B\s—sy s—s1 V5 51(1—i) 52(1_i) ’
$1 2
e 51 =(—14++/5)/2, s,=(—1—+/5)/2—kopuu ypasnenns 1 — s — 52 =0.
U3 nocseiHero pasaoKeHust HEME/JIEHHO MOy 1aeM

82

. 1 s §2
Fib(s) = fm0+s+§+”J_ﬁgo+5+¥+”)
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ITosTomy
1 —1—n —1—n (_1 B n n
fn_%(%l _321 )= \f5) (51+1_32+1):
_ =" ((—1 + \/5)n+1 N (—1 - \/5>n+1> 27)
WV 2 2 ’ ’
3/1eCh MBI BOCIIOJIB30BAJIUCH TEM, UTO §155 = —1.

Hpyroit ctocob BeIBOIa Tpou3BOadIIel MYHKINN 1 dnces PuboHat-
YU UCHOJIB3YeT dJIeMEHTapHbIE MOHATHs JIMHEHHOH anrebpel. PacecmoTpum
napy rnocJyejoBaTebHbIx dncesa ®Pubonauuan f,, f,11 KaK KOODIUHATDHI
BEKTOpa B JIByMEPHOM BEMIECTBEHHOM IIpOCTpancTise R?:

( I ) e R
f n+1
Torga coornomenue (2.4) MOXKHO MHTEPIPETUPOBATH KAK MPABUJIO [IEPEe-

fn ) K BEKTOPY (f"+1>'

frt1 Int2/’

®: (f:L) ~ <§Z:> - (fnfr—;:t+l)'

ITocnenree npeobpazoBanme JIMHEHHO, W €M0 MOXKHO 3AIMCATH B MATPUI-

HOM BHJIE: N ( i )H(O 1)( . )7(I)< i )
"\ fnt1 L1\ fps1/ N\ g1/

f"+1) K BEKTOpY (f"+2
f n+2 f n+3
TeM TTOBTOPHOTO TIpIMeHeHus npeobpazosanus ®, u T. 1. TakuM o6pazom,

IPOM3BO/IsAIIAs DYHKIMSA JJIs BEKTOPHOI noceaoBaresbHocT Pubonad-
YU IPUHAMAET BUJT

9= () (e + Qe (e

:(fo)+<I><f0)s+¢>2(f0)52—|—(I>3(f0>83+...=

XOoOga OT BEKTOpa (

IIepexon oT BekTOpA ( ) OCYTIECTBJISETCS IIy-

o

f1 f1 f1 f1
_ 2.2 3.3 fO _ _ -1 fO
=+ s+ P75 + 075 —i—...)(fl)—(l sP) (f1)'

10
3nech uepe3 I obo3HaueHa eMHIIHAS MaTpuIa, I = (0 1), ¥ MBI IIPUMe-

HUJTA K BEKTOPHOM TPOU3BOAAIIEH (DYHKIIMKA BBHIBO TPOU3BOISIINEH (pyHK-
1MUY JJI TeOMETPUYECKOil mporpeccun. EnHcTBEHHOE OT/INYNE B PE3YIIb-
tare: oipazkerne (I — s®)~! moHMMaeTcst Kak 06pamHas Mampuya K MaT-
pure I — sd.
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fBHoe BBIpazkenue s qrcess PuOOHATIN MOKHO TIOJYIUTH, BHIUHUC-
JuB gBHO Marpuiy ®" s mpoussosbHOro n. s sroro marpuiyy
HY2KHO JUaroHaJU3UPOBATh, IIPEJICTABUB €€ B BUJIE

®=L"dL,

rie ¢ — nuaronaJsibHasi MaTpuIia, a Marpuna L HeBeIpoxKIeHa. MMmeew,

1 1 1h\/s7tP o0 s51 -1
o= == ) () )
—1,51—1 sll 521 0 321 —sll 1

52
Orciona, BOCIO/IB30BABIINCH COOTHOIIIEHUEM
o" =L71on[

U BBIDAXKEHUSIMHU JIJIsI YHUCEJL S1, Sy, IIOJIydaeM paBeHCTBO (2.7).

2.3. PekyppeHTHbIE COOTHONIEHUS U PAIMOHAJIbHbIE
npou3Bojsnie yHKIUN

[TocmemoBarensbrocts PubOHATIN OMpPEAETIIETCS JUHEHHBIM PEKYp-
PEHTHBIM cooTHOImeHueM f, o = f,11 + f,. Vlcxomns u3 3T0ro cooTHoIeHust
U HaYaJbHBIX 3HAYEHUN I10CJIe/I0BATEIbHOCTH, Mbl CMOIJIM HAWTHU sIBHBIN
Bu, mpousBogsmieil dpyukiuu. [Iponssomsiast GpyHKINUsST 0OKa3ajaach pa-
[IMOHAJIBHON — OTHOIIIEHNEM JIBYX MHOTOWIeHOB. Ha camom jsieste B HaIeM
BBIBOJIE HUTJIE HE WCIOJIB30BAJICs CIENUATbHBIN BUJI PEKYPPEHTHOTO CO-
oTHOIeHust. JeficTBysT TOYHO TaKUM Ke 00pa30M, MBI MOXKEM JIOKA3aTh
aHAJIOTUYHYIO TEOPEeMY O IPOU3BOIAINEH (DYHKIMH JjIs [TPOU3BOJIBHOMN
[TOCJIEIOBATEILHOCTH, 3a/1aBAEMOI JINHEHHBIM PEKYPPEHTHBIM COOTHOIIIE-
HUEM.

Teopema 2.1. ITycmov nocaedosamesvHocmy a, 3a06emcs SUHETHBIM
DEKYPPERTHDIM COOTMHOWEHUEM NOPAOKA Kk € NOCTMOAHHBMU Cyy - . ., Ck'

Cpiks = ClOpip—1+ Colpip_o+ ...+ Cra, (2.8)

U YUCAQ Aoy Gy, - - ., A1 3a0ansi. Tozda npouseodawan Pynryus A(s) =

P(s)

=ag+ a8+ ass® + ... payuonaavra, A(s)= o’ NPUYEM CTNENEHD MHO-

20unena QQ pasna k, a cmenenv muozousena P we mpesocrodum k — 1.

HoxkazaTeabcTso. /lokazaTesbCTBO 3TOM TEOPEMBI IIOBTOPSIET, IO
CyIIeCTBY, paccyxkjenue st guces OuboHawam. YMHOXKUB ITPOU3BOIsI-
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myio dbynkimio A(s) Ha ¢18 + ¢28% + ... + ¢;s7, HomyInM

(c15+ ... +cps®)A(s) =
=008 + c1a18% + c1as8® + ... Fcrap_ 1S+ ..+
+ o008 + Coa18% + .. Cotp_os® + .. F
+esa08® + . Fesap_ st .+

= P(s) + A(s),

rie crermeHb MHOTOUWIeHa P He mpeBocxomutr k — 1. [leiicrBuresibHO, KO-
sdbdunment npu s"T* B mpaBoil 9acTH IMEpBOro PaBEHCTBA COBIAIAET C
upaBoii yacThio Bbipazkenus (2.8). OTCI0a HENOCPEACTBEHHO MOJIYYaeM
VTBEPKIEHNE TEOPEMBI. O

3amMeTnM, 9TO JOKA3aTEIbCTBO TeopeMbl 2.1 masmo HaMm OoJiee CHIIbHOE
YTBEPXKJIEHUE: MBI JIOKA3AJIM, 9TO MHOTOYJIeH () MMeeT BU/T

Q(s)=1—c18— 8> — ... —cps™.

BriBo1 BeKTOpHO#T Tpou3Boseil yHKIIUA JJTsT TOC/I€0BATETLHOCTI
QuboHATIN TAKIKE HEITOCPEICTBEHHO MEPEHOCUTCS Ha CJIydail IPOU3BOJIb-
HOIl PEeKypPEeHTHOIl IMTOCIeI0BATEIHLHOCTH. B 0bmeM ciaydae AByMepHBIH
BEKTOD CJIeyeT 3aMEHUTH k-MEePHBIM BEKTOPOM

an
an+1 A
e R”,
Ap+4k—1
a marpura A mepexosa K CIeyoneMy k-MepHOMY BEKTOPY, COOTBETCTBY-
I0asl PEKYPPEHTHOMY COOTHOIIEHHIO, OY/JIET BBIIVISIETh TaK:

ani1 0 1 0O ... 00 an
ant2 0 0 1 ... 00 ant1
TR T e
0 0 0 0 1 :
an+k Ck Ck—1 Ck—9 ... C2 C1 An+k—1

Takum ob6pa3oM, MBI TIOJIyIaeM BEKTOPHYIO MTPOU3BOJAIIYIO (DYHKITUIO

ao
ai

A(s) = (I — sA)~!

ak—1
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Matpuia A, BoobIlle TOBOPsI, HE IPUBOJMUTCH K JUATOHAJBHOMY BUILY
JINHEHHBIM 1PeoOpa30oBaHUeM. DTO MOYKHO CJIEIATh, JIAIIL €CJIU ee COob-
CTBEHHbIE YUCIa (T. €. KOPHU MHOrOYIeHa () nomapHo pa3ianduabl. OIHaKo
B 00IIEM CiIydae ee MOYKHO IIPUBECTHU K 2KOPAAHOBON HOPMAJIBHOI (hopme,
CTeIleHN KOTOPOH TaK:Ke HEeCJIO?KHO BBIYUCIUTD.

OKa3pIBaeTCs, ITO PAIMOHATIBHBIE TPOU3BOJIINE (DYHKIUU B TOIHO-
CTH COBIIQJIAIOT C MPOU3BOIAIIIMU (DYHKIUSMU JJIsl [10CJIeI0BaTEIbHO-
creil, 3aJ1laBaeMbIX JIMHEHHBIMA PEKYPPEHTHBIMHU COOTHOIIeHuAMU. Tod-
Hee, CIIPAaBEJJINBA, CJIEIYIOasi 0bpaTHAas TeopeMa.

Teopema 2.2. Ecau npoussodawas Pyrnkuyus A(s) =ag+ a1s +

P(s
+ ays8® + ... payuonasvna, A(s)= %, 2de mrozounenv, P u QQ 63aumo
s
npocmovl, MO HAYUHAA C HEKOMOPO20 HOMEPGL N MOCAEJ0BAMEALHOCTD
gy G,y Gy, ... 36400€MCA NUHETHVIM PEKYDPEHMHBIM COOTNHOWEHUECM

Qptf = C1Opyp—1 + Colpip—2 + ... + Crly,

2de k — cmenens mHozounena @, a ¢y, Cay ..., Cr, — HEKOMOPBIE KOHCTILAH-
mot.

ﬂOKaSaTeJILCTBO qUTaTeJIIo IIpeJjiaracTcd IIpoOBEeCTU CaMOCTOATEJILHO.

2.4. Ilpon3Benenue Anamapa panmuoHaJIbHBIX
NPOU3BOAANINX DYHKITUI

OxHO u3 HanbOJIEe IPUBJIEKATEILHBIX CBOMCTE PAIMOHAJIBHBIX IIPOU3-
BOASIINX (PYHKIMI — UX 3aMKHYTOCTb OTHOCUTEILHO IIpOoU3BeieHns A ia-
Mapa.

Onpenenenue 2.3. IIpoussederuem Adamapa TpOU3BOAAIINX (DyHK-
it
A(s)=ag+ a8+ as® + ...

B(S):b0+b18+b282+...
Ha3bIBACTCA IIPOU3BOIANIAA (byHKHI/IH
Ao B(S) = aobo + albls + a2b282 + ...

Takum obpaszom, mpousBeieHue Ajamapa JIBYX IOC/IEI0BATEBHO-
cTeil —9TO MOCIe0BATEILHOCTD, COCTOSIIAS U3 TIOWIEHHBIX TPOU3BEICHIIT
COOTBETCTBEHHBIX WIEHOB 3TUX MOcjeaoBarebHocTeil. HeobxomumocTs B
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IPOM3BO/IsIIEl (DYHKIUHU JIJIs IIPOU3BeIeHus A jaMapa y»Ke BCTpedasach:
B 3aJlade O YUCJIe CYACTIUBBIX OMJIETOB HAM IOHAJ00M/IOCH BBIYUCJ/IATH
CYMMY KBaJIpaToB KOI(MMUIIMEHTOB TPOU3BOISIIETO MHOTOUWIeHA As. DTa
HEOOXOIMMOCTh BO3HUKAET IIPU IIEPEYUCICHUH Map OOBEKTOB OIMHAKO-
BOT'O TOPSIJIKA: €CJIU YHCJI0 OOBEKTOB TEPBOTO THUIA PABHO ,, & YUCIIO
00beKTOB BTOpOro Tuma b,, TO YUCI0 map OOBHEKTOB, COCTABJICHHBIX U3
3JIEMEHTOB IEPBOIO U BTOPOT'O THUIA, PABHO @b, .

Teopema 2.4. IIpoussedenue Adamapa 08YT payuoHaALHBLT NPOU3EO-
dawux GYHKUUT PatuoHaAbHO.

J1s moka3aTesibCTBa ITOM TEOPEMbl HAM IOHAIOOUTCST HOBAS XapaK-
TepU3aIis PAIMOHAJIBHBIX TPOM3BOAAMINX (DyHKITHIA.

Jlemma 2.5. [Ipoussodswas Gyrnkuus 0aa nocacdosamesvHoCu o,
a1, Gz, ... PAYUOHAALHG 0204 U MOABKO M020a, K0204 CYULELCTEYIOMm
MAKUE YUCAG 1, ..., @ U MAKUE MHO2OUAEHVL Py (1), ..., pi(n), wmo Ha-
YUHAA C HEKOTOPO20 HOMEPA T

a, =p1(n)qt + ...+ pi(n)g. (2.10)

Bripazkenue B paBoit gactu paBedcrsa (2.10) HasblBaeTCd K6a3UMHO-
204A€HOM OT TIEPEMEHHOM 7.

HdokazaTesnbcTBO. 3aMETUM IPEXKJE BCErO, YTO IPOU3BOJSIIAS
dbyuxuusa (1 — gs)~F umeer B

ot (s (D) (-

(1—gs)™"=1 (1 gs+( 4 Ja's g )8+ =
:1+(llc)qur(k—gl)q252+(k;2)q353+...:
- k k+1\ 5 o (k}—i—?) 3 3
—1+<k71)qs+<k71)qs + p_1)98 + ...

Kosdbdurment npu s™ B 3T0 Mpou3BosIeit HyHKIINT paBeH

n+1)(n+2)...(n+k—1)
(k—1)

q" = P._1(n)q", (2.11)

rjge Py_1(n) — muOrounen or m crenern k — 1. Bedkas panmoHadbHas
GYHKIMST OT TMEPEeMEHHON § TPEeJCTABISETCS B BUIE JUHEHHOW KOMOU-
HAIMM MHOTOYJIEHA M 3JIEMEHTApHLIX Jpobeil Buma (1 — ¢;8) ", nosromy
KO3 PUIUEHTHI COOTBETCTBYIONIEH IIPOM3BOJAIIEH (DYyHKIMN SIBIISTIOTCS
KBa3UMHOI'OYJIEHAMU.
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Haob6opot, npemnonoxnm, 4To Ko3dduImenTs Tpon3soadaneil hyHK-
MU, HAYWHAs C HEKOTOPOI'O HOMEpA, IPEJICTABIAIOTCS B BHUJEC KBa3U-
muorouwiteHa. ITokaxkeMm, 4To B ciydae KBasuMHOrowieHa p(n)g™ coor-
BETCTBYIOIAsl MPOU3BOJIsAIIas (DYHKIUs panuoHajibHa. [lycTh cremeHb
MHOrouIeHa p pasua k — 1. Muorounenst Py, P, ..., P,_;, onpenenen-
Hble paBeHCTBOM (2.11), 06pasyoT 6asuc B MPOCTPAHCTBE MHOIOUJIEHOB
crenenn He Bbime k — 1. JleficTBUTEIbHO, JI00asi MOCTIEIOBATEIBHOCTD
mHOrowrenos cremereit 0, 1, ..., k — 1 oOpasyer 6a3uc B 3TOM IPOCTpaH-
crBe. [ToaTOMY MHOTOUWIEH P TIPEICTABIISAETCS B BUJIE JIMHEHHON KOMOUHA-
MU MHOTOYJIEHOB P; M COOTBETCTBYIOINIAS TPOU3BOJISINAT (DYHKIUS €CTh

npocTo JinHelHast KomOuHanus dyakmumit (1 —¢s)™, 7=0,1, ..., k— 1.
JIj1s1 IPOM3BBOJILHOIO KBA3UMHOIOYJIEHA MbI HOJIydaeM JIMHEeHHyIo KoMOu-
Haruio (pyHKIMIT TAKOTrO BUJA P Pa3HBIX ¢;. JleMMa JoKa3aHa. O

HoxkazaTteabcTBOo TeopeMmbl 2.4. Jlna 3aBeprieHus goKa3a-
TEJILCTBA, TEOPEMBI OCTAJIOCH 3aMETHUTh, UTO IMPOU3BEIECHNE KBAZUMHOTO-
YJICHOB SIBJISIETCS] KBA3UMHOTOWIEHOM. DTO YTBEPXK/IEHIE HEITOCPEICTBEH-
HO BBITeKaeT n3 dhopmyasr (2.10). O

2.5. YUucaa Karamana

[Topsimok Berauciennii B apudMeTHIECKIX BHIPAXKEHUIX 33/Ia€TCs PAC-
CTaHOBKO# CKOOOK, HAITPUMED,

(3—1)- (4+ (15— 9) - (2+6)).

Ecmu crepers Bce 3jleMeHTHI BbIpaKeHUs, 33 HCK/IIOYEHHEM CKOOOK, TO
OCTaBIIHECH CKOOKH 00PA3YIOT NPASUALHYIO CKOOOUHYIO CMPYKMYPY:

0(00)-

Bot Bce mpaBuIbHbBIE CKOOOUHBIE CTPYKTYPHI ¢ YUCTIOM Tap CKOOOK 1,
2u3:

000 0@ (OO0  ©0)  «0)

Omnpenenenue 2.6. Yucaom Kamanara ¢, HA3BIBAETCA TUCTO Pas3-
JINIHBIX MPABUIHHBIX CKOOOTHBIX CTPYKTYP U3 712 AP CKOOOK.

Vi06H0 nostaraTs ¢y = 1. Torua nmociienosaTesbHOCTD unces Karasamna,
HAYNHACTCS TaK:
1,1, 2,5, 14, 42, 132, ...



2.5. Yucsa Karanana 29

YT006b! BEIBECTHU MTPOUIBOIAIILY IO PYHKITUIO /T duces Karagana, Hal-
JIEM CHadaJIa PEKyPPEHTHOE COOTHOIIEHUE JIJIsl ITUX THUCEL.

Besikast mpaBmiibHast CKODOYHAsI CTPYKTYpPa Y/IOBJIETBOPSIET CJIEJYIO-
UM JBYM YCJIOBUSIM:

1) umcsi0 J1eBBIX U IPaBBIX CKOOOK B IPABHJILHOI CKOBOYHOM CTPYKTYpE
OJINHAKOBO;

2) YHCII0 JIEBBIX CKOOOK B JIFDOOM HAYAJIBLHOM OTPE3KE IIPABIIIBHON CKO-
GOYHOI CTPYKTYPHI HE MEHBIIE YHUCJ/Ia IIPABBIX CKOOOK.

HaobGopor, Beskas (KOHEUHAsI) [OCJIEI0BATEIBLHOCTD JIEBBIX U IIPABBIX
CKOGOK, YIOBJIETBODSIIONIAs YCJI0BUsIM 1) U 2), sIBJISI€TCs IPABUJIBHON CKO-
OOYHON CTPYKTYPOIi.

B npaBuibHO#T cKO60YHOI CTPYKTYPe Bce CKOOKM pa30MBaloTCd Ha Ia-
pBI: KaKJIOH JIeBOW CKOOKe COOTBETCTBYeT HapHas eff npasasd. [lapHas
mpaBasi CKOOKa BBIJEJISETCs CJIEIYIONINM IIPABUJIOM: 9TO II€pBas MpaBas
CKODOKa CrpaBa OT JIAHHOM JIEBOI CKOOKHM, TaKasl, ITO MEXK/Ty BHIOPAHHBIMA
JBYMsI CKOOKaMU CTOUT IPaBUJIbHASI CKOOOYHAS CTPYKTYpA.

Paccvorpum B mpaBuiibHON CKOOOUHOM CTPYKType u3 n + 1 map cKo-
60K mapy CKOOOK, B KOTODPYIO BXOJIUT CaMasl JieBasi CKOOKa CTPYKTYDBHI.
Torma mocse1oBaTEILHOCTL CKOOOK BHYTPH 3TOil mapbl obpasyer Ipa-
BUJIbHYIO CKOOOUYHYIO CTPYKTYDPY H IIOCJIEI0OBATEILHOCTD CKOOOK BHE 3TOM
napbl 00pa3yer IPaBUIbHYIO CKOOOIHYIO CTPYKTYDPY: (.. .) ..., e KaxkIoe
MHOIOTO4Yne 0003HAaYaeT HEKOTOPYIO IIPABUJIBHYIO CKOOOYHYIO CTPYKTYDY.
Ecim yncjio map ckoboOK BO BHYTpPeHHEl CTPYKType paBHO k, TO BO BHeIII-
Hell cTpykType n — k map ckobok. Haobopor, mo kaxoii mape ckobod-
HBIX CTPYKTYp U3 k u n — k map cKOOOK MOKHO BOCCTAHOBUTH CTPYKTYPY
u3 n + 1 map ckoOOK, 3aKJIIOYHB [EPBYIO CTPYKTYPY B CKOOKHU U IIPUITICAB
K Pe3yJIbTaTy CIpaBa BTOPYIO CTPYKTYDY.

Orciofia MBI TIOJIy9YaeM PEKYPPEHTHOe COOTHOIeHne i ducen Kara-
sana. Ha ToT pa3 coorHomnienmne oka3bIBaeTCs HEJINHEHHBIM:

Cng1 = CoCn + C1Cr_1 + ...+ Cpco. (2.12)
Hampuwmep, npu n =4
Cs =CoCs+ C1C3+ CoCo+C3¢1 +Caco=1-144+2-5+2-24+5-1+14-1=42.
Paccvorpum mpoussoggmniyo dyukimo g ducesn Karamana

Cat(s) =co+ 15+ a8 +...=1+5+25° + 55>+ ...
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BOSBG,H‘S{ €€ B KBa/JIpaT U YMHO2KUB PE3yJ/IbTaT Ha S, IOJIyIUM

sCat®(s) = cls + (cocr + c160)8° + (coCa + €101 + Caco)s® + ... =

=5+ 28> +5s° + 14s* + ... = Cat(s) — 1,

9TO JaeT HaM KBaJIpaTHOE€ ypaBHEHHNE Ha IIPOU3BOJIAILYIO (byHKLLI/IIO

sCat?(s) — Cat(s) + 1 =0, (2.13)
OTKy/Ia
Cat(s) = L vV1—4s V;S*‘ls. (2.14)

(Bropoii kopenb ypasHenus oropacbiBaeTcs, Tak Kak (1 + /1 —4s)/2s =
=1/s+ ... COIEPKUT OTPUTIATESILHBIE CTENEHH S. )

But npoussogsimieit dbyukiun (2.14) nossossier Hajitu siBHYI0 hopmy-
ay juis gucest Karassana. Cornacuo 6unomy HbroTona

113 21

OTKyZa, YMHOXKasl YUCJIUTE]b U 3HAMeHATe b Ha 1! U cokpamas Ha 21,

HOJTy 9aeM
@) 1 (2n)
cn_n!(n—i—l)! T n+l\n /) (2.15)

Tocaenusiss hopmyna gaer u Gosee pocToe (XOTs U € epeMeHHBIMI
koaddunuentamu) peKyppeHTHOe cooTHOmeHune nig ucen Karagana:

4n + 2
Cnit = g Cn

(2.16)

Yucna Karamana mepedncisiior caMmble Pa3HOOOpa3Hble KOMOMHATOP-
Hble O0BEKTHI. JluTeparypa, MM TOCBsIeHHAasi, Heobo3puma. V3BecTHO
HECKOJIBKO JIECATKOB MX PA3JIUYHBIX omnpeeseHuii. [Ipusemem numnb 18e
YaCTO BCTPEYAIOIINECS UX PEAIN3allUN.

PacemorpuM BINYKJIbIi (7 + 2)-yroJbHUK, BEPITUHBI KOTOPOTO 3aHYy-
MepOBaHBI IPOTUB YacoBOi cTpesiku yucjaamu oT 0 1o n + 1. Juazonans-
HOT MPUGHeYAAYUET HA30BEM pa30HeHne MHOIOYTOJILHUKA HA TPEYToJIb-
HUKJ HEIEePECEKAIONNMUCS THaroOHaJIsMA. Besikasi Takasi TPUAHTYIIATAS
comepkuT N — 1 amaronaasb. Ha puc. 2.1 mpuBegeHbl Bce pa3IuTdHbIE TUaA-
TOHAJIbHBIE TPUAHTYJIANNN YETHIPEXYTOJIbHUKA U IIATHYTOJIHbHUKA.

Iycrb t, — aucao tpuanryisinmii (n + 2)-yronbHuka npu n > 1; mo-
JokuM to = 1. PaccMoTpuM TPOM3BOILHYIO TPUAHTY/ISIIAIO U BBIJIEJIIM
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TPeyroJIbHUK, npuMblKaomuilt k croporne 01 (cm. puc. 2.2). ITyers k —
HOMED TPeTheil BEPIIHHBI ITOTO TPEYroJIbHUKA. BBIIeIEHHBII TPeyroib-
HUK pas3buBaer (n + 2)-yroibHuk Ha k-yroiabauk u (n — k + 3)-yroibHuk,
KasKJIplii M3 KOTOPBIX TPHAHTYJUpOBaH jauaroHassiMu. l[lepermymepyem
BEPIIMHBI 3TUX MHOI'OYT'OJIbHUKOB IIPDOTHUB YaCOBOIl CTPEJIKM TaK, YTOObLI
HyMepalnusl BePIIMH B KayKJ0M u3 HuX HaumHasuach ¢ 0 (eM. puc. 2.3).
B pesysbraTe HOJYyIUM Napy TPUAHTYIsMA k-yronbpHuka u (n — k + 3)-
YTOJIbHUKA.

AN

Puc. 2.1. Iuaronanbusie Tpuanryaanuu 4- u 5-yrogbHEKA

2
1
k E—1
k—2
0 Z‘
0 1 0

Puc. 2.2. TpeyronbHuk, IpUMbIKAIOIIUI Puc. 2.3. Ilepenymepariusi BepIiuH
K cropore 01 MHOTOYTOJIBHUKOB Pa30HeHIsT

HaobGopor, kaxjas napa Tpuanrysasiiuii k-yroabauka u (n — k + 3)-
YTOJIBHHUKA ONPEJIEISIeT TPUAHTYJISINI0 HCXOJHOIO MHOTOYTOJIbHUKA. 110-
3TOMY

tn+1 = tOtn + tltnfl +...F tnt07

U, TIOCKOJIBbKY to = 1, TOC/Ie0BaTe/IbHOCTD YUCeI t,, COBIAJIAET C IOC/Ie10-
BaTeabHOCTBIO KaTajana.



32 T'naBa 2. VI3BecTHBIE TIOCIIE0BATEILHOCTH

OmncanHast BBIIE MPOIELYPa COIIOCTABJIEHNs] TPHAHTYasAma (n + 2)-
YUOJIbHUKA IT1apbl TPHAHTYIsiIui Ak-yrosbHuka u (n — k + 3)-yrosjbHUKA
HO3BOJISET YCTAHOBUTH W B3AUMHO OJHO3HAYHOE COOTBETCTBHE MEXKILy
TPHAHTYJIAIUAME (N + 2)-yrOJIbHEKA ¥ CKOOOYHBIMU CTPYKTYpPaMH U3 1
nap ckobok. JlefCTBATENHLHO, NPENOIOKIM, YTO JUIsi BCEX MEHBIIHNX
SHAYEHHIl N TaKOe COOTBETCTBHE ycTaHOBJeHO. Kaxkioil TpuaHryssanuu
(n + 2)-yroJbHUKA MbI CONOCTABHJIA HADPY TPHUAHTYISIIAA MHOTOYTOJIb-
HUKOB C MEHBIIUM YHUCIOM CTOPOH. Ilo mnpennosioxkeHuio, 3TOH mnape
TPHAHTYJIANMA COOTBETCTBYET IIapa CKOOGOYHBIX CTPYKTYD. 3aKJII0YnM
HEPBYI0 U3 ITUX CKODOUHBIX CTPYKTYD B CKOOKM U HDHIMIIEM K Heil
BTOPYIO — IOJIyYMM HOBYIO CKOOOYHYIO CTPYKTYDY, COOTBETCTBYIOILYIO
UCXOJHON TPHAHTYJIANMA BCero (n + 2)-yroJbHUKA.

Eme onma BaxkHast peajamsanus duces KaTajgana cBs3aHa C IyTAMI
Juka Ha IIOCKOCTH. PacCMOTPHM IEJIOUNCIIEHHYIO DENIETKY B IOJIOXK-
TesIbHOM KBasipaHte. [Iymem /[uka Ha3bIBAETCS HEIPEPHIBHAS JIOMAHAS B
BepXHeii [OJIYIIJIOCKOCTH, cocTaBjieHHas u3 BekTopos (1, 1) u (1, —1), Ha-
YMHAIONIAACA B Hadaje KOOPJUHAT U 3aKAHIUBAIOIIASACS Ha OCU abCIuCce
(cM. puc. 2.4).

C () ()

Puc. 2.4. [Iytp Tuka u cOOTBETCTBYIOIIAsS €My CKODOYHAsI CTPYKTypa

CoBepIIeHHO sICHO, KaK yCTaHABJIMBAETCs] COOTBETCTBUAE MEXKJLy IIyTsi-
Mu JIuka ¥ OpaBUIBHBIMU CKODOYHBIMU CTPYKTYPAMU: HYYKHO COIMOCTa-
Buthb BekTopy (1, 1) seByio ckobky, a BekTopy (1, —1) —mpaByio ckobKy
(puc. 2.4). Torma ycsoBue, 9TO HyTh JIEKUT B BEPXHEl HOJLyILIOCKOCTH
U 3aKAHIUBAETCS HA, OCU abCIIUCC, U €CTh B TOYHOCTH YCJIOBUE ITPABUJIb-
HOCTHU CKODOOYHOI cTpyKTypbl. [ToaToMy

Yucao nymeti Jura u3 2n 36enves pasho n-my wucay Kamanana c,.
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2.6. 3agaun

2.1. JlokaKnuTe, YTO €CJIM IOCJIEIOBATEIBHOCTD @, JOIMYCKAaeT IIpe/I-
craiieane B Buje (2.10) u Bce ¢; pasiM4HbI, TO TAKOE HPEICTABJICHUE
€JINHCTBEHHO C TOYHOCTHIO 0 MOPSIKA CJIAraeMbIX.

2.2. Bocrospb3oBaBHInch npebIayIneit 3a1a49eit, JoOKaxKuTe, 970 PyHK-

1 s s
mud In 1= s+ 03 + 3 + ... He paruoHaJIbHA.

2.3. PammmonaapHbl i TPOU3BOIsATE (DYHKIINNA I TTOCIeI0BATE b=

HOCTEI:
a) 1, —2,3, 4,5, ...;

6) 2, —6,12, ..., (=), +1)(k+2),...;
B) 1, —4,9, —16, ..., (-1)*(k+1)% ...;
yi, L1 L

r T g 2

n) 2 toe f, —ancaa Oubonaaan?

HaiiguTe cooTBeTcTByIONME IPOU3BOAsIHe (DYHKIMU B TeX CIydasx,
KOTI'JIa OHHM PaIliOHAJLHEL.

2.4. Tlycts A(s) =ag + a;s + ayxs* + ... — npoussozsimas QyHKIHsI
JUISL TIOCJIEIOBATEBHOCTH g, (1, A9, ... HaiiauTe mpouspomsimue (pyHK-
UK JJId II0C/IeI0BaTe IbHOCTet:

a) ag + ay, ay + as, as + as, .. .;

6) ag, ap + ay, ag +a; +ag, ...;

B) ag, a1b, ayb?, azb3, .. .;

r) ag, g, A4, Gg, Ag, - - -

2.5. Tlonb3ysick npoussongameil byukupmeit s ancen @ubonaaan, mo-
KazKHUTe JIJIsl HUX TOXKJIeCTBA!

a) fot fit .ot fo=Ffora— 1

6) fot+ fot ...+ fon = fongs

B) fi+fs+ .+ fono1 = fon — 1

2.6. Jokarkure, 9TO B YKOPJAHOBOI HOpMAJILHOI (bOpMe MATPUILI U3
ypasaerns (2.9) KaxkI0My COOCTBEHHOMY IHCJTy COOTBETCTBYET OJTHA XKOD-
JlaHOBa, KJIeTKa, pa3Mep KOTOpOil paBeH KPaTHOCTH 3TOI0 COOCTBEHHOTO
4YHpCsIa KaK KOPHA XapaKTepUCTUYECKOr0 MHOIOYJIeHa.

2.7. Haitnure npoussoasamue GyHKINT U SBHBIC BbIPAXKEHUS [T 3JIe-
MEHTOB TIOCJIEIOBATEILHOCTEH, 3aJaHHBIX PEKYPPEHTHLIMI (hOPMYIAMHE:

a) Upyo =4an1 —4a,, ag=a; =1;

6) Upiz=—3Cn12 — 3Uny1 — Apn, o =1, a; =ay=0;

B) Upi3 = §an+2 - §CLm ag=0,a,=1,a,=2.
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2.8. Haiinure npoussenenust Ajamapa pyHKIUR OT S

(I—gs)"to(l—rs)™", (1—gs)"'o(l—gs)™, (L—gs)?o(l—rs)",
(I—gs)o(1—gs)™%, (1—gs)Po(l—rs)~".

2.9. IIymu Mouxuna onpeiesIaioTCd TaK Ke, Kak U myTH Jluka, Toab-
KO OHHM MOIYT BKJIOYaTb B cebs ropusoHTasbHble BeKTOpbl (1, 0) (cM.
puc. 2.5). Yucso myreit Monkusa u3 n BEKTOPOB HA3BIBAETCS 1-M “UCAOM
Mouyxuna um obo3nadaercss depe3 m,. BoT HadaI0 MOC/IEI0BATETHHOCTH
Mormnkuna: mg=1, m; =1, my =2, ms = 3. Beraucanre HeCKOJILKO CJIEIYIO-
X 9IEHOB 3TOH TocjenoBare bHocTr. Haiiaure njist Hee pekKyppeHTHOe
COOTHOIIIEHUE U IIPOU3BOAIIYIO (DYHKIHIO.

Puc. 2.5. Ilyre Monkuna

2.10. Ilpuaymaiite ajropurTMbl HOCJEI0BATEILHONO BBIBOJA &) Hpa-
BUJIBHBIX CKOOOUHBIX CTPYKTYD; 6) myreii Monkuna. Ilocrapaiirecs, aro-
OBbI aJITOPUTMBI OBLTA KaK MOXKHO OoJiee 3(hDEKTUBHBI.

2.11. PaccMoTpuM MHOXKECTBO IIyTeil Ha MPSMOii, COCTOSIINX U3 IIa-
roB junHBL 1 BOpaBo win BjieBo. Halinure mpon3BoAsyo (DyHKIUIO M1jist
qHCIa TAKUX [OyTell u3 7 maros, HaduHamomuxcsd B 0 U a) OKAHYUBAIO-
muxcd B 0; 6) okanunBaronmxcd B 0 1 He 3aXOAAININX B OTPHUIATEILHYIO
HOJIyTIPSIMYT0; B) OKAHIMBAIOIMXCsI B (pukcnposaHHoi Touke N > 0; r)
OKaHYMBAIOIMMXCSA B GPUKCUPOBAHHON Touke N > 0 U He 3aXOJsIIUX B OT-
PHUIATEIBHYIO TOJIYIPSMYTO.

2.12. PaccMOTpuUM MHOXKECTBO IIyTeil HA ILIOCKOCTH, COCTOSAIIAX U3
Bekropos (1, 0), (=1, 0), (0, 1). Haiizure upoussoisiyo dOyHKIMO 11st
qucia TaKuX ImyTeill ayimHbl n, HadnHatommxcsd B 0 m HecamollepeceKaro-
muxest (T.e. Bekropel (1, 0) u (—1, 0) He MOTYT MATH HENOCPEICTBEHHO

JIpyT 3a JAPyroMm).
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2.13. /IBoe urpaiot B Takyio urpy. OJuH 3a/yMbIBaET IEJI0€ TUCIO OT
1 1o 144, a Bropoii IbITAETCsI €70 OTraIaTh, 3a/1aBast BOIIPOCHI, HA KOTOPBIE
HepBbIii (YECTHO) OTBEYAET «Ia» WU «HET». B cilydae oTBeTa «J1a» BTOPO
mwratuT 1 pybJb, B ciiydae oTBeTa «HeT» — 2 pyoss. Kak mgoykeHn urparhb
BTOPO# WUTPOK, YTOOBI CHAEJATH CBOIf MPOUTPHIINI B HAUXY/IINIEH CUTYAITHU
MHUHUMAJbHBIM? A Kak OH J0oJKeH cebs BecTu, ecau BMecTo 144 crout
JIpyroe 4ucjo?

2.14. (3agmaya 'mnmnapxa.) Crenyromas nurara — u3 «3acTOJMbHBIX
6eceny IlmyTapxal: « X pU3HUIIT TOBOPUT, 9TO YUCI0 KOMOUHAIIAI, KOTOPHIC
MO2KHO IIOJIYYHUTDh U3 JECSATH IMPOCTHIX IMPEIJIOKEHUI, ITPEBOCKOIUT OJINH
vmuunoH. Ha sTo Bospasmi ['mnnapx, ykasas, 9TO OJIHO YTBEPAUTEIHHOE
[IpeJIJIOYKEHNE OXBATHIBAET BKJIIOYEHHBIX B HEI'O CTO TPHU THICSYIH COPOK
JIEBSITh, & OTPUIATETbHOE — TPUCTA JECATH THICSY JIEBATHCOT MSAThHIECAT
JIBay.

[Tposepbre yTBepKIenue ['ummapxa, cauras 910 1) yTBEpAMTEIbHOE
CJIOYKHOE IPEJJIOKEHNEe CTPOUTCS M3 7 IPOCTBIX NpeJIozKeHuii (0603Ha~
JaeMbIX HUKe JIATHHCKUMU OyKBaMU) IIyTeM 3aKJIOUEeHNs UX BCEMH BO3-
MOXKHBIMU criocobamu B (He Gosiee ueM) n — 2 nap cko6ok. Hanpumep, u3
TPeX TPOCTHIX MPEJIOKEHNN MOKHO COCTABUTH 3 CJIOXKHBIX:

a, ba C; (aa b)a C; a, (ba C)?
a U3 YeThIpex MPOCTHIX IpeIoKeHnil — 11 CI0KHBIX:

a, b, c,d; a,(byc,d); (a b c),d; a,b, (c d);
a, (b, c),d; (a,b),c,d; a, (b (c,d); a,((be),d);
(a7 (b7 c))v d; ((a7 b)? C)v d; (a7 b)? (C7 d)?

2) oTpuUIATENbHOE CJIOXKHOE IPEJIOKEHNE CTPOUTCH U3 N IMPOCTBIX
NIPeIJIOKEHNH, TpeIBAPAEMBIX OTPUIIAHIEM, [Ty TEM 3aKJIIOYeHUs X BCeMU
BO3MOXKHBIME criocobamu B (He 6ostee uem) n — 1 nap ckobok. Hanpumep,
U3 TPeX MPOCTBHIX MPEJJIOKEHUH MOXKHO COCTABUTH 7 CJIOXKHBIX OTPUIIA-
TeJbHBIX:

noa, b, ¢; (noa,b),c; noa, (b, c); mno(a,b), ¢

no(a, b, ¢); mno((a, b), ¢); no(a, (b, ¢)).

(Bo BropoM cirydae OTBET HECKOJIBKO OTIINIAETCs OT MIPEJTIOKEHHOro I'nn-
[APXOM. )

Inyrapx. 3acronabHble Gecepl / Iepes. £. M. Boposckoro. M., 1987. VIIL.9, c. 157;
B IIEPEBOJIE MMEETCS OIIEYaTKA: «TPUCTA JEBSATH THICSY. . . » BMECTO «TPUCTA JECATh. . . ».
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BreiBeure mpounsBossinue PyHKIUNA JIJIsT COOTBETCTBYIONIUX IIOCTIE0-
BaTeJIbHOCTEH.

2.15. (®PubonavdmeBa cucreMa cqyucjeHus.) JJokaxnre, 9To Jo-
00€e HaTypaJbHOE YUCJIO eQMHCTBEHHBIM 00Pa30M IIPEICTABISETCI B BUJIE
a1 fi +axfa+ ..., roe f, —unciaa OubOHAYYM, a KaxKI0€ U3 UUCET ;
PaBHO HYJIIO WU €JMHUIIE, IIPUYEM €JMHUI] B CyMMe KOHEYHOE YUCJIO U
JIBa WIYIIAX TIOJPSJT JIEMEHTa ITOCJIEI0OBATEIbHOCTH (; HE MOTYT PaB-
uHarbea equnune. (OOparure BHUMAHKME Ha TO, 4TO YHMCIO fo =1 He mc-
[IOJIb3YETCs, TaK YTO IOCIEI0BATEIHLHOCT, PuOOHATIN HAYMHAETCS TaK:
1,2,3,5,8,13, ...) Ilpuaymaiire anropurmbl IepeBoia ducesa u3 bu-
OOHAYYMEBOI CHCTEMbI CUUCJIEHUS B IMO3UIIMOHHYIO M OOPATHO, & TaKXKe
aJITOPUTMBbI CJIOYKEHHSI U YMHOXKEHUsI YHUCeJI B 9TOI CUCTEME CUMCJIEHUSI.

2.16. Ilycts

Pi(s) Py(s)
AG) = 10 ()
1(s) Q2(s)
— paluoHAIbHBIE POU3BOAANIE (DYHKINU, 3aJaHHBIE HECOKPATUMBIMU
JpobsiMu, 1
P(s)
Q(s)
— uxX mpousBejieHune Ajamapa, NMpeJCTaBICHHOE B BHUJE HECOKPATUMON

apobu. YTo MOXKHO CKa3aTh PO MHOTOWIEH (), eCjIi MHOTOWIEHBI () U
(> M3BECTHLI?

Ao B(s)=



T'nasa 3

®opmMabHbIe TPAMMATUKNI
C OJTHO3HAYHBIM BBLIBOJOM. Teopema
Jlarpan>ka

3.1. A3k /luka

Kak mbI 3HaeM, IIpaBUJIbHBIE CKOOOYHLIE CTPYKTYPbI IEPEINCIAI0TCA
qucaamu Karanana. Bemumem Bce IIpaBUJIbHBIC CKOOOYHEBIE CTPYKTYPBI

JI0 TIopsijiKa 4:
Labh  TOPRRE L

()0 (O)0))
abab aababd

nopsaka 1: o b OPAIKA 2:

nopsaaka 4:

Ecin 0b6o3naunTh j1eBy10 CKOOKY OyKBOil a, a mpaByio — OyKBoit b, TO
MOXKHO IIePeNucaTh MPaBUIbHBIE CKOOOYHBIE CTPYKTYPHI B BHJE «CJIOB»
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B asdasure {a, b}. B npusesieHHOI BBIIIE TAGJIHIE IO KaXK10H CKOBOTHOI
CTPYKTYPOil 3aIlicaHO COOTBETCTBYIOIIEE il CJIOBO.

Tlpu Takoii 3amucu MbI IOJIy49aeM He Bce cjioBa B ajdasure {a, b},
a TOJIbKO HekoTopble. Hampumep, ciosa a, b, aa, ba He COOTBETCTBYIOT
HUKAKUM [IPABUJIBHBIM CKOOOYHBIM CTPYKTYPaM.

Onpenenenue 3.1. Ilyers A ={a,, a,, ..., ay} — IPOU3BOJIBHBIH
KOHEUHbIIl HaboOp pasimuHbix OyKB. Caosom B ajidpasure A Ha3bIBaeTCs
[IPOM3BOJIbHAST KOHEUHAsST TOCIEOBATEIBHOCTD OYKB 0y - . « Oy, TIE O €
€A, i=1,..., m. Yucno m HasbBaercs daunotll caosa. S3vikom HAJ
asaBuToM A HA3BIBAETCs [IPOM3BOJIBHOE (KOHEYHOE WU GEeCKOHEYHOE)
MHOKECTBO CJIOB B ayipaBure A.

ITycmoe caoso h mmeer jymuHy 0 U MOXKET BXOJIUTH WJIM HE BXOIUTH
B sI3BIK.

IIpumep 3.2. d3bik F cocrout u3 cjios B andasure {a, b}, He cozuep-
JKamux AByX OykB b mozpsia: A, a, b, aa, ab, ba, aaa, aadb, aba, baa, bab,
aaaa, ...

MHOKeCTBO TIPABUJIBHBIX CKOOOYHBIX CTPYKTYD BMECTe C IIyCTOM
CTPYKTYPOIii 00pasyer si3blk Hajl aindauToM {a, b}. DToT A3bIK HA3BIBAET-
cs azvikom Jura. KoHedHO, TOT YKe f3bIK MBI MOTJIA OBl PACCMATPUBATE U
uaz asipasurom {(, )}; npocro cuMBoJibL @, b B HaleM BocupusaTin GoJiee
COOTBETCTBYIOT TEPMUHY «OyKBa».

Onpenenenue 3.3. IIpoussodswets gynryueli a3bika L Ha3bIBAETCS
MIPOU3BOISAIIAS (DYHKITHS
L(S):l0+l15+1252+...,

rue [, ecTbh 4uCJIO CJIOB JJIUHLI k B sa3bike L.

3.2. IlpaBuia BeiBoZIa B a3biKe /luka

BrimmcsiBanne Bcex CKOOOYHBIX CTPYKTYD JAHHOM JJIMHBI — TPYIOEM-
Kuit mporecc. YToObI He IPOIIYCTUTH HU OJIHOM CTPYKTYPHI U HE TIOBTOPUTH
HUKAKYI0 CTPYKTYPY JABaXKJ(bl, 3TOT IPOIECC HAJ0 ynopsnaounThb. OpuH
u3 coco0OB JOOUTHCS YIIOPSIIOYEHUSI COCTOUT B TOM, 9TOOBI pACCMOTPETH
JIBa NPasuaa 6v1600a 8 azvike Juka:

1) r—N

2) r—arbr. (3.1)

31ech r—OykBa, He Bxogsas B andasur {a, b}. Bmecto Hee Mbl MOy
66l BBIOpATH JIIOOYIO OYKBY, OTJIMIHYIO OT @ U b.
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Crpenka B mpabuiax BeiBojia (3.1) 3amensier dbpasy:

ECAU 8 CA08E ecMb bYyKkea T, Mo 9my OYKEY MOINHCHO 3AMEHUMD Ha
CA0B0, CMOAWEE CNPABA O, CIMPEAKU.

TTokakem, Kak pabOTAIOT MpaBUJIa BHIBOJA: BBIBEIEM II0 STUM IIPABU-
JIaM 33JIaHHYI0 CKOOOYHYIO CTPYKTYDY.

Ilycts HAM HY2KHO BbIBeCTH CJIOBO aabaabbb. BoT, Kak BBITVIAIUT BBI-
BOJI;:

T 2, arbr 2, arb 2, aarbrb 2, aabrd 2, aabarbrb 2,

2, aabarbb 2, aabaarbrbb D, aabaabbb.

Han xaxxmoit cTpeskoit B mporiecce BbIBOJIA HAIMCAH HOMED IIPUMEHEH-
HOT'O IIpaBujia. ByKBa r, K KOTOPOU IIPUMEHSIJIOCH IIPABUJIO, [TOIYEPKHYTA.

IIpaBuia BeIBOMA B si3bike JInKa MOXKHO ITOHUMATH CJIEIYIOIIMM OOpa-
30M:

Bceaxoe caoso 6 asvike Jlura ecmv udo

1) nycmoe cao60, 6o

2) 0680, 8 KOMOPOM BHYMPU CaMOT AEB0T NAPbL COOMEEMCINEEHHBIL
CK0bOK CMOoUmM HEKOMOpPoe CA060 A3bika Jluka U nocie Mot napv, cmoum
€080 A3vka duxa.

dAcno, aro gy Kaxkmoro cioBa #3bika Jluka Takoe mpejcTaBiieHne
€JINHCTBEHHO.

BpraucsimmM ¢ IOMOIIBIO IIPABUII BBIBO/IA IIPOU3BOJLINYIO (PYHKIINIO JJIS
sizbika, Jluka. [ljist 9T0i 1esin BhINMUIIEM «HEKOMMYTATUBHBINA ITPOU3BO/IsI-
A PATy, MEPEUUCSIONINI CJIOBA A3bIKA. DTOT P, MPEACTABISAET OO0
IpocTo POPMABHYIO CYyMMY BCEX CJIOB SI3bIKA, BBINMUCAHHBIX B HOPSIKE
BO3PACTAHUS JJINHBL:

D(a, b) =) + ab + aabb + abab + aaabbb + aababb + . . . (3.2)
Teopema 3.4. Pad (3.2) ydosaemeopsiemn ypasreruio
D(a, b) =\ + aD(a, b)bD(a, b). (3.3)

Hoxaszarenbcrso. HeficrBurensHo, B jieBoii yactu pasercTsa (3.3)
3allEcaHa CyMMa BCeX CJIOB s3blka Juka. PaseHcrBo 03HawaeT cmpasen-
JIMBOCTD yTBEPXKICHUS

Beaxoe caoso 6 aszvike uka ecmov ubo

1) nycmoe caoso, 6o

2) ¢A060, 6 KOMOPOM GHYMPY CamoTi AE60T NAPBL COOMBEMCMEEHHIT
CKOBOK CTOUM HEKOMOPOE CA080 A3biKa JJuKra u nocae smod napovs cmoum
c060 asvika Jduka.
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IIpu aTom Takoe mpe/icTaBiieHne eMHCTBEHHO. Teopema goka3ana. [

YT006b! TEPERTH OT HEKOMMYTATUBHOTO TPOU3BOIAIIETO PIIA K OOBIU-
HOMY, CleJlaeM HOJCTAHOBKY a =S8, b=s, A=s=1. Ypasuenue (3.3)
OpUMeT BHJI

D(s, 5s) =1+ s°D(s, s).

Orciona, obosnauus D(s, s) uepes d(s), noaydnm

d(s) =1+ s*d*(s). (3.4)
Pemenue
d(s) = 1—+v1—4s2
o 252

9TOr0 ypaBHEHUs, KOHEIHO K€, COBHAIaeT (C TOUHOCTHIO J0 BO3BEIECHU
dopmabHOI HepeMeHHOl B KBaIpaT) ¢ IIpou3Bodiieil hyHKImehd 1 au-
cen Karanana (2.14). HeoGxomuMoCTh MOJICTAHOBKA TIEPEMEHHON $2 BMe-
CTO S ODOBSICHSIETCST TEM, UTO B s3bIKe JluKa JUIMHA CJI0BA, COCTABJIEHHOTO
u3 n map cKoOOK, paBHA 21, TOT/a KaK paHee Mbl EPEINCIISIIA 9TU CIOBA
10 9UCJIy Tap CKODOK.

3.3. (I)OpMa.TIbeIe rpaMmMmaTmKMm C OJHO3HAYHBbIM
BbBIBOJAOM

[TpuBesem 0606TIEHIE pACCYKIACHNS U3 TPEIBIIYIIETO Pa3Iesa.

Onpenesnenue 3.5. Ciaoso w=0;...3,, sa3biKa L Ha3bIBAETCS HePas-

AOIHCUMDLM B ITOM sI3bIKE, €CJIH HIKAKOe ero HeIyCTOe IOJCJIoBO 3,811 . ..

Bits, 1<4, 14+ 1<m, [ >0, oTimaHOE OT CAMOT0 CJI0Ba W, HE TIPUHAI-
JIEZKUT A3BIKY L.

B wacTtHOCTH, mIycTOE CJIOBO B JIIOOOM sI3bIKE HepaszJsiokumo. IIpemo-
JIOZKWM, 9TO S3bIK L 00Ia/1aeT CIIe Iy oMU CBONCTBAMMA:

1) mycroe cj10BO BXOIUT B A3bIK Lj;

2) HAYAJIO BCSKOIO HEPA3JIOKUMOI'O CJIOBA He COBIIAJAaeT C KOHIIOM JIpy-
rOro WJIM TOTO YK€ CaMOr0 Hepa3JIo)KUMOTO CJIOBA;

3) ecsm MexK Ly JIIOOBIME JBYMsI OyKBaMu JII000TO CJI0Ba A3bIKa L BCTa-
BUTH CJIOBO SI3bIK& L, TO MOJIyYUTCs CJIOBO sI3bIKA L;

4) ecou u3 JuoGOro CJIOBa A3bIKA L BBIKUHYTH MOJCIOBO, BXOJSINEE B
A3bIK L, TO TOJIyYIUTCsT CJAOBO sA3bIKa L.

O6ozuaunM 1depes n(t) = ng + nit + not? 4 ... mpomspogsmIyo hyHK-
IO JJIsl 9IUCJIa HEPA3JIOXKUMBIX CJIOB si3bika L, uepes [(s) =1y + ;s +
+ [8% + ... — mpom3BOAATIYIO0 (DYHKITUIO JJTst A3BIKA L.
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Teopema 3.6. [Ipoussodawasn Pynruyus s aswvka L, ydosaemso-
parowezo ceoticmeam 1)—4), u npoussodswan GyHKUUA 044 NOJBAZVKG
HEPAAOHCUMDIT CAOE 8 HEM CEA3GHBL MencdYy cobol ypasuenuem Jlazpar-
oarca

I(s) =n(sl(s)). (3.5)

HdokazaTenbcrBo. KaxaoMy HepasloKHMOMY CIOBY o, ...d;
B s3bIKe L COMOCTABUM IPABUJIO BHIBOJA

m

T = Oy T, T .. O T

m

fcHo, 9TO KaxK10e CJIOBO A3BbIKA JOITYCKAET BBIBO/L ITO 3TUM IpaBujiaM. Ta-
KOI1 BBIBOJI OJTHO3HAdeH. [leficTBUTENBHO, MyCTh B3 .. .[3;, —IIPOM3BOIBHOE
csoBo a3bika L. Ecim oHO HepassioKuMo, TO OHO IIPEICTABIISETCA B BHJIE
IIpaBoil YacTH IpaBUjIa BBIBOJIA

r— B17Bar ... Brr,

IJle KaxKk/I0e BXOXKJEHUE CUMBOJIA T° CJIEAYeT 3aMEHUTh Ha IIyCTOE CJIOBO.
W3 ompenesnenus HEPa3I0KUMOTO CJIOBA BBITEKAET, ITO TAKOE IIPEICTAB-
JIEHUE €IMHCTBEHHO.

[IpeamonoxkuM Ternepb, 9TO €CTh PAa3JIOKUMBIE CJI0Ba, JOMYCKAIOIIe
pasnvHOe MpejcTaBienne. PaccMoTpuM caMoe KOPOTKOE TaKoe CJIOBO W.
B Hem cosepkuTCs HEPA3I0KUMOE TI0JICJI0BO. BhibepeM n3 Bcex HepasJsio-
JKUMBIX TIOJICJIOB CJIOBA W CaMoe IPaBoe (IT0 BO3ZMOMXKHO, TaK KakK HEpas3-
JIO2KUMBIE TIOJICJIOBA HE MOT'YT II€PECEKAThCs) M BHIKMHEM €0 U3 CJIOBa W.
IMosyunm HOBOE CJIOBO w'. DTO CJIOBO UMEET T€ Ke CaMble MIPEJICTABICHUSI
B BHJIE NIPABBIX YacTell MPaBUJI BBIBOJIA, ITO U ¢JI0BO w. [losTomy w' —
60J1e€ KOPOTKOE CJIOBO, JIOIYCKAIOIEee HECKOJIBKO PA3JINIHBIX [IPEICTABIIC-
uuii. [losydennoe npoTuBopedne I0Ka3bIBAET €INHCTBEHHOCTD ITPEJICTAB-
JIEHUSI.

Takum 00pa3zoM, HEKOMMYTATHUBHAsT MPOU3BOIAIIAA (DYHKIUS /TS
si3bIKa L yII0BIETBOPSIET yPABHEHUIO

E(aq, ...,am):)\+a11£(a17 ...,am)CXlQE(al, ...,am)...+...
Henas noncranoBky A=1, a; =t u yanreiBas, uro I(t) = L(¢, t, ..., 1),
IoJIy4aeM 3aKJII0YeHe T€OPEMBI. O

ITpumep 3.7. dys a3wika duka n(t) =1+ t2. Hepasmokumble coBa—
s1o A u ab. Orciona HeMe IeHHO TToJTydaeM ypasHenue (3.4) Ha npousBo-
JAITYI0 QYHKIUIO /1T a3biKa JIuka.

O,HHOI‘O CUMBOJIa 3a49aCTYIO ObIBaeT HEJO0CTAaTOYHO /Jid ITOCTPOCHUA
I'PaMMaTUKH. ﬂaﬂﬂM (bOpr[aJH)HOe olpeae/JIeHrne rpaMMaTHUuKHA.



42 I'itaBa 3. @opmasibHbIE FPAMMATUKA

Onpepnenenue 3.8. Ilycrs R={ry, ..., r;} — KOHEUHOE MHOXKECTBO
CHMBOJIOB, He BXomsmmux B ajdasur A. IIpasusom 6vi6oda Ha3bLIBAETCS
3aIUCh BUJIA

r; — W,

rue 7; € R, a w— caoso B andasure AU R. Muoxkecrso I' (koneunoe uiu
GECKOHETHOE) TIPABHJI BBIBOJIA

T — Wi, T1— Wiz, sy
T — Wi, T — Wi,

HasbIBaeTCd  (Kommexcmuo c60000not) epammamukoti (man andasu-
Tom A). CioBo B andasure A noposicdaemcs CUMBOJIOM T;, €CJIA OHO
MOKET OBITH MOJYYEHO IIENOYKONH MOJCTAHOBOK, 3aJABAEMBIX TDAMMa-
TUKOH, U3 cuMBoJia ;. A3bIK L; mopostcdaemcs CUMBOJIOM T, €CJIA BCe
CJIOBA SI3bIKA L; ¥ TOJIBKO OHU MTOPOXKIAIOTCST CUMBOJIOM 7. I'paMMmaTuka, '
SIBIISIETCST 2PAMMAMUKOT ¢ 00HOZHAUHBIM 6bIB000OM, €CTTH KAXKII0e CIIOBO,
BBIBOJIIMOE M3 CHMBOJIA T;, €IUHCTBEHHBIM OOPAa30M IIPECTABIAETCS B
BHJIE IPABOIl Y9ACTU OJHOIO U3 MPABUJ BBIBOJA T'; — W;p.

B cBs3u ¢ 3ajaqamu niepevdncyieHnsi HAMOOJIBINNI WHTEPEC JJIsi HAC
peCTaBIAIOT (POPMAJIbHBIE IPAMMATHKY C OJTHO3HAYMHBIM BBIBOJIOM. Ta-
Kasl rpaMMaThKa OblLjia 1mocTpoeHa s si3bika Juka. [IpuBemeM eme oauu
TO/IOOHBIN TTPUMED.

IIpumep 3.9. PaccmorpuM 1361k F u3 npumepa 3.2. Bor Bo3moxKkHAas
rpaMMAaTHKa JJIST 9TOTO SI3bIKA:

ro—\,  ri—b, 1y —orb, T —Ty, Ty —Tia.

A3bik F BBIBOAUTCS W3 CUMBOJIA 1. I3 CHMBOJIA 7'y BBIBOIMTCS IMOIbASBIK
si3bIKa JF, COCTOAIIUN U3 CJIOB, KOHYAOIIUXCS Ha .

IIpuBenennast rpaMMaTHKa, YATACTCS TAK:

1) Besikoe ¢y10BO si3bIKa F ecThb JIub0 [MyCcToe CJI0BO, JIUOO CI0BO b, b0
CJIOBO #3bIKa JF, KOHUaloIleecs Ha a, K KOTOPOMY Ipuiucana Oyksa b,
Jinbo CJIOBO #A3bIKa J, KOHYAIOIIeecs Ha «;

2) BCsIKOE CJIOBO sI3bIKa J, KOHUYAIOIeecs Ha @, eCTh HEKOTOPOE CJIOBO
si3bIKa, F, K KOTOPOMY IIpUIIKCaHa OyKBa a.

Teopema 3.10. IIycmv ' — epammamura ¢ 00HOZHAUHBM BBLE00OM.
Obosnawum uepes () npouseodswyo PYHKLUIO OAA YUCAG CAOE 6 A3bi-
xe L;, evis0dumozo u3 cumeoaa r;. Toeda npoussodswue pyrnkyuy r; ydo-
BALMBOPAIOM, CUCTNEME YPABHEHUT

ri(s) = Z §Yii Hrﬂ’” (s).
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B wacTHOCTH, €CJiM 9UCJIO MPABUJI BBIBOJA KOHEYHO, TO (DYHKIUU T;
YJIOBJIETBOPSAIOT CUCTEME TIOJIUHOMUAJIBHBIX YPABHEHUN U IIO3TOMY SIBJISI-
OTCS AA2E0PAUYECKUMYU PYHKUUAMU.

HokazaresbcTBo. [locTynuM, Kak U B CATYallUNd C OJHUM IIOPO-
JKJIAIOIIMM CHUMBOJIOM, — BBEJIEM HEKOMMYTATUBHBIE ITPOU3BOJIAIINE CTE-
[IEHHBIE PsJIBI JJTsI KAYKJI0r0o U3 sA3bIKOB ;. BBuy omHO3HAYHOCTH TIpE-
CTaBJICHUS KaXKJIOTO CJI0BA B BUJIE IPABOI 9aCTU IPABUIIIA BBIBO/IA ITOJIY 9a-
€M CUCTEeMY ypaBHEHUH HA HEKOMMYTATUBHDBIE Psibl. /lesas moIcTaHOBKY
A=s"=1,a;,=supui=1, ..., m, HoJay9aeM CUCTEMY ypABHEHUIi Ha IIPO-
u3BOAAIIME (DYHKIUH JIJIst Yucja cjioB. TeopeMa JI0Ka3aHA. O

3.4. YpasHeHue Jlarpan>ka u teopema Jlarpanxka

TTocMoTpuM IOBHUMATEJbHEE Ha PaBeHCTBO (3.5). D10 dyHKIMOHATB-
HO€e ypaBHEHNe, CBS3BIBAIOIIEEe MEXK/TY CO0O0i Tpon3BosAIie OYHKIHN [Tt
9HCJIA CJIOB B SA3bIKE M YUCJIA HEPA3JIOKUMBIX ¢10B B HeM. Ham 661 xoTe-
JIOCh YMETh €r0 Pelarh, ecjau oxHa u3 (yHkuui 3anana. OkasbiBaercs,
9TO BCErJa BO3MOXKHO.

Yrobel IpEBECTH HAIlle ypABHEHUE K KIIACCUIECKOMY BHUJLY, JIOMHOXKIM
obe ero yacru Ha s 1 nosoxuM sl(s) =1(s). Torga ypasuenue (3.5) mpumer
BU/L

I(s) = sn(I(s)). (3.6)

Ilocnennee ypaBHenue Ha3bIBaeTcs ypasHeruem Jlazpanotca, u 1njs HETO
CIIpaBeJINBa CJIeyIoIas TEOPEMA.

Teopema 3.11 (Jlarpamx). ITycmo 6 ypasrenuu (3.6) sadana odna us
npoussodawux Gyrnkuut l(s) (lo=0, l; #0) uau n(t) (no #0). Toeda smo-
Pas NPoudeodAUWas GYHKUUA 00HOZHAMHO BOCCTNANHABAUBAEMCSA N0 Hell.

HdokazarenbcTBo. YpasHenue (3.6) MOXKHO IIEPELHCATD B CJIEILYy-
IOIEM BHJIE

1,8+ 1,8° + ... =ngs +n18<l~18+l~282+ l4s® + .. ) +
+ n25< Ps?4200,8° + .. ) +
—l—ngs( [fs3+)+

Hokazkem crauamna, 9ro ecan dyHknus [(s) 3amana, To n(t) ogHO3HAY-
HO BOCCTAHABJIUBAETCA 1O Heft. JI0Ka3aTeabCTBO IPOBEJEM MO MHIYKIIUH,



44 I'itaBa 3. @opmasibHbIE FPAMMATUKA

[IpUpaBHUBAsI IIOCJIE0BATEIBHO KOI(MD@PUIMEHTHI IIPU OJUHAKOBBIX CTEIle-
HAX S B JIEBOU U IIPaBOil 4acCTsX. ~

Kosdpdumnument n, onpenensiercss paBeHCTBOM Ny = I;. IIpemxmooxum
Tenepb, ITO KOIPMUIUEHTHI Ng, Ny, ..., Ny_1 y2Ke omnpemaeseHbl. Torma
KO3 PUIMEHT Ny, OMPEIEIIeTCsT U3 YPaBHEHHUsI, COCTABIECHHOTO PUPaB-

HUBaHUeM KoddduruenTos npu s8+1:
’I’Lkpf +’I’Lk71>\k71 +... +n1)\1 :Zk (37)
3nech uepes \;, i =2, ..., k— 1, oboznauensr xkoadpdunuenTsl mpu s*

B MPOUBBOISAIMIUX (DYHKIUSIX Z’(s) Vpasuenue (3.7) — juHeiiHoe ypas-
HEeHWe OTHOCHUTEIbHO Ny. Koaddunment mpu n, B HeM paBeH l~’f ", 0
YCJIOBHIO TE€OPEMBI, oTyindeH oT HyJs. [loaromy n, omHO3HAYHO OIpeje-
asieTcs u3 ypasHenus (3.7).

C apyroii croponbl, ecu 3agana Gyaknus n(t), TO MbI JOJKHBI TIOJIO-
KUTB | = ng. Koaddurnuentsr l~,C OLPEJIEJIAIOTCS TeePh PaBeHCTBOM (3.7),
TaK KaK Bce KOI(DMUIUEHTHI A; SBIISIOTCS MHOTOWIEHAMHI OT l~1, ceey Doy
Teopema mokaszama. O

3ameuanue 3.12. Eciin koappunpenTsr GyHKIINY 1 — IIeJIble HEOTPU-
naTeJbHBIE JHUCIa, TO U KO(DDUIMEHTH (OYyHKIIHT ! OyIyT IeJIBIMA U
HeoTpurarebHbIMU. Eciim koaddunmenTsr OyHKImMM [ mesble u HEOTpH-
IaTeJbHbIe, TPUIeM = 1, To n KO3 pUMEeHTHI PYHKITUN 1 OKAZBIBAIOTCS
nestbivu. OTHAKO TIPU 9TOM CPEJIH HUX MOTYT OKA3aThCsl U OTPUIIATE/IHHBIE
qucia.

3.5. Bagaun

3.1. JlokazkuTe, ITO TPAMMAaTHKa U3 TpuMepa 3.9 neficTBUTETLHO OIH-
CBIBaeT S3bIK F U3 mpumepa 3.2 u 9T0 BBIBOJ B Hell oHO3HaYeH. Bocmoib-
30BaBIINCH ITOW IPaMMATHUKON, HAHINTE MPOU3BOISILYIO (DYHKIHIO s
sA3bIKa F.

3.2. IIpunymaiite mid a3b1Ka J HOPOXKIAIONIYI0 IPAMMATHUKY C OTHIM
IIOPOZKTAIOIIUM CHMBOJIOM U OJTHO3HAYHBIM BBIBOJIOM.

3.3. llokazkuTe, 9TO B rpaMMaTHKE

r—A\ r—ra; r—br; r—arb

BBIBOJI HE OJIHO3HAYEH.

3.4. Hanmmmure npaBujia BbIBOJA JJIsl A3bIKA IPABUJIBHBIX CKOOOYHBIX
CTPYKTYP U3 JIBYX Iap CKOOOK (KPYTJIBIX U KBAJPATHBIX) U BBIBEUTE PO~
U3BOAIILY0 (DYHKITUIO JIJIsi HENO. DTOT sA3bIK HA3BIBAETCS A3vikom Jluxa
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emopozo nopadxa. OGoGIKTe pe3yIbTaT Ha A3bIKK JIMKa MpOM3BOJILHOTO
HopsiKa.

3.5. BamaiiTe ¢ mOMOMBIO (GOPMATBHBIX T'PAMMATHK SI3BIKH CHCTEM
myTeit u3 3asa4 2.11, 2.12; BbIBeIUTE OTCIOJA COOTBETCTBYIOIINE TPOU3-
BoJIsATIIE (PYHKITAN.

3.6. Aszvikom Moukxuna HasbiBaeTcs si3blk B andasure {a, b, ¢}, co-
CTOSIIIUI N3 TAKMUX CJIOB, YTO 3avepKUBAHNE BCeX OYKB ¢ B HUX JIa€T CJIOBO
n3 a3bika Juka. CioBa B si3bike MOIKHHA HAXOAATCS BO B3aUMHO OJIHO-
3HAYHOM COOTBETCTBHH C IyTamu MonkuHa n3 sagaqn 2.9. [TocTpoiite ms
aA3bIKa MOIKHHA IPaMMATUKY C OJHO3HAYHBIM BBIBOJIOM M HailguTe ¢ ee
MOMOIIBLIO TPOU3BOASILYI0 (DYHKIUIO JJIsl 3TOTO A3BIKA.

3.7. TlocTpoiiTe rpaMMaTUKY JJIsl A3bIKa HATYPAJbHBLIX YHCEJI, 3aIld-
CaAHHBIX B JIBOMYHON CHCTEME CUHMCJICHUS.

3.8. IlocTpoiiTe rpaMMATHKY I A3bIKA NPABUILHBIX apHdMeTHYe-
CKHX BBIDAXKEHHI B JBOMYHONI cHCTeMe cuuciaenus B ajadasure:
{(7 )7 +, 1, 0}

3.9. IocTpoiiTe rpaMMaTUKA JIJIsl I3BIKOB

a) L, = {a*b"|i > 0};

6) Ly={a'¥ |i>j>0};

B) Ls = {w|uncmio BXOXKaeHUiT OYKBBI ¢ B CJIOBO W PABHO YHCJIY BXO-
XKJjieHnii GyKBbI b B 9TO CJI0BO};

r) L, ={w|4aucso BX0oxK 1eHNnit GYKBbI @ B CJI0BO W BABOE GOJIBIIE TUCIIA
BXOXKJIeHUIl OYKBBI b};

1) Ls = {cnoBa B onHOOYKBeHHOM aJiaBuTe, JIINHA KOTOPBIX JIEJIUTCS
Ha 2 nn Ha 3};

e) Ls = MHOXKeCTBO HajauHIApOMOB B aJdasure u3 tpex Oyks. (Ila-
AUHOPOMOM HA3BIBAETCHA CJIOBO, OJMHAKOBO YUTAIONICECS CJIEBA HAIIPABO U
cripaBa HaJIeBo. )

k) L; = {cnoBa B andasure {a, b}, comepKaiye 4eTHOE YUCIO BXO-
JKJieHnit 6YKBHI a}.

Haiinure nponspoasmue GyHKIMA I STUX A3BIKOB.

3.10. /lokaknuTe cUpaBeJIMBOCTh 3amevyanus 3.12.

3.11. Haiinure npousBojsiue OYHKIINNA s I3bIKOB U3 JIBYX OYKB,
CJI0Ba KOTOPBIX HE COJEPIKaT:

a) nozciosa ba;

6) moscnoBa aba.



I'nasa 4

AnamuTndeckue cBoiicTBa (pyHKITIIA,
IIpeJICTaBJ/IIEMbBIX CTEIIEHHLIMU
paaaMi, 1 aCUMIITOTHKA X
K03 pumeHToB

4.1. CreneHHble OIEHKN OJII aCUMIITOTUKI

IIpu perrernn mepevInCIUTEBHBIX 3302 3a9aCTYIO IPUXOIUTCS UHTE-
pecoBaThCs MOBEJIEHNEM YHCTIa JIEMEHTOB MHOXKECTBA IIPU POCTE ITepevnc-
JISTFOITIIETO TTapaMeTpa. JTO 0COOEHHO BayKHO, €CJIU MbI XOTUM, HAIIPUMED,
[IEPEIUCTATH 00 BEKTHI Ha KOMIILIOTEPE U MBITAEMCS OIEHUTH BpeMst Pabo-
TBI IIPOIPAMMBI.

Onpenenenune 4.1. Oyukuuu f: N—Ru g: N—R umerom odunaxo-
BY10 ACUMNMOMUKY, WA 00UHAKOBLT POCTN, TIPU N, — 00, €CJIU CYIIECTBYET

npemen lim % u oH paBeH 1. Oyukiusg f pacmem medsennee PyHK-
L )
nuu g, ecau upegen lim 2(n) cymecTByeT u OH paeH 0. B mociemnem

cilydae TOBODAT TakKxKe, 4TO GYyHKIUA g pacmem bvicmpee dynrnun f.

[Ipu BBIYUCIEHUN ACUMIITOTHKU HEKOTOPBIE (DYHKIIUU MBI CIATAEM
«0obpazamMm», a Ipyrue «CBOAUM» K 3TuM obpasmam. B kagecTBe 06pa3ion
GepyTcs 0ObIYHO Hambosiee IPOCTblE MOHOTOHHBbIE (DYHKIUH, IOBEIECHUE
KOTOPBIX XOpoIno u3ydeHo. ObpasiaMu MOTYT CJIy?KUTh:

9KCIIOHEHTa G" TIPU Pa3INYHBIX 3HAUEHUSX OCHOBAHUS @

creneHHas QyHKIMs N* TPU PAJTNIHBIX 3HAYCHUAX TOKA3ATEIIS o

dakropuaJ n!;

siorapudm Inn;

a TaKKe IMPOU3BEJIEHNUs] U KOMIIO3UIIAN ITUX (PYHKIUN B PA3JIMIHBIX KOM-
OMHAITISIX.
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Herpynno pacrnonoxuth QyHKITUH-00pa31ibl B HOPSIIKE YOBIBAHUS CKO-
pOCTH POCTa:

nl; a”,a>1; n*a>0; lnn, n* a<0; a",0<a<]l.

ITpumep 4.2. KoaddburmenTtrr nponssomgameit bynknnm In(1—s) ™' =

1 1
=5+ 552 + 583 + ... pacTyT, Kak n~ " (B 9TOM CJIyuae ecTecTBeHHEee ObLIO

ObI TOBOPUTD «yOBIBAIOT, KAK 1~ 1» ).

B Hamux naJibHERINNX paccyXKaeHusX (popMaJjbHas IIepeMeHHasl S 3a-
MeHsIeTCsI KomnaekcHotl nepemennoit s € C.

HawuboJsee mpocToit u gale BCero MCIoJb3yeMblil CIIocOb OIEHKHU CKO-
pocTu pocTta Ko3(hOUIMEHTOB TPOU3BOISINEH PYHKIIUN TAET CJIEIYONAast
Teopema, OCHOBaHHas Ha Tpu3Hake KO CXOanMOCTH IUCTOBBIX PSIIOB.

Teopema 4.3. [Tycmo psad F(s) cxodumcsa 6 Hexkomopol mouke S,
|so| =r. Toeda nocaedosameavrocmo koadduyuenmos amozo psda pac-

1 n
Mem MeOAEHHEE, YEM (7 + s) 0AA N100020 NOAOIHCUNEABHO20 YUCAG €.
T

Canencreue 4.4. Ecau pad cxodumces ma 8ceti naockocmu, mo nocae-
0068aMEALHOCTY €20 KOIPPUUUEHMOE pacmem mediennee, wem €%, Oas
A106020 NONOHCUMENDHOL0 HUCAA E.

C KasKJIbIM CTEIIeHHBIM PSZIOM (C IMCIIOBBIMU — IEJIBIMHE, BEIEeCTBEH-
HBIMH WJIM KOMILJIEKCHBIMU KO3 DUIMEeHTaM1) MOKHO CBSI3aTh €ro Kpyr
cxomumoctu. Kpye crodumocmu paaa— 310 HanbOJIbINUI OTKPBITEINA (He
COJIEPKAIIMI IPAHUIIBI) KPYI HA KOMIUIEKCHON ILIOCKOCTH C HEHTPOM B
Hadvaje KOODJUHAT, B KaXKJOW TOYKE KOTOPOro psji cxomurcsa. Kpyr cxo-
JIIMOCTH MO2KET OBITH IIYCTBIM, COBIIAIATh CO BCEH IIJIOCKOCTHIO NN MMETh
HeHYJIeBOII KOHeuHbIH pajuyc R. B mocienaem ciryyae ciupaBejImBo cie-
JAylolee MOJIe3HOe IIpeJIJIozKeHHeE.

IIpennoxenune 4.5. Paduyc cxodumocmu pada F(s) pasern modyaro
bausrcatiweld K Hauaay koopdunam ocobol mowku dymnkyuu F wa xom-
NAEKCHOT NAOCKOCTNAL.

He naBas cTpororo ompejenerust 0coboti mowky PpyHKITUU, TPUBEIEM
JIy4Ille HECKOJIBKO ITOSICHSIIOIIIX [TPUMEPOB.

ITpumep 4.6. Paccmorpum nponsBozsinyo dyHKIuio ajis qnces Ou-
Gonaaun Fib(s) = .
Te 3HAYEHUs [IEPEMEHHOM S, JIJIsi KOTOPBIX 3HAMEHATe b JIpobu obpalnaer-
sl B HyJlb, T.€. KODHH 3HaMeHaTens s; = (—1 ++/5)/2, s, = (=1 — v/5)/2.

— (cm. ypasaenne (2.6)). Ee ocobennoctun —310
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Touka S1 OJIzKe K Ha4daJly KOooOpJAuHaT, YeM TOYKa So. HOSTOMy paaunyc
CXOMUMOCTHU PAIa Ddubonayun pPaBeH

V5 —1
RFib:T-

s TeopeMbl 4.3 Tennepb HEeMeJ/JICHHO BBITEKaeT, YTO 4YHUCJIa DuboHayIn

1 n
pPACTyT MeJlJIeHHEee, IeM (\/ET—F + e) mst Jioboro € > 0. Popmysta (2.7)

[TO3BOJISIET CIIeJIAaTh u Oojiee TOYHOE yTBepkKAeHue. Ha camom meste, qncia

VE I\
PuboHaTIN PACTYT, KAK $< 2 ) . HefictBurensHo, u3 (2.7) nmeem
f’n . n
7(\/5+1)n+1 =l+c
V5 2

rue ¢ = ‘ < 1. dcno, 9TO €™ CTPEMHUTCA K HYJIO TIPA 1 — 0O,

_ ‘ N
IIpumep 4.7. IlpousBomamas GyHKIM I dnces KaTtarana nmeer
Buj (cM. ypasHenue (2.14))

1—+1—14s
Cat(s) = ——.
2s
Kopenn snamenarens s =0 He gBjsercs ee 0COOEHHOCTBIO, TaK KaK U
s =0 uucauresnb apobu Takyke O0pAIAeTCsl B HYJb. FIMHCTBEHHAS OCO-

OGEHHOCTD 3TOi (DYHKIMU OTBEYAET OOPAIEHUIO B HYJIb IOJKOPEHHOTO BbI-
DaKEHHs, T. . SHATeHHIO § = 7. ITostomy umcia Karamana pactyTt mef-

sennee, deM (4 + €)™ ms joboro € > 0. Bosee Tounble cBepenus 06 ux
ACUMIITOTUKE MBI TIOJIYINM HUKE.

4.2. AcuMIITOTHKA rAlIepreoMeTPuIeCKnX
ImocJjieJoBaTeJIbHOCTEl

B nepeduncaunrebHBIX 33/1a9aX OUE€HDb YaCTO BCTPEYAIOTCS ITOCTIEI0-
BaTEJIbHOCTH, OTHOIIIEHUE COCEJIHUX UJIEHOB KOTOPBIX PaBHO OTHOIIIEHUIO
JBYX MHOTOYJICHOB OJIMHAKOBOM cTeneHu. [[g reoMeTprdecKoil mporpec-
cru, HAITPUMEp, 3TO OTHOIIEHHE IIPOCTO PaBHO KOHCTaHTe. Kcam ke cre-
IIEHW MHOTOYJIEHOB OOJIbIITEe HYJIsI, TO COOTBETCTBYIOIIYIO TTOC/IET0BATE b=
HOCTb HA3BIBAIOT 2unepzeomempuyeckoti. OUeHb XOPOIIee OIIIMCaHUE aCHM-
IITOTUKUA THIIEPreOMEeTPUYECKHUX II0CJIEI0BATEIBHOCTEN JaeT CJIeLyIONniast
JIeMMa.
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Jlemma 4.8. ITycmov nocaedogamesvHocmyv g, Q1 - .. TONOHCUMEND-
ML YUCEN MAKOBEG, 4O

an+1 nk—i—alnk*l + .. F o

an  nF 4Bkl 4By

(4.1)

das scex docmamouno bosvwux n, npuiem oy 7#B,. Toeda a,, pacmem wax
a, ~ cA"n* P (4.2)
oas nexomopot nocmosannot ¢ > 0.

3ameuanne 4.9. Ilpemamosokennsi JeMMbl He ITO3BOJISIIOT OIpeJIe-
JINTH BEJIMYNHY KOHCTAHTHI C. JlefICTBUTEIFHO, YMHOYXKHUB II0OCJIEIOBATEIb-
HOCTHb @, Ha IIPOU3BOJIBHYIO HOCTOSAHHYIO d >0, MBI MOJyYHUM HOBYIO
HIOCJIeJOBATE/IbHOCTh C T€M K€ OTHOILIECHHEM IIOC/IeIOBATEeIbHBIX 4JI€HOB,
KOHCTAaHTa ¢ JIJIsI KOTOPO#l yBesImuuBaeTcs B d pas.

ITpumep 4.10. Tinsa uncen Karanana numeem (eum. (2.16))

1
cn+1:4n+2: n+§
cn n—+2 n+2"

Ioaromy ¢, ~ ¢+ 4™ - n~3/? 11 HeKoTOpOil IOCTOAHHOM C.

ITpumep 4.11. Haiinem acumnroruky Ko3hOUIMEHTOB i (DYHK-
mun (a — $)%, TJe o BelecTBeHHO. B psijie cilydaeB 9Ta aCUMIITOTUKA HAM
y2Ke u3BecTHa, HarpuMep, npu oo = —1. CorracHo onpejeneHuo (pyHKINN
(1 — s5)* umeem

(a—s)“:a"‘(l — §>a:

a
*(l“(l ochroc(oc—l)(s)2 c>c(c>c—1)(oc—2)(s>3+ ) (4.3)
o 1la 2! a 3! a ) ’
Ecmu o — miesioe HeoTpunaTesbHOE YUCIO, TO Ps OOPBIBAETCS M BOIPOCA
00 acMMITOTHKE HE BO3HUKAET. B IMPOTUBHOM CJlydae HAYMHAsI C HEKOTO-
poro HoMmepa Bee KoabdunmenTsl psiga (4.3) UMET OJMHAKOBBIH 3HAK.

Jst onpejiesieHrsi aCUMITOTUKHA MBI MOXKEM BOCIIOJIb30BATHCS TIPEJIBIILY-
. . afe—1)...(a—n—+1
miedt leMMmoit pu a,, = (—1)" ( ) ' (n ):
n:.a

any1 _ 1n—a
an an-+1

(4.4)

n —oa—1

Hanpumep, xoaddurmentsr GyHKINUN
~3/2 p MBI HOJyYaeM IIOBTOPHBII

Ilostomy a, ~c-a="-n
—(1—4s)"/? BemyT cebst kak c-4"-n
BBIBOJI aCUMIITOTUKHY JIjist dncesi Karanamna.
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Jdoxka3zaTeabCTBO J€MMBbl. ¥YTBEDPKJIEHHUE JIEMMbI SKBUBAJICHT-
HO TOMY, YTO CYIIECTBYET IIpees

lim an
n—oo Annpo1—B1’
H oJiIorapu@MupoBaB, Mbl IIPUXOINM K HeO6XO NMOCTHU J0Ka3aThb C e-
3
CTBOBaHHE IIpeJesia

lim (Ina,, —nln A — (0y — ;) 1nn). (4.5)

n—oo

Hnst noxkasaresnbcTBa CylnecTBoBaHust npejena (4.5) npuMeHnM Kpure-
puit Ko, T.e. OymeM [1oKa3blBaThb, 9TO pacCMaTpUBaeMasl IOCJeI0Ba-
TeILHOCTDh pyHIaMeHTaabHa. OyHIaAMEHTAILHOCTD TOCAEI0BATEILHOCTI
O3HAYAeT, uTO I Jiroboro € > 0 cymecTByeT Takoit momep N, 9TO s
Bcex n > N U BCeX MOJOKUTETBLHBIX M

[Ina,im —Ina, —(n+m)lnA+nlnA —
— (o —B)In(n+m) + (g —B1)Inn| <e,
win
[Inanim —Ina, —mInA—(a; —B1) In(n+m) + (o0, —B1) Inn| <e. (4.6)

An+1

Ilepenmmenm oTHOMEHTE —. BBUIC
n
n+1 1+a1n_1+...+akn_k A (1)
= = - 4.7
an 1+Bin~1+.. +Bgnk ! n/’ (4.7)
rie
1+oc1:n+...+ockxk
T)= . 4.8
f(@) 1+B1z+ ... +Brak (48)
IIposnorapudmuposas (4.7), nosydaem
Ina,, flnanzlnAJrlnf(%). (4.9)

IMocmorpum Ha dyrKnuo In f(2). Beimminem Hava bHbIE WIEHBI PA3JIOXKe-
uug byuxiuu [, onpenesnernoit dpopmysoit (4.8), B psig B Touke 0:

fl@)=14 (0 =Bz +y2"+ ...

JIJISI HEKOTOPOI KOHCTAHTBI Y. DTO PA3JIOXKEHUE — CaMbIil CyIIeCTBEHHBII
9JIEMEHT JoKa3aTebeTsa. Vmenno kosdduruent o; — 1 (OTIMIHBINA OT
HyJIsl [0 TIPEJIIOJIOKEHUIO TEOPEMbl) DU JIMHEHHOM YJIEHE YKA3bIBAET
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Ha TIPUCYTCTBHEe COMHOXKuTeas n* ~P1 B acumnroruke. g morapudma
dbyukun f nmeem

In f(x) = (o —Br)z+y2° + ...

IosToMy jyisi HEKOTOPOit mocTosiaHol C' IpH JIOCTATOYHO MAJEHBLKOM &
uveeM |In f(z) — (a; — B1)z| < Cz®. B wacrroctu, ecim N 10CTATOMHO
BeJIKO, TO Vn > N

‘lnan+1—lnan—lnA—( o ‘<C’n27
1 1
‘lnan+2—lnan+1—lnA—(ocl—ﬁl)n+1‘ EEyER (4.10)
e R =
‘lnan+m —Inapim 1 —InA— (g — ﬁl)ner )

Tenepb MHTEpeCYIOIIEe HAC BHIPDAYKEHNE B JIEBOI 1acTu HepaseHCTBa (4.6)
MOXKHO OLIEHUTH C IOMOMIBI0 cucTeMmbl (4.10) n HepaBeHCTBA TPEYrOJIbHU-
Ka:

|Ina,im —Ina, —minA — (o, —B1)(In(n +m) —Inn)| =

=|lnapim —napypm s +napym 1 —...+na,; —Ina, —
m—1 m—1
1 1
—minA— (o, — ) kzo A (o0 —P1) 1;—0 ko

—(oy = B1)(In(n+m) —Inn)| <
< ‘lnanﬂ —Ina, —InA— (o —ﬁ1)%’+

+ ’lnan+2 —lnanH —1nA— (0(1 _Bl)m‘

+ ‘lnan+m —Ina,im —InA— (0, —By)

n+m
+ | — B4 —In(n+m)+1lnn| <
k=0
1 1 1
< T
\C<n2+(n+1)2+'“+(n+m )2 )+
m—1
+ Joy — Z —In(n+m)+1Inn|. (4.11)
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oo

Tockonbky psiz Y 1/k* cxomurest, nepBoe ciaraeMoe B IIPaBoil yacTu
k=1

IOCJIEJIHETO HEPABEHCTBA IPH GOJIBIINX 1 MOXKHO CJIEJIATh CKOJIb YTOJIHO

MaJbIM. UTOOBI OIEHUTH BTOPOE CJIAraeMoe, 3aMETUM, YTO CTOSAIIAs B HEM
CyMMa IIPEJICTABJIAET CODOM ILIOMIAIb O/, IPAMUKOM CTYIIeHIaTOH (PyHK-

Uu — Ha oTpe3ke [n, n + m], cM. puc. 4.1. (31ech depes [x] 06o3HAaTEHA

[z]

I
1
n-+m

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
n

Puc. 4.1. I'pacduxk byskumm y =

Ha OTpe3ke [n, n + m)

1
[z]
HeJiask 9acTh YUCIa T, HAubOJbIIee IeI0e YUCI0, He HIPEBOCXOdIIee T.)

DTa 1Ioma Ik 0oJIbINe, YeM ILIOMAIL o/ rpadukoM GYHKINNT y = 4+ HO

MEHbIIIe, YeM ILIONA/Ib O IPadUKOM DYHKITHH Y = Ha 9TOM 2Ke OT-

1
) r—1
peske. [Liomane o rpadukom GyHKIUM y = ~ bapHa In(n +m) —lnn,

IJIOmAAb of, rpadukoM QyHKINK pasHa In(n+m —1) —In(n — 1).

z—1
Takum obpazom, mHTEpecyIolas HaC PA3HOCTH HE TPEBOCXOINT

|(In(n+m —1)—In(n—1)) — (—=In(n+m) + Inn)| =
= ’1n<1 — n—im) —ln(l — %)’ < ‘1n<1 — %)‘ <C%.

JlokazaTebCTBO JIEMMBI 3aBEPIIIEHO. O
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4.3. Acumnroruka ko3(dduiimenToB dyHKIMI,
CBSI3aHHBIX MeXK/y coboii ypaBHeHueM Jlarpan>ka

ITycrs npousBoxsime Gyukimn ¢ = @(s) u ¢ = ((t) cBA3aHBI MEXKITY
coGoit ypasuennem Jlarpamxka (cMm. (3.6))

¢(s) = sP((s))- (4.12)
MbI XOTHUM BBISICHUTD, KaK CBSI3aHBI MEXK/Iy COOOI MX PaIUyChl CXOIUMO-
cru. Ha mepBbIit B3IIS HUKAKO# CBsI3U HET. JlelicTBUTEIHHO, MBI BUJIEIN
B npumepe 3.7, uro ecau (Y(t) =1+ t* — npoussopsmas GyHKIM s
O bA3bIKA HEIPUBOAUMEIX CJIOB B s13bIKe JluKa, To ¢($) — mpon3BomsInas
dbyurnus qya camoro sizbika Jluka, ymHOKeHHas Ha S. [Ipm sTom ecsn
repBast QYHKIINS sIBJISAETCST MHOTOYMJIEHOM M CXOJIUTCS HA BCEH IJIOCKOCTH,

TO BTOpasi KMEET CBOUM PAJIMYCOM CXOIUMOCTH % Amnajiornynast KapTHHA
HaOJIIOIAETCsI U JJIsT JIFOOBIX SI3BIKOB, 33aBaeMbIX KOHTEKCTHO CBOOOIHBI-
MU IPaAMMATUKAMHU ¢ KOHEYHBIM YHUCJIOM IPABUJI BHIBOLAA U OJHO3ZHAYHBIM
BBIBOJIOM.

Curyarusi, OIHAKO, PA3UTEIHHO MEHSIETCsI, €CJIM IHICJI0 TPABUII BHIBOIA

B #3bIKe (YUCJIO HEPA3JIOKUMBIX CJIOB) GECKOHEYHO.

Teopema 4.12. ITycmv dee npouseodawue pyrryuu ¢ = ¢(s) u ¢ =
={(t), $(0) =1 ¢ neompuyamesLHLLMU KOIPHUUUEHTMAMU CEA3AHDL MEHC-
dy coboti ypasnenuem Jazpanoca (4.12). ITycmow r > 0 — paduyc cxodumo-
cmu pada @, npusem wucao6ol pad ¢(r) cxodumea. Tozda paduyc cro-
dumocmu pada P ne menvwe p = ¢(r). Ecau wucaosol pad ¢'(r) makoice
cxodumesa, mo paduyc crodumocmu pada § pasen p = @(r).

3ameuanune 4.13. TpeboBanne HEOTPUIATETHLHOCTH KOIDDUITUECHTOB
PSIJIOB €CTECTBEHHO, €CJIM MBI PAcCMATPUBAEM MPOU3BOJLAINNE (DYHKITUN
JUTsl I3BIKOB. B 3TOM cilydae eCTeCTBEHHO TaKXKe OXKHUJATH, UTO PAJIAyC
CXOJIMMOCTH IIPOU3BOJISAIIEr0 Psijia JJjisl YUCJIa HEIIPUBOIUMBIX CJIOB 0O0JIb-
e paJinyca CXOJMMOCTH IIPOU3BOJISINEIO PsJia [l UHCJIa BCEX CJIOB B
s3bIKe (TOC/IE HSsI TIOC/IE0BATEIBHOCTD PACTET OBICTPEE MOCIIEI0BATE b
HOCTH YUCEeJI HENPUBOAMMBIX CJIOB).

HoxasaTtenncrso. JokaxeMm, ato psaz (s) cxogures abcoIOTHO
B 11060i1 Touke $, |$| = ¢ < p. IlockoabKy DYHKIMS ¢ MOHOTOHHA 1 HEIIpe-
pbiBHA Ha oTpe3ke [0, r], cymecrsyer Touka p € [0, 7], Takas 1To ¢(p) = q.
[Tosromy fuist moGoii wactuanoit cymmbr G (s) =dg + dis+ ...+ ¢, s"

pata §(s)
[P () < 4" () = ™ (o (p)) < (D),

TJe mocjaejiHee HepaBeHCTBO CJie/lyeT U3 MPEJAbIAYIEeTro 3aMeIaHnsd.



54 InaBa 4. Acumnroruka KoahdumenToB

IlepBoe yTBepKIeHNE TEOPEMBI JOKA3AHO.
Iepenumiem renepb ypasuenue Jlarpamka (4.12) B Buze

A
N=—~.
YO) = 15
Dyuxmun Y(A) u ¢~'(N) onpezmesensl u rosoMopdHBI BHYTPU Kpyra pa-
nuyca p. Teopema Oymer joKa3aHa, €CjAU Mbl IIOKaKeM YTO (QYHKIUIO
¢~ (\) HEIB3sI NPONOIIKATH FOJIOMOPGHO HU B KAKYIO OKPECTHOCTH TOUKH
p. IIpe/osoxKmM, 9T0 TaKoe IpojIoJKeHne cymecrsyer. Torma

1
—1v/ — 1 —1v/ .
= lim A)=—"-—"+—.
O (©) =, lm () 0) = o7
t—r—0
Ilocnemauii mpesesn CymecTByeT U, 110 YCJIOBUIO T€OPEMBI, TIOJIOXKUTEIEH.
ITosromy dyukuusa ¢~ ofparnMa B OKPECTHOCTH TOYKH P, UTO, B CBOIO

ouepe/ib, IPOTUBOPEYUT YCJIOBUSM TEOPEMBL. O
Ormerum, uTo npousBojsmii psay mig guces Karagana Cat(s) cxo-

1
JWITCSL DM § =T = 7, TAK KaK 9HCIa Karanaga HUMEOT aCHMITOTHKY

4m-n=3/2 a pan > n~3? cxomurcsa. C apyroit cToponbl, K03 dHUIMeHTDI

1/2

. 1
MIPOM3BOJHON MMEIOT aCUMOTOTHKY 4" - n~ /% W MO3ITOMY psi, Cat'(f)

4
pacxomurcs. B pesymbrare Teopema B mosiHOM obbeme K dyHKimu Kara-

JIaHa HEIIPUMEHUMA, a BTOPOE YTBEPKJ/ICHUE OKAa3bIBACTCA HEBEPHBIM.

4.4. AcumnToTuka K03(pPUINEeHTOB HTPOU3BO/ISIIEro psiga
U XapakKTep OCOGEHHOCTH HA rpaHulle Kpyra
CXOANMOCTH

Mpr y2ke BHJEN, 9TO PAJIUYC CXOJUMOCTHU ITPOU3BOJISIIETO PsiJia, OIIPeIesIsi-
eTCsT paCHoJIOXKeHneM OJimKaifineil K HaJaay KOOPAWHAT OCO0OM TOYKHU ITOTO
paga. B curyanuu, Korja paJuyc cXOQUMOCTH KOHEYeH (OTJIMYEH OT HyJssl U OT
GECKOHEYHOCTH ), ACUMIITOTHKA KO3(hD(MUIMEHTOB PsiIa TECHO CBI3aHA C XapaK-
TEepOM OCODEHHOCTH Ha TPAHUIE KPYTa CXOIUMOCTH.

IIpocreitmuit  Bujg OCOOEHHOCTH — 3TO  NOAOC, OCODEHHOCTH  BHUJIA
(1- s/a)*’C npu HarypajgsHoM k. Kak Mbl yke Bujenn, Takue (M TOJBKO
Takue) 0OCOGEHHOCTH BCTPEIAIOTCS Y PAnuOHAIBHBIX Gyakmit. KoaddunmenTsr
MIPOU3BOAAIIEH (DYHKIIMU C TAKONH 0COOEHHOCTHIO UMEIOT aCUMIITOTUKY nklam.

Bouiee ciiokHBIMEI OKa3bIBAIOTCSI ajIrebpandecKue U ajredpo-aorapudmMude-
CKr€e 0COOEHHOCTH.

Onpepesienne 4.14. Ocobast Touka § = A HA3BIBAECTCS GA2€0DO-A02GPUP-
Mmuneckol ocoboli moukoli byHKuuu f(S), €Cu B HEKOTOPO#l OKPECTHOCTH TOU-
ku A dynkiusa f MoxKeT ObITH MPEJACTABICHA B BUIE CyMMbl KOHEUYHOTO UHCJIA
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dbyHKIUMI BUIA

(s — A) " In"(s — A)p(s), (4.13)
rjie ol — KOMILIEKCHOE YUCJI0, k — L1eJI0e HEOTPHUIATEIbHOE YHUCIIO0, a (PYHKIWS ¢
He uMeeT ocobenHocTelt B Touke A u @(A) # 0.

Kosddunnenrs: psga (4.13) uMer0T CIeayronyo aCUMITOTHKY:

const -A"n™* ' In"n  mpma#£0, -1, -2, ...
(4.14)
const - A"n* 'In*'n mpma=0, -1, -2, ...

B pazznese 3.4 6bu10 ycraHOBIJIEHO, YTO (DOPMAJIBHBIE TPAMMATHKH C OJHO-
3HAYHBIM BBIBOJIOM €CTECTBEHHO HMPHUBOAAT K aareOpamdecKuM TPOU3BOISIITIM
dyukuam. [Ipoussenenne Amamapa pan@oHAIbLHBIX (DYHKIMIA parioHAILHO
(cM. Teopemy 2.4). AHaJIOTMYHOE YTBEPXKJEHUE CIPABEJIMBO W ISl IIPOU3Be-
nenust Aamapa panMoHaJbHON 1 anrebpandeckoit byHKIUN.

Teopema 4.15. Ecau dynxyuu f(s) payuonasvha, a g(s) — arzebpause-
ckas, mo uxr npoudsedenue Adamapa — aszebpauveckan GYHKUUA.

Opnako camu 110 cebe anrebpandeckue Mpou3BoasAnme (YHKINN, B OTJIN-
qpe OT PAIMOHAJILHBIX, HE 3aMKHYThI OTHOCHUTEJIbHO NMpPOU3Be/eHus Amamapa.
Hanpumep, xsagpar Apnamapa dyHKmum (1—5)71/2 (u, BOOGIIE, mpOU3Be-
nenne Anamapa dysxkumit Buma (1 — s)™%) — HeanreGpandeckast QyHKIWS.
3aMKHYTBIMU OTHOCHTEJILHO MPOU3BEIEHUA AamMapa OKa3blBalOTCd (DYHKIUN
¢ aaredbpo-y1orapudMUIecCKUMI 0COOEHHOCTSIMU. TOUYHee, CIIpaBe/jIuBa CJIEJIYI0-
mast TeopeMa.

Teopema 4.16. Ecau gynxyuu f(s) u g(s) umerom na epanuye xpyza cro-
JUMOCTIU MOABKO aA2ebPO-A02apUPMUNECKUE 0COBERHOCTIU, O 3MO JHCE CNPa-
6edauso u O0as ux mpousdsedenus Adamapa. Ipu smom paduyc crodumocmu
npouseederus pager NPou3eede U0 paduycos crodumocmuy Gynkuut f u g.

Fie oqun Baxkublit pesysbrar o npoussegenun Anamapa 6601 nosyden ['yp-
BUIIEM.

Teopema 4.17 (I'ypeun). Ecau dynrxyuu f, g asasomes pewenusmu 00-
HOPOOHBIT AUPPEPEHUUGNDHBLT YPABHEHUTE C NOAUHOMUAALHOMU KOIPHUUUEH-
mamu, Mo maxum dce ceoticmseom obaadaem u ux npoudsedenue Adamapa.

4.5. Sagaun

4.1. Haiinure acumuroruky uucen Moukuna (cMm. 3amady 2.9).
4.2. Halimure acUMOTOTHKY IJIsi 9uCIa CIOB B a3bike Jnka (3a7a-
4a 3.4) a) Broporo; 6) IPOU3BOJIBHOIO TOPSIIKA.

4.3. Haiijmure acuMiroTuky Jjist 9ucia myTeil qymabl k u3 3agad 2.11,
2.12.
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4.4. Haitiute acCHMITOTAKY YMCJIa CJIOB B s3bIKaX u3 33724 3.9, 3.11.

4.5. PaccMoTpuM Ha FOPU30HTAILHON IPSMOM TOUKY 1, 2, ..., 2n U co-
€JIMHUM WX IOMapHO HAOOPOM W3 71 MOMAPHO HEIEePECEKAOITUXCS TOJTy-
OKPYZKHOCTEe! B BEPXHEH MOJIYIIOCKOCTH U 7 IONAPHO HEITePECEKAIOTIXCS
[IOJIYOKPY2KHOCTeH B HUKHel mosryiuiockocTu. [lonydyennas KapTunka Ha-
3BIBAETCS Cucmemolts meardpos mopsiika n. Haliure acUMITOTHKY J1Jist
YHCJIa CUCTEM MEAH]IPOB.

CucreMy MeaHIIPOB MOYXKHO 3aKOJHUPOBATH CJIOBOM IJIUHBI 21 B ajida-
BuTe U3 YeThipex OykB {a, b, ¢, d}, conocraBus KaxK10if u3 ToUeK 1, ..., 2n
O/IHy U3 OYKB II0 CJIEYIOIIEMY IIPABUILY:

N

(KapTtuaKa n300parkaer MoBejieHne BepXHeil 1 HUKHEH TOJyOKPY KHO-
cTell, IPOXOMSIIUX Yepe3 BhIOpanuyio Touky.) Hafinure acuMuroruxy mjis
YHCIIa HEPA3JI0KUMbBIX CHCTEM MEAHIPOB (T.e. JJId IUCIa HEPA3I0KUMbIX
CJIOB B sI3bIKE CHCTEM MEAHJIPOB).

4.6. okaxure gopmyay Cmuparunea

nl~c-n"t/2em,

4.7. lokaxkure, 9To KBaapar Anamapa mpousBo/sineii hyHKIN JJ1st
qncen Katarana He siBjseTcs aaredpandeckoil pyHKImeit.

4.8. O60o3HAYNM Yepe3 @y, TUCJIO CIIOCOOOB YIOKUTH HPSIMOYTOJbHUK
3 X 2k KocTMU JOMHUHO pa3MepoM 1 X 2 Tak, 9TOObI OHU HE ITEPEKPBHIBA-
smchk. Hampumep, a; = 3, a, = 11. HaliguTe acHMOTOTHKY YHCEN G U TPO-
U3BOAAINLYIO (DYHKITUIO JIJIsT HUX.
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IIpousBogganine pyHKINNM HECKOJIbKIX
mepeMeHHbIX

IIpousBoggmue yHKIMN OT ABYyX HEPEMEHHBIX OTBEUYAIOT IBYXWIH-
JIEKCHBIM TI0CJIEI0BATELHOCTSAM. TaKne MoCJIeI0BATEIbHOCTH YI00HO 3a-
LICBIBATH B BHJIE TPEYIOJIbHUKA (COOTBETCTBYIOIIEIO IIOJOXKUTEILHOMY
KBAJPAHTY IEJOYUCICHHON PEIIeTKH).

5.1. Tpeyroabauk Ilackansa

Tpeyeorvrux Iackans n3obpazker Ha puc. 5.1. DjeMeHTHI 3TOro Tpe-
YTOJIBHUKA [I€PEUNCISIOT Iy TH, UJIYIIAE U3 ero BEPIINHBI B COOTBETCTBY-
omryio Kierky. [lyrn uMeorT BU JIOMaHBIX, COCTABJIECHHBIX U3 BEKTOPOB
€JIMHUYIHOM JJINHBI JIBYX BUJOB: WIYIIAX BIPABO-BHU3 U WUJIYIIUX BJIEBO-
BHHU3.

Yucna, crosmue B Tpeyroabauke [lackais, —3To yKe XOpOIIo 3HAKO-
Mble HaM OMHOMUAJIBHBIE KOI(hDOUINEHTHI

n
C"’k:(k)'

DTO HECJIOKHO J0KA3ATh HHAYKIUeH 1o n. [Ipenosokum, 94To 9ucsia
B M-if CTpOYKe TPeyroJIbHUKA COBIAJAIOT ¢ KO3 PUIMEHTaMU pasjioze-
Hust MEHOrowieHa (1 + s)™. Yncio pasiauvHbIX IyTeil, BEJYIIUX B TOUKY
(n+1, k), paBuo cymme dmcsia myreit, Beaymmux B To9Ky (n, k—1), u
qucsia MyTeil, BeAyNMX B TOYKY (N, k), Cpiik = Cng—1 + Cpg. IlO9TO-
My YHCIO €41 COBIRJAET ¢ Ko3dduimenrom npu s* B MHOrousIeHe
(I4+s8)-(14+s)"=(1+s)"

IIpoussoagamast (pyHKIMS MOXKET OBITH CONOCTABJIEHA TPeyTrOJbHU-
Ky Ilackans HecKonbKUMHE criocobamu. Hampumep, MOXKHO PaccMOTPEThb
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[ ] [ ]
[ ] [ ] [ ]
[ ] [ ]
[ ] [ ] [ ]
6)
C0,0 CO,O
C1.0 C1.1 Cl,O CVO,l
€2,0 c2,1 c2,2 Coo Ci1 Cop
€3,0 3,1 €3,2 €3,3 C3o C21 Ci2 Cogs
€4,0 c4,1 \04,2’ c4,3 C4,4 C31  Cap (i3
C5,0 cs5,1 cs5,2 c5,3 C5,4 cs5,5 Cy4n C32 Cz3 Cig

Puc. 5.1. Tpeyrompuuk Ilackass u myTu, KOTOpbIE OH IEPEUUCIIAET

IPOM3BOISIIY 0 (DYHKIIAIO

R S
n,k=0 n,k=0 n=0 “k=0

Bropoii crocob cooTBeTcTByeT HyMepaluu 3JIEMEHTOB TPeyrOJbLHUKA
YUCJIOM OTPE3KOB KayKJIOrO THUIIA Ha Iy TSX, BEJLYIIUX B COOTBETCTBYONLYIO
rouky (puc. 5.11)). s aroit mymeparun

n-+m
Cn,m = Cntm,m = ( )7

m
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1 IIPpOU3BOIAITasd beHKHHH nmMeeT BUJI

0o oo
:Z Z (ner)a:"ym:Z(o:er)k:il .
0 ek~ k=0 l-—z-y
Ha sror pa3 ona okazajgach CAMMETPUIHON IO MEPEMEHHBIM T 1 .

U, HaKOHeIl, UMeeTCsl ellle OJUH CIIOCOD: COIOCTABUTH TPEYTOJBLHUKY
ITackajisi 3KCHOHEHIIUAJIBHYIO I[POU3BOISAIILYI0 (DYHKIMIO. DKCIIOHEHIU-
ajlbHAs [MPOM3BOJsINAsT (DYHKIMS OTJINYAETCsl OT OOBIYHOW TeM, YTO B
KavecTBe KO3 PUIMEHTOB CTEIIEHHOTO psifia OepyTCs He 3JIEMEHTHI TOCIe-
JIOBATEJIBHOCTH @y, & IUCIA Gy, /).

5.2. DKcCHnoHeHInAJIbHbIe NPOU3BOsINIe PyHKIIUN

Sadukcupyem IpOU3BOJIbHYIO TIOCIEI0BATENILHOCTD {a, }. Kaxkmoii mmo-
CJIe0BATENLHOCTU {a, } MBI MOXKEM COIOCTABUTH MPOU3BOAILYIO (DYHK-
IIUIO

oo
{a,} — Z Apo,s™,

n=0

OIIPEIEJISIEMYIO TI0CJIE[0BATEIbHOCTBIO {a, }. Eciiu B nocsiemoBaresbHO-
ctu {a,} OTCYTCTBYIOT HyJIEBBIE SJIEMEHTHI, TO TAKOE COMOCTABJIECHNE B3a-
UMHO OJTHO3HAYHO. /0 CHX IIOP MBI IIOJIB30BAJINCH TOJHKO OOBIYHBIMU ITPO-
U3BOALAIMUME (PYHKIIUSIMUA — OTBEYAOIIIMHI TIOCIEI0BATEIbHOCTA o, = 1.
B 3aBucuMocTn oT mpecieayeMbIX Iiesieil moab3y MOTYT MPUHECTH U JIPY-
T'He TIOC/IeTOBATETLHOCTH. Jallie BCero NCIoIb3yeTCst TIOCIEI0BATETLHOCTh

o, = % CooTBercTByIOIIHe eif Tpou3BoIsinye PyHKIUN HA3bIBAIOTCS IKC-
NOHEHYUAADHBLMU.

DKCIIOHEHITNAJIbHBIE TPOU3BOSINe (QYHKIUU JJIs IeJIOUUCICHHBIX
TOCJIEIOBATENIBHOCTEH HA3BIBAIOTC (pyrkyuamu 1ypsua.

YeM OTIHYAIOTCS SKCIOHEHIMAIbHBIE MTPOU3BOJSINNE (DYHKIUU OT
0o6brunbix? IlocMoTpuM Ha IOBe/lEHHME 3KCIOHEHIINAJIBHBIX ITPOM3BO/IsI-
X (GYHKIUNA TPU BBIMOJIHEHNN orieparuii Ha | Humu. Cymma BejieT cedst
OOBIIHBIM 00PA30M:

B I N

n=0
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a BOT IIPOU3BECHNE NHAYE:

ap | a1 as o bop b1 by _
(ﬁ*ﬂ‘”is *"')(E*i”is +...>—

_ag b ag b1 a1 by aq b2 a1 by a2 bg\ o
=got(Grr Tt (Garin o)

Cn
KosddunuenTsr — nponsseseHns BEIMUCISIOTCA 0 GopmyIte
n:

Cp = (n)aobn + (n)albn,l + ...+ (n>anb0.
0 1 n

Eme ofmo cymecrBeHHOE OTIMYME SKCITIOHEHITUATBHBIX TPOU3BOJISIIINX
dbyHkumit 0T 06BIYHBIX HABJIIOIAETCS IPU B3SATHU IPOM3BOJAHLIX (M MHTE-
rpuposanun). JuddepeHnupoBanne Wi HHTETPUPOBAHUE SKCIOHEHIH-
aJIbHON TIpou3BoOAIIeil (PyHKIMNA MPUBOJUT K CABUTY ITIOCJIEI0BATEIHLHO-
CTH ee KOI(MDPUIMEHTOB 6e3 M3MEHEHUsT UX BEJIMINHbL:

!
(%—l—%s—i—;—?f—i—...) :%4—%3—&—%524—...;

ao ai az o _ao ai o az
S(ﬁ+f5+§8 +...>—ﬁs+§s +§

3 as a
s° + ES —+ ...
O6branas nponssopsimas Gyukims A(s) =ag + a;8+ ay8* + ... BbIpaxa-
eTcsl Yepes3 IKCIOoHeHImaibHyio A(t) = % + %t + %tQ + ... mo dopmye

A(s) = OSO et A(st)dt.

0

HeitcTBUTEIBHO,

El = OSoe*ttkdt.

0

Tenepb MBI MOXKEM BBIIIUCATH IKCIIOHEHIIUAJIbHYIO IIPOU3BOIAILYIO
beHKI_[I/IIO JJId TPEYTrOJIbHUKA ITackaJis:

- 1 n+m n, m __ . (x+y)n7 T4y
Zo(n+m)!( m )xy 720 ¢

Heckonbko Gostee CIIOKHBIX TPUMEPOB IKCIIOHEHITUAJIBHBIX [TPOU3BO-
JAnmX QYHKIUN OyayT 00CyKIaThCs HUKE.
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5.3. Tpeyrosbauk /Iuka

Tpeyeorvruk Jluka epedncssieT MyTH B MOJOXKUTEIHHOM KBaIPAHTE
IIJIOCKOCTH, BBIXOJIAIINE U3 Hadajla KOODJIMHAT M COCTABJIEHHBIE U3 BEK-
topoe (1, 1) u (1, —1) (cm. pue. 5.2). IlyTn, okaHUMBArOMUeCcs] HA OCH
abcruce, —a1o nytu Jluka us pazmena 2.5.

Puc. 5.2. Tpeyronpuuk uka

Herpyano BuieTsb, 4T0 37eMeHTH d;; TpeyroabHuKa JIMKa OTJIHMYHBI
OT HyJIsI B TOM U TOJIBKO B TOM CJIydae, eCJin ¢ 2> j u i + j derHo. Obo3HAINM
gyepe3 D(x, y) upoussoggityio pyaknuio JIuka qByX IepeMeHHBIX

D(z, y)= Z dix'y’.

i,j=0

IIpaBmio mocrpoenus: TpeyroipHuka JIuka mojcKa3bpIiBaeT HAM ypaB-
HEHUE Ha, 3Ty [POU3BOISINY0 (DYHKIIUIO

zyD(z, y) + (D(z, y) — D(z, 0))~ = D(z, y) — 1.

T
Y
HeitcTBuTenbHO, KO3 PUIMEHT IpH JH000M MOHOME T'y’, OTIMYHOM OT
€JINHUYHOTO, TIPeCcTaBisier coboit cyMMy KO(h(MUIMEHTOB TPU MOHOMAX

2yt g gty Oymakiua

1—+v1—4z2

D(Ia 0): 072

HAM XOPOIIO U3BECTHA, U pay D(x, y) HAXOAUTCs PElIeHUEM JIMHEHHOrO
yPaBHEHUST,
1—+1—422 — 22y

D(Z‘, y) = 2m(:cy2+mfy)
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5.4. Tpeyroapuuk Bepnynaun—9iijepa
U mepeduncijieHne 3mMei

Tpeyzoavnur Bepnyaru—dtaepa (cM. puc.5.3), KaK U TPEYrOJIbHUK

©
@ O O © 6 O
© O ® ® & @
a)

[ ] [ ]

[ ] [ ] [ ]

[ ] [ ] [ ] [ ]

beo,0 beo,3 = beg,2 + be1,1 + bea o

beo,1 be1,0 beq,0 = beo,3 +be1,2 + bea 1 + bes o

beg,2 bei,1 beao

»

beo,s be1 2 bez 1 bes o
\:
beo, 4 be1 3 bea o bes,1 beqo
beo,s be1,4 bea 3 bes 2 bes,1 bes.o

B)

Puc. 5.3. Tpeyrosnbuuk Bepuymnun—>9itnepa u myTu, KOTOpbIE OH IIEPEUUCIISIET
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ITackaJisi, 0b/1a/1aeT MHOTMMHI 3aMedaTe/IbHbIMEU CBOCTBaMu. JleBast cTo-
POHA 3TOr0 TPEYrOJIbHUKA HA3BIBAECTCsI CMopoHoli Bepuyasu, mpabasi —
cmoponoti Atiaepa’.

DJIeMEeHTHI TPeyroJibHuKa BepHyin—iiepa — Toxke duciia myTeil u3
BEPIIMHBI TPEYrOJbHUKA B JIAHHYIO KJeTky. Ho mpum 3TomM paccMmarpu-
BaIOTCsl TOJIBKO ITyTH, WJYIIME 3WI3arOM: HEYeTHBbIE IArd BJIEBO, HeT-
Hble — BIpaBo. [loaToMy KaxK0e 4mciio B TpeyroyibHuKe beprysum—Yite-
pa PaBHO CyMMe YHCeJI IPeIbIAYINeil CTPOKM, CTOAIIUX CJIeBa UJIU CIPaBa
OT HEro, B 3aBUCHMOCTH OT YETHOCTU CTPOKH.

MoxkHo J1aTh 1 60JIee TPOCTOE MHLYKTUBHOE IIPABUJIO OIIPE IeJICHIST -
cesl B TpeyroJibHuKe BepHym—3irepa, eciau depeioBaTh 3HAKH Uepe3
KaxKkJiple nBe CcTpouku (cM. puc.5.4). B TakoM ajJbTepHUPOBAHHOM Tpe-

ben_1,k—1
ben,k - ben,kfl

bepk =bep_1 k-1 +ben k1

Puc. 5.4. AnbrepHupoBaHHbBIfl TpeyroabHuK Beprysin—itnepa

YTOJIbHUKE KAXKJIBIA 9JIEMEHT PaBEeH CyMMe JIBYX OJIUKANIIUX JIeMEHTOB,
CTOSIIIMX CIIPABa M CIpaBa CBEpXy OT Hero. JIjisg Toro 94robbl 0IHOZHAYHO
3a/IaTh TPEYTOJbHUK, HEOOXOAMMO JIOOIPEIEIUTh CTOPOHY Jilaepa, dem
MBI ceiiuac u 3aiimemcst. Ham moHamobsITCst elie JiBe MHTEPIPETAIMH TPe-
yrojbuuka Beprynau—Iitiepa — B TepMUHAX MOPCOBCKUX MHOTIOYJICHOB
7 up-down mepecTaHOBOK.

Omnpenenenne 5.1. Touka , HA3BIBAETCS KPUMUUECKOT MOYKOT
MHOroOWwIeHa P = p(x), eciu OHa SIBJSETCS KOPDHEM €ro IMIPOU3BOJIHOIM,
p'(z0) = 0. Kacaresbnag k rpaduky MHOIOWIEHA B KPUTUIECKON TOYKE
rOpuU30OHTaJMbHA. 3HadeHue p(rp) MHOIOWIEHA P B KPUTUIECKOH TOUYKe

LOTMeTHM, 9TO eCTh ele JBe MOC/eI0BATETLHOCTH HHCeN, KOTOPBIE TAKKe HOCHT
unmMmena Bepmymin u Ditsepa.
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Ha3bIBAETCS KPUMUYECKUM 3HAYEHUEM ITOIO0 MHOTrOUJIeHA. MHOro4IeH p
Ha3bIBAETCS MOPCOSCKUM, €CIIU

a) BCe ero KPUTUIECKUE TOYKU BEIIECTBEHHBI U PA3/IUIHb;

6) BCe €ero KpUTHYECKHUE 3HAYCHUS PA3JIUIHDI.

MopcoBckuii MHOTOYJIEH CTEIeHN N + 1 mMeeT 1 KpUTHIECKUX TOYEK U
N KPUTHYECKUX 3Ha4YeHuil. Mbl Oy/eM paccMaTpuBaTh MHOTOUJIEHBI BHIA

p(x)=2" +a " + ...+ an, (5.1)

crapimii Ko3pUIMEHT KOTOPhIX paBeH 1.

Kaxknomy MOpCOBCKOMY MHOTOWIEHY MOYKHO COIOCTABUTH IE€pPecTa-
HOBKY Ha MHOYKECTBE U3 7 3JIEMEHTOB. DTa MePEeCTAHOBKA YKA3BIBAET TOPS-
JIOK, B KOTOPOM HJyT KpPUTHUYeCKue 3HadeHus MHorowrena. Jljis mocrpo-
€HHIg I[IePEeCTaHOBKM II€pEeHyMepyeM KPUTHUYEeCKHe TOYKU U KPUTHYECKHue
3HaYeHUs] MHOTOYJIEHA B TOpsiJike Bo3pacTaHus. Ha i-M Mecte B ompeje-
JIIEMOIT TIEpECTAHOBKE CTOUT HOMED KPUTHUYECKOI'0 3HAYEHUs B i-if KpUTH-
4Yeckoit Touke (cM. puc. 5.5). ZcHO, UTO KaXK/blii 9JIEMEHT TAaKO! HepecTa-

Wl|mmmm el m e
Y

[y S —

Puc. 5.5. IlepecTamnoBka, COOTBETCTBYIOIIAsl MOPCOBCKOMY MHOTOYJICHY

HOBKM J1100 GoJibIie 060MX CBOUX cocejieil (oTBevaroliee eMy KpUTHIECKOEe
3HAYEHUE fABJISETCS JIOKAJILHBIM MAKCUMYyMOM), Jiub0 MeHbIle uX (CooT-
BETCTBEHHO, KPUTUIECKOE 3HAYCHUE SBJISETCS JIOKAJBHBIM MUHIMYMOM).
Takne mepecTaHOBKM HA3BIBAIOTCS NUA000PA3HBIMU, WA UpP-down Tepe-
cranoBKamu. [1nyr000pa3Hyo 1nepecTaHOBKY, OTBEYAIONLYI0 MOPCOBCKOMY
MHOT'OYJIEHY, HA30BEM MUNOM ITOTO MHOTOUJIEHA.
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Samerum, 9ro He Jrobast MMIO0Opa3Hasi MEPECTAHOBKA MOYKET CJIy-
JKUTHb THUIIOM MOPCOBCKOTO MHOrowieHa Buzaa (5.1): mocjaemuuit sjgeMenT
B Heil HOoJI?KeH ObITh MEHBIIE CBOErO JIEBOro cocena. Kak pesysbrar, mpu n
HEYETHOM IIE€PBBIN JIEMEHT B IIEPECTAHOBKE JIOJI?KeH ObITh MEHBIIE, a [IPU
7 9eTHOM — OOJIBIIIE CBOET'O IIPABOT'0O COCE/IA.

Tunbsl MOPCOBCKUX MHOTI'OYJIEHOB IIPHU MaJIbIX 3HAYEHHUSAX N M300parke-
bl Ha puc. 5.6. [Ipu n =1 u n =2 uMeeTcs POBHO OJIHA BO3MOXKHOCTb.

(1) /(2\1/ (132) (231)
(2143) (3142) (3241) (4132) (4231)

Puc. 5.6. Tunbl MOPCOBCKUX MHOTOYJIEHOB Iipu n = 1, 2, 3, 4

IIpu n = 3 umeercss 2 BO3MOXKHOCTH, IPU N = 4 TAKAX BO3MOXKHOCTEH 5.
Eciu npoo/mkuTh nepeducienrne, TO MOXKHO ITOJIYYHUTD IIOCJIE0BATE b
HOCTh

1, 1,2, 5, 16, 61, 272,

DJIeMEHTBI 9TOU MOCJIE0BATEILHOCTH, OTBEYAIONINE HEIETHBIM 3HAYCH-
sIM N, COBIIQJIAIOT C IIOCJIEI0OBATEIbHOCTHIO HEHYJIEBBIX 9JIEMEHTOB CTOPOHBI
Bepnynnn, a nmommocsienoBaTesbHOCTD JIEMEHTOB C YETHBIMH HOMEPaMU
COBIIAJIAET C HEHYJIEBOW YaCThIO CTOPOHBI Diiepa.

YT00bI TIOHSITH, OTKYJa Oepercst CBsi3b ¢ TPEyTroJbHUKOM beprymim—
Diinepa, pACCMOTPUM THIIBI MOPCOBCKUX MHOTOYJIEHOB, ¥ KOTOPBIX IIEPBOE
KPUTHYECKOe 3HAYEHIE NMeeT HOoMep K.

JIemma 5.2. [Tycmo ¢, — “UCAO MUNOE MOPCOGBCKUT MHO20UAEHOB
cmeneru N+ 1, Yy KOMoOPuT NEpeoe KPUMuUHeCkoe 3HAYEHUE UMEEM HO-
mep k. Tozda c,  ecmo k-e wucao 6 n-i cmpoxe mpeyeoaviuka bBeprya-
au—3iaepa.

HokazaTenbcTBO. st IEPBBIX ABYX CTPOK TPEYTOJLHUKA yTBED-
JKJICHUE IPOBEPSIETCS HEIOCPeICTBEHHO. JoKazkeM, UTO €Cjiu OHO BEPHO
JJs n-fl CTPOKHW, TO OHO BEPHO W JJjid CTPOKHU ¢ HOMepoMm 1 + 1. IlycTs,
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JIst omIpejiesieHHoCTH, 1+ 1 werHo. Torga n u n + 2 HEYETHBI; MBI H3yYaeM
THUIIBI MHOT'OYIEHOB crereHu n + 2. IlepBoe Kpurmdeckoe 3HaveHue B Ta-
KOM MHOTOYJICHE SBJISETCS MAKCHUMYMOM, BTOPO€ — MUHUMYMOM, ITO3TOMY
BTOPOE KPUTHYIECKOE 3HAYUECHNE MEHBIIE TIePBOTO.

Or6pachiBaHUE IEPBOTO KPUTHIECKOTO 3HAUEHUSI MHOTOWIEHA JTAET O/l
HO3HAYHO OIIPEJIEJIEHHBIIl TUII MOPCOBCKOI'O MHOrOYJIEHA cTereHd n + 1.
IlepBoe KpuTHUIECKOE 3HAYEHUE y TAKOI'O MHOIOYJIEHa MOXKET OBITh k-M,
k+ 1-m, ..., n-m o Besimanae. HaobopoT, 1Mo KaxKI0My THUILy MHOTOUJIEHA,
crerreHu n + 1, y KOTOPOro mepBOe KPUTHUIECKOE 3HAUCHUE SBJISIETCS [-M
no Besmuube (I > k), Mbl MOXKEM €JMHCTBEHHBIM 06Pa30M IIOCTPOUTH THIIL
MHOI'OYJIEHA CTEIleHU 1 + 2, ¥ KOTOPOI'O IEPBOE KPUTUYECKOEe 3HAUYECHUE
saBjsercs k-m o Besmaune. Takum o6pa3oM,

Cn+1,k = Cn,k + Cn,k+1 +...+ Cn,n-

JL71s CTPOKY ¢ HEYETHBIM HOMEPOM CIIPABE/JINBO AHAJIOIMIHOE PACCY K-
Hue. TeM caMbIM, YHCTIA C,, ) YJIOBIETBOPSIIOT TE€M K€ COOTHOIIEHUSM, YTO
U 3JIEMEHTBI TPEYrojibHUKa DBepHy/n—itiepa, a 3HAYUT, UMEHHO OHU
U CTOAT B 9TOM TPEYTrOJIbHUKE. O

Pacemorpum o otaespHOCTH NBa Cotydast:
1) m meuerHo; coorBeTCTBYIOIIEE YUCJIO UP-dOWN IIEPECTAHOBOK 06O0-
3HAYUM 4depe3 b,, 1 BBe/IEM IKCIIOHEHITNAJILHYIO IIPOU3BOAANILYI0 (DYHKIIAIO

12 16
B(z)= o+ 52 + ... = qa+ ga’ + ga® 4o

2) m 9eTHO; COOTBETCTBYIOIIEE YUCIO UP-dOwn IepecTaHOBOK 0003HA-
9UM Y€pe3 €, W BBEIEM SKCIOHEHITHAIBHYIO TPOM3BOISINYI0 (DYHKITAIO

e e 1 5
E)=1+Ty+ 59"+ =1+ 50 + v +...

BriBeieM peKyppeHTHY0 (DOPMYJLY JJIsl 9rcJia up-down [IepecTaHOBOK.
11t 9TOr0 BO3bMEM CaMbIif BBICOKHMI MAKCUMYM MHOTOYWIEHA U YHECEM €T0
B GeckoHeuHOCTD (CM. puc. 5.7). B pesysibrare Mbl COIOCTABUIN KAXKJIOMY
THUILy MHOTI'OYJIeHa /iBa HOBBIX THII&, IPUYEM €CJIM U3HA4YaJbHO HNMeJach
n + 1 KpuTryeckas TOYKa, TO [IOJIYYHINCh MHOTOWIEHHI ¢ k 1 n — k Kpu-
TUIECKUMU TOYKaMU, N — k HEUIEeTHO.

IIpu HeyeTHOM N TIOJIyUaeM PEKYPPEHTHOe COOTHOIIEHNE Ha YnCIa b, :

bupi= > (Z)bkbn_k. (5.2)

k HeueTHO
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Puc. 5.7. Conocrasiienne TUIIy MHOIOYJIEHA IBYX HOBBIX THUIIOB

Bunomuanbabiit K03 dUIEEeHT BOZHUKAET M3-38 TOTO, ITO MBI JOJI2KHBI
IepeMeInaTb MHOXKECTBO KPUTUIECKUX 3HAYEHUN JIEBOIO U IIPABOIO MHO-
ro4/eHa, T.e. BbIOpaTh U3 N KPUTUYECKUX 3HAYMEHUI Te, KOTOPbIe IPUHU-
MarOTCsl JIEBBIM MHOTOUYJICHOM.

Bemomunast, 9T0 JijTsi 9KCIIOHEHIIUAJIBHBIX [TPOU3BOSIINX (DYHKITHI
upaBasl 4acTh COOTBETCTBYeT KBajpary npousBogsdrieii dyunkmun B(z),
a JieBasl — ee JKe IPOU3BOAHOM, IepenuiieM ypasrenue (5.2) B Buze

B(z) =B(x) + 1. (5.3)

Ilocnennee ypaBueHue npecraBiser coboit 0ObIKHOBEHHOE uddepeHtu-
aJIbHOE yPABHEHUE C PA3IEJISIONIUMUCS [TepEMEHHbIMU. Perrast ero, mosry-
qaeM

dB = (8% + 1) dz,

dB
Va2 1 ydz,
arctg B =z,
B(z)=tgx.

Takum o6pa30M, CTOpPOHa BepHyJI.HI/I OoIpeaessieT pa3jiozKeHue B PAl TaH-

TeHca:
3

x $5 1'7

Koadpdurmentsr b, B pa3moKeHNN TAHTEHCA HA3BIBAIOTCS MAH2EHUUAAD-
HoMU yucaamu. OBpaTuTe BHUMAHUWE HA TO, YTO €JMHWUIA B BEPIIHHE
TPeyroJIbHUKa He BKJIFOYAeTCsl B CTOPOHY BepHysuim.

Ecnm ke n 9eTHO, TO pEKypPEHTHOE COOTHOIIEHUE TPUHUMAET BT

=3 () erbuss (5.4)

k meuyeTHO

U eMy COOTBETCTBYeT ypaBHEHUE

&'(y) = E(y)B(y)- (5:5)
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Ha mpousBojgdmue dyHKimu. Peras mocieanee ypaBHEeHNE, TTOTYIaeM

EW _ py)

E(y)
(In&(y)) =tgy,

mé&(y) = ey,
E(y) = —

cosy’
U CTOpOHA Jiliepa onpejiesisieT pasJjiokenne B psji cekanca. Koaddurm-
€HTBI €,, TOr0 PA3JIOKEHUS HA3BIBAIOTCA “ucAamu disepa’.
Bocriop30BaBmuch MOICTAHOBKOM

sinz = (" — e ") /2i, cosx= (e +e )/2,

MBI MOXKEM IIEPEIUCATDH IIPOU3BO/IANINE (DYHKIUN CTOPOH [JIs AJIbTEPHU-
POBAHHOI'O TPEYTOJIbHUKA B BU/JIE

~ ef —e " ~ 2
Bo) =gy fW=arev
Teneps y HaC €CTh BCe HEOOXOIMMOE I BLIYUCICHAS SKCIIOHCHITNAb-
HOI IpOM3BOAAIIEH (DyHKINA aJbTePHUPOBAHHOIO TPEYroJbHuKa Bepryir-
au—itepa. O6o3Ha4YnM 4depe3 bey; JIEMEHT TPeyroJIbHUKA, MMEIOIInit
KOOpJIMHATY K BJIOJIb CTOPOHBI BepHyJIN U KOOPAUHATY | BIIOJIb CTOPOHDI
Ditnepa.

Teopema 5.3. Ikcnorenyuaivbhas npouseodawas GYHKUUL 0l anb-
MEPHUPOBAHHO20 MPEY20AvHUKG Dephyasu—3trepa umeem eud

2¢e”

e (5.6)

o 2k o
BE(z, y) = Z bey, s
k,1=0
HoxkazaTeabcTBo. /lokaxeMm, IYTO IKCHOHEHINATbHAS TPOU3BO-
Jsiast hyHKIUs JJIsi TpEyroJbHuKa bepHysin—Iitiepa yaoBIeTBOPSET
muddepeHnnaaTbHOMY YPABHEHUIO
OBE(x,y)  0OBE(x, y)
Oy o ox

BE(x, y) +

3amucaHHOe BBIIE PABEHCTBO €CTh HE UTO HMHOE, KAK IIPABUJIO 00pa3o-
BaHUs AJIbTEPHUPOBAHHOTO TPEYTOJbHUKA. J[efICTBUTEIBHO, PACCMOTPUM

LO6brano wnciamu Diiepa HA3BIBAIOT YHC/A, CTOAINIME HA CTOPOHEe Diliepa B alb-
TEPHUPOBAHHOM TPEYTOJbHUKE (T. €. 4HCia, 3HAK KOTOPBIX MeHsieTcs). Mbl, OJHaKo,
IIO3BOJINM Ce6e HE IIPOBOJUTH PA3INUYINA MEXKAY 3TUMU ABYMS IIOCJAEJOBATC/IBHOCTAMU.
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PSIMYIO B TPEYTOJIbHUKE, TapaJslIeJIbHYI0 cTOpoHe Jitnepa. uddepenim-
pPOBaHMeE 110 Y KCIIOHEHIMAJIBLHON IPOU3BOAAIIEl (DYHKIMN ITON MPSIMOM
€CTh CIBUT HA €IUHUILy BJIOJIb CTOPOHBI Jitepa. CymMMupys pe3ysbrar
muddepeHIupoBanns ¢ UCXOMHON (DYHKIMEH, MbI IOJy9IaeM COCEIHIOIO
OpAMyIo (Tak Kak bey ., = bep_1 , +bey_1,m+1), T.€. pesyiabrar gudde-
PEHITIPOBAHUS 10 & MCXOTHOM IKCIIOHEHIIMAIBHON MTPOU3BOIAIIEH (PyHK-
IIUAN.

Taxum obpazom, dbyukimsa BE(x, y) 0IHO3HAUHO ONPEIEIACTC CBOUM
HaYaJbHBIM 3HAYCHUEM

BEW, y) =€) =

u muddepeHmaababIM ypaBaenneM. JIis1 10Ka3aTeIbCcTBa TEOPEMbI OCTa~
JIOCh TOJILKO TIPOBEPUTH, uTO byHKIWs (5.6) YI0BIETBOPSIET BBIINCAHHO-
My auddepeHnnaaIbHOMY yPaBHEHMIO. O

5.5. Muoro4sensl Bepuyiin

Bsenem Ha mpocTpaHCTBE MHOTOYJIEHOB OIEPAIMIO YCPeOHEHUA, TTOTIO-
KUB

Herpyznno BummeTb, 9TO 3Ta omepanyus IefCTBUTEILHO IEPEBOIUT MHO-
rOWIeHbl B MHOTOWIEHBL: OHA JiMHelHa, T.e. A(a,fi + axfy) = a1 A(f1) +
+ asA(f2) 2yt JOGBIX LIOCTOSIHHBIX (g, (o U JIOOBIX MHOTOYWIEHOB f1, fo,
a ee 3HaYCHUE Ha MOHOME I" PaBHO

A" =((z+ )" =2 /(n+ 1) =a" 4+ ...,

rJIe MHOT'OTOYME 0D03HAYAET cjlaraeMble, CTEIeHN KOTOPBIX MeHbIme Nn. [1o-
caesiHsist (popMyJia MOKA3bIBAET TaK¥Ke, 94To IpeobpasoBanue A mepeBojauT
MIPOCTPAHCTBO MHOTOUIEHOB CTEIIEHN HE BBIIIE N B ebsI, & 3HATHUT, ABJISIET-
Csl JIMHEHHBIM OIIEPTOPOM B 3TOM IIPOCTPAHCTBE. DTOT OIIEPATOP OOPATUM.
HeitcTBuTebHO, 1000 MHOTOYJIEH CTEIIeHN He BbIIIe 1 — 1 MOXKeT OBITh
[TOJIyY€eH B PE3YJIbTATe YCPEIHEHUsI MHOTOYJIeHa TaKOM »Ke CTeleHu, U, UC-
TOJTB3Ysl TOCIETHIO (DOPMYILY, MbI 3aK/IFOYAEM, ITO U JIFOOONH MHOTOYUJIEH
CTeIeHN He BBIIIE N IBISETCS PE3YIbTATOM yCPETHEHUsT HEKOTOPOTO MHO-
roujeHa creneHu He Bbimie 1. OTMETHM, YTO IPHU YCPEIHEHUH CTEIEHD
MHOI'OYJIEHA COXPAHSIETCS.

Onpenenenue 5.4. Mnozousenom BepHyaiu cTelleHn N HA3BIBAETCS
MHOrOWIeH B, (), pe3ybTaToM yepeHEeH!s] KOTOPOIo CJIy>KUT MOHOM Z™,

T.e. B,(z) = A" (z").
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HepBI)Ie MHOTI'OYJI€HbI BepHyJ‘IJ‘II/I HETPYAHO COCHUTATD.

By(z) =1;

_ .6 _ a5 ,9a4 1o 1
Bs(x) =2° — 3z R A L

Teopema 5.5. JKxcnoHeHyuarvHaa Npou3sodauLas yrHKUUA 0aa MHO-
20uneno8 Bepryaaiu umeem eud

s" s ,
ZB"(x)ﬁ =5 16“.

HokazarenbcTBO. s m0Ka3aTesbCTBa TEOPEMBI JIOCTATOYHO

IPUMEHUTH OLIEPAIMIO YCPETHEeHNs! K JIeBOH U [IPABOIl YacTsM PAaBEHCTBA.
C ojtHOM CTOPOHBI, MBI IMEEM

C zpyroii CTOPOHBI, UMeeM

A(esile”): 5 A(e*™) = 5

1 s(x+1 sxr\ __ s
es—1 esflg(e(Jr)_e )=

un TeopeMa JJOKa3aHa.

Onpenenum Terepsb wucaa Bepnyaiu Kak 3HaME€HUST MHOMOWIEHOB Bep-
HyJu B HyJte. BOT Ha9aJI0 1mocie10BaTeIbHOCTH uncesl beprysuim:
1 1 1 1 1 5 691 7
1a _770a ao _7707a0a _7a07707_ aoa PR
2 6 307 42 307 66 2730 6
Pagencrso myso dncesr Bepaysin ¢ mo102KuTeIbHBIMEA Y€ THBIMI HOMEDa-
MU BBITEKaeT U3 337a4u 5.4.
JokazanHasi TeopeMa IMO3BOJISIET HAM JIETKO BBIACATH IKCIIOHEHITU-
aJbHYIO TPOU3BOMAIILYI0 (DYHKIWMIO st gucesn bepryanu. Jlns sroro
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JIOCTATOYHO TOJICTABUTDH B IKCIIOHEHITNAJIBHYIO TPOU3BOJIAIIYIO (DYHKITHIO
JJIsi MHOTO'WIeHOB Bepuysmn 3uadenue x = 0:

LI
"nl T es—1°
n=0

5.6. IIpeacraBiieHns mpou3BoAAINNX (PYHKINI B BUIE
HeNpepbIBHBIX Apooeii

IIpoussomsmast dyukus s quces Kartarana yaoBIeTBOpseT KBaJI-
paTHOMY ypasHeHuio (2.13)

s* Cat®(s) — Cat(s) + 1 =0.
Ilepenuiiem 3TO ypaBHEHHE B BH/IE
Cat(s) — s* Cat?(s) = 1,

HJIHA
1

Cat(s) = TCat(s)

(5.7)
IMoncrasus Bipazkenue s Cat(s) u3 seBoit yacrn pasencTsa (5.7) B
[PAaBYIO YaCTh TOIO YK€ PABEHCTBA, IIOJLyIIM

Cat(s) = %2
s
1= 1 — s2 Cat(s)

Ioncrasnsst BHOBL Bhipaxkenue (5.7) ans Cat(s) B mosydmsiieecs pa-
BEHCTBO U IIPOJIOJIXKAST STOT IIPOIECC, MBI IIOJIy9IaeM IIPeJCTaBICHAE JIst
byukuuu Karasiana B Bujie nenpepuieHoti dpoou:

Cat(s) = ———5—. (5.8)

ITonyyenHoe pasyioxkeHne HYKHO IMOHUMATH CJIeyIonmM obpasom. Ecim
Mbl 06OPBEM HEIPEPLIBHYIO APOOL Ha n-M Imnare (OCTABUB BMECTO Hee KO-
HEYHYIO HEIIPEPBIBHYIO IPO0b, KOTOPAas IPE/ICTaBJIsIeT COOON PAIMOHAb-
HYI0 DYHKIUIO), TO KOIDMUIUEHTHI PA3JIOKEHUsI TI0JIyYeHHOI (yHKIMU
110 CTeIeHsIM § OYIYT COBIAIAThH ¢ KO DUIIMEHTAMU PA3IOKEHUsT (PYHK-
mn Cat(s) BIUIOTH 70 wieHa $2". 3aMeTuM, UTO M3-3a HAJIMIUS MHOXKH-
Tens s? B 4HMCIUTENe OdepeiHOi JpoOU, IPUCOeINHIeMOi Ha (n+1)-m
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mare, yBeJIMUeHNE YHUCIa YJI€HOB B HEIPEPBIBHOW JpoOM HE MPUBOIUT K
M3MEHEHUIO TIEPBBIX 7 KOIPMUIIMEHTOB B ee pasJyokenuu. Hampumep,

$:1+32+34+36+58+“.’
;52:14-52+2s4+4s6+858+...,
1_1—82
S S—— R X N R
1-—2
S
1_1752
L =14 52+ 25% 4 55° + 145" + ...
1— .
S
1- 2
S
1_1732

Crabun3npyomasics 9acTb PA3JIOXKEHUsI BbIIE/IeHA.

IIpencrasienne dbyukmuu Karamana B Bue HempepbIBHOM 1pobu Tec-
HO CBSI3AHO C JIBYMSI CITIOCODAMU €€ I0JTy YeHUs — IEPEIUCTeHUEM Iy Teil 10
TpeyrosbHEKy Juka (pasmesn 2.5) u ¢ MOMOIIBIO IPOM3BOAIIEH TpaMMa-
tuku (pasgen 3.2). Ilogo6HOe npejcTaBieHne MOXKHO PACIPOCTPAHUTD U
Ha npyrue QYHKIWY, TEPEeIUCISIONINE PA3JIUIHbIE Iy TH.

Usmenum HeckosbKO Tpeyrosbuuk [duka (puc. 5.1), nocrasBus Ha
CTpeJIKaX 4mucia. A MMEHHO, MOCTABUM Ha KaXKJIOW CTpeJIKe HOMED TOTO
psja, B KoTopoM oHa Haxomurcs (cMm. puc. 5.8a)). Homep Ha crpesike
MBI OyJleM WHTEPIPETUPOBATH KaK €e KPATHOCTb, T.€. KaK YUCJIO pas-
JINYHBIX CTPEJIOK, MPOXOJSINNX B JIAHHOM HAIlpaB/ieHUu. B pesysbrare
OJTHOMY IIyTH B TpeyrojibHUKe /luKa OTBedaeT HECKOJIBKO «Pa3IHIHBIX>
myTeil B TPEyroJbHUKE ¢ KPATHOCTSMU. VX YHCI0 PABHO TPOU3BEIEHUIO
KpaTHOCTe#l Bcex pebep, BXOAANNX B JAHHBIN My Th.

Yucoa, crosimue B HUXKHE CTpOKe TpeyroibHuKa (puc. 5.8a)), Hao-
MUHAIOT y2Ke XOPOIIIO HAM U3BECTHYIO MOCJIE0BATEIHHOCTD THCeT Diiepa
u3 pazgena 5.4. Ceituac MBI IOCTPOUM HEIIPEPHIBHYIO JIPOOb, OTBEYAOIILY O
9TOMY TPEYTOJIbHUKY, & JIOKA3aTeJILCTBO TOTO, YTO B €r0 OCHOBAHUU Jleii-
CTBUTEJIHHO JIEYKAT YHCIa Diyiepa, OTI0KIM JI0 CJIEIYIONEro pa3iesa.

Teopema 5.6. [Ipoussodswasn Gyrruus

Fy(s) =1+ 5%+ 5s* +61s° 4+ 13855% + ...
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Cm,n = (TL + ]-)C'm—l,'rH—l + ncm—l,n—l

Cm—1,n+1

n +1\\

Cm,n

Cm—1,n—1

6)

Puc. 5.8. Tpeyronbuuk /luka ¢ KpaTHOCTSIMU

Ons nudtchett cmoponb, mpey2oavhuka ¢ puc. 5.8 a) npedcmasasemes 6
sude HenpepueHoti dpobu
1
1252
2252
3252
Sl

1

HoxkazareanbcrBo. [Ipoussogsmasn dbyuxius Fy(s) nepeunciser
pa3JIMIHbIE IIyTH ¢ HAYaJOM M KOHIOM Ha BbicoTe (. OGo3HaumM uepes
F(s) nupousBosiny o dbyHKIUIO, IEPEIUCIISIIONLY O IIYTH € HAYATIOM U KOH-
IIOM Ha BBICOTE ¢, KOTOPBIE HE OILyCKAIOTCs HUKE YPOBHS 7, IO MX JIJIAHE.

Torma
1

T 1-s2F(s)’
eiicTBUTEIEHO, KaXKIBIil IIyTh C HAYAJIOM W KOHIIOM Ha BbicoTe () eauH-
CTBEHHBIM 00pa30M pa3bUBaeTCs Ha TaKUE YIACTKH, 9TO

1) KOHIIBI yTH HA KAXKJIOM ydacTKe JiexkaT Ha Bbicore 0;

2) BBICOTA BCEX IPOMEXKYTOUYHBIX TOYEK IIyTH HA KAaXKIOM ydYacTKe
OOJIbITIE HYJISI.

Ecim orbpocuth HavabHBIE W KOHEYHBIH OTPE30K TAKOI'O yYacTKa,
TO MBI [IOJTy9IUM IIyTh, HAUNHAIOIIANCS U 3aKaHIUBAIOIIUICA Ha BbicoTE 1.

Amnayiornyno,

Fy(s)

1

B = T iome

ITosiBnenue versepku B KodddurpenTe npu s° 00bSICHIETCS TeM, 9TO
K JIaHHOMY ITyTH, HA4YaJO0 W KOHEI KOTOPOro JieXKaT Ha BBICOTE 2, Ha-
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JaJIbHBIN 1 KOHEUHBIH BEKTOPHI, IPEBPAIIAIONINAE €T0 B IIyTh Ha BbIcOTE 1,
MOYKHO JI00aBUTh YETHIPbMS «PA3JIUIHBIMIY» CIIOCOOAMMU.
IIpomomkast 9T0 paccyKaeHne, Mbl 3aKJII0YAEM, ITO

1
(k+1)252Fj1(s)’

Fi(s) = 1=

U HelpepbIBHAs APOOb TEIePh BBIIUCHIBACTCS OYEBUIHBIM 00PA30M:

1 1 1
1—s2Fy(s) s2 s

1—
1 — 452 F5(s) 452

Fy(s)

13 nokazaresibcTBa TEOPEMBI HEIIOCPEICTBEHHO BBITEKAET, YTO PAaCIIpe-
JeJleHre KPaTHOCTEH II0 BOCXOJAIIEMY M HUCXOJSIIEMY BEKTOpaM IIyTH
B KaXKJIOM CJIO€ He uMeeT 3HadeHus. HeoOXoammo Julihb, 9T00bI IPOn3Be-
JIeHEe 3TUX KPATHOCTEH BHYTPH KaXKIOrO CJI0s ObLIO mocTosHHbIM. Ha-
[IpUMep, TPEYrOJbHUK, M300parKeHHbI Ha puc. 5.9, mOpoxKmaeT Ty Ke
MIPOU3BOIAIIYI0 (DYHKITUIO JIJIs TIyTel ¢ HyJIeBOil BBICOTOI Hava/ia U KOH-
1, UTO U TPEYTOJBHUK € pHC.5.8a). 3aMeTnM, 9TO TO ¥Ke CIPABE/JINBO U
JJI IIyTell Ha APYTUX BBICOTAX.

Puc. 5.9. [Ipyrasa paccranoBka KpaTHOCTeil B TpeyrosbHuke Jluka

Komneuno, mokazaresbcTBO TEOpEMBbI 00OOIIAETCS Ha MTPOU3BOJILHYIO
paccTaHOBKY KpaTHOcTeil. Bosiee Toro, ero Moxkuo 6€3 Tpy/a MEepeHecTn
u Ha tpeyrosbuuk Morkuna (cum. puc. 5.10).

Teopema 5.7. Ilycmv wepes o;, Bi, Yi 0603nauens KPAMHOCU 6ekK-
mopos (1, 1), (1, —1) u (1, 0) coomeemcmeeno 6 i-m caoe 636eweHH020
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Cm—1,n+1

o—Yipe Bn
e
:2 Y2 :2 yz\\. Cm—1,n ﬂme,n
%
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/ \ﬂ/t \ﬁ/t \ﬁ/« Cm—1,n 1

o oo 0 o

.i..ﬁ\: i\:.i\:. Cm,;n = On—1Cm—1,n—1+ Bncm—l,n+l + YnCm—1,n

a 6)

Puc. 5.10. Tpeyrosbuuk Monknaa ¢ KpaTHOCTSME

mpeyzoavhura Moukuna. Toeda npoussodswasn dynxyus Fi(s) dan ny-
metl ¢ HAYAAOM U KOHUOM Ha 6bicome k, He onyckaowurcs nusce amod
BbLCOMDL, NPEICTNABAAEMCA 6 8ude HenpepbieHot Ipobu

1

Fi(s) =

oy, Br s’

o+ 1Bk 15°
1—...

1—vygs—
1—vpp1s—

HoxazarensbcTno. Koneuno, ata TeopemMa JOKa3bIBALTCS TaK Ke,
KaK U ee YacTHBI ciydail Teopema 5.6. Mbl, OHAKO, XOTUM U3JIOKUTH TO
JKe caMoe JI0Ka3aTesIbCTBO Ha si3bIKe (DOPMAJIBHBIX IpaMMaTuK (riaasa 3).
Conocrasum BekTopam (1, 1), (1, —1), (1, 0) B i-M cioe GyKBBI a;, b;, ¢;
cooTBeTCTBeHHO. MBI OynieM paccmarpuBarh si3biku JFo, Fi, ... B anda-
BuTe 13 GecKoHeIHOro Habopa 6yks {ag, by, Co, a1, b1, €1, ..., }. SA3BIK Fy
COCTOWT U3 CJIOB, OTBEYAIONINX IIyTAM C HAYAJIOM W KOHIIOM Ha BbICOTE K,
HE OILYCKAOIUMCST HUYKE TOW BBICOTHI.

I'pammaTtuka

o — )\7

To — CoTo,

To — aoT1boT,
rE— A,

Ty — Ty,

1 — a172b171,

SIBJISIETCsI TPAMMATHKON € OJIHO3HAYHBIM BBIBOJOM. BykBa 75, k=0, 1,
2 nopoxkgaeT ga3blK Fj. [loaTOMy HEKOMMYTATUBHBIE TTPOU3BOJISIIIIE

PR
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dbyHKIIH 715 936IKOB J), YIOBJIETBOPAIOT COOTHOIIEHUSIM
.7'—0:)\+C0.7:0+a0.7:1b0.7:0,
flz)\+clfl+a1f2b1f1,

Ioxncrapusist A =1, a; =;8, b; =05, ¢; =75, IOJIyIaeM CUCTEMY ypPaB-
HEHUH Ha KOMMYTATUBHbIE TPOU3BOJSIINE (DYHKITUHA
Fo(s) =1+ vosFo(s) + awfos’Fo(s)Fi(s),
Fi(s) =1+ y18Fi(s) + uPis°Fi(s)Fy(s),

OTKY/1a

Fy(s) = =
o(s) 1 —yos — apBos?Fi(s) apBos?

1—vyos—
l 1 —v1s — ouP1s2Fa(s)

BriBon dopmyn st octanbHbIX F), aHagorutdeH, m Teopema JOKa3a-

HAa. O

5.7. Hucna Diijiepa B TPEyroJibHUKE C KPATHOCTAMU

IIpengioxxenune 5.8. B ochosanuu mpeyzosvhuka Ha puc.5.8a) Ha-
rodames wucaa Ilirepa.

HoxkazaTeabcTBOo. MbI OygemM J0Ka3bIBaTh, UTO UHUCIO PA3IUI-
HBIX IIyTell JUINHBI 2n B TpeyTrojbHuKe JiKa ¢ KpaTHOCTSIMU PaBHO YHCILY
NMI006PA3HBIX IEPECTAHOBOK Ha MHOXKecTBe {1, ..., 2n — 1} wam, 910 TO
JKe caMoe, YUCJIYy THUIIOB MOPCOBCKHX MHOTOYJIEHOB crermeHu 2n. [Ipuco-
€JIMHUM K MHOXKECTBY 3JIEMEHTOB IIE€PECTAHOBKHU JIONOJHUTEIHHBIN 3J1e-
MEHT 27, CIUTast €ro HOCIEHIM JIEMEHTOM KazK ol nepecranosku. (Ha-
IIOMHHUM, YTO MBI PACCMATPUBAEM TOJBKO TaKue IHJI000pA3HbIE IepecTa-
HOBKU, KOTOPbI€ OCTaXOTCHA III/IJ'IOO6p&3HbII\’II/I Ipu IIpUCOEINHEHNUUN ITOCJIE/T-
HUM MaKCHMAJIBHOIO 3JIEMEHTA. )

CormrocraBuM 11000pa3HOil TIepecTaHOBKE ITyTh B TpeyroyibHuke Jluka
1O CJIEJYIOIEMY [PABUILY. DJIEMEHT i II€PECTAHOBKY SIBJIETCS JMO0 (J10-
KaJIbHBIM ) MAKCUMYMOM, JIK0O (JIOKaJIbHBIM) MUHUMYMOM B Heil. Boibepem
-1 OTPE30K IIyTH UAYIUM BBEPX, €CJIU JIEMEHT ¢ IIePECTAHOBKH SBJISETCS
MHUHMMYMOM, U WJYIIUM BHU3 B IPOTUBHOM cjydae. Ha puc. 5.11 npuse-
JIEHBI MIJI000pa3Hasl IepecTaHOBKA U COOTBETCTBYIOIINN el myThb. SlcHO,
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9TO TOJIYYUBIIUANCS Iy Th JEHCTBUTEIBLHO siBjisieTcs yTeM Jluka. B camom
JieJie, KOJIM9IeCTBO MaKCUMYMOB B ITHJI000PA3HO [TepecTaHOBKE PABHO KO-
JINYEeCTBY MUHAMYMOB, W CpeIu MEPBBIX k 3jemeHToB 1, ..., k He Gosee
[TOJIOBUHBI MAKCAMYMOB TIpH JII0O0OM K.

(6,9,2,7,5,10,8,11,1,4,3,12)

1 2 3 4 5 6 7 8 9 10 11 12

Puc. 5.11. ITlyTs /luka, oTBedaonuii Nnj006pa3HOi IepeCTaHOBKE

BoisgcanM, CKOJIBKO ME€PECTAHOBOK COOTBETCTBYIOT JAHHOMY IIyTH.
IIpeamonokuM, YTO IyTh, OTBEYAIONIMI IIEPBBIM M 3JIEMEHTAM IIepe-
CTAHOBKHM, 3aKaHUIMBAETCsi Ha BbicoTe k. U mpeanosioKuMm TakKe, 9TO
HOCJIE/IHUI JIEMEHT 1M ABJISETCS MAKCUMYyMOM (T. €. IIOCJIeJHUN BEKTOD
myTu — ciyck ). Kakum Moxker 6bITh MUHUMYM, IPUMBIKAIONIUAN K MaKCU-
MyMy m crpaBal DTOT MUHUMYM JIE?KUT CPEJIA TIEPBBIX M — 1 3JIeMEeHTOB
[IEPECTAHOBKHU U €ro MOXKHO BbIOpaTh k + 1 pazimunbiMu criocobamu. Jleii-
CTBUTEJIBHO, €CJTU 33 KaXKJIBIM MaKCUMYyMOM CPeJIu 3J1eMeHTOB 1, ..., m—1
y2Ke 3aKpeIyieH MapHBIA COCEIHUIA CIIpaBa MUHUMYM, TO CBODOIHBIX MU-
HAMYMOB OCTaJIOCh POBHO k + 1.

Paccyxnenne fjst cirydasi, KOT1a HOCTAEIHUI SJEMEHT 1M — MUHIMYM
IIPOBOJIUTCS AHAJIOTUYIHO, TOJIBKO HY?KHO BBIOMPATH COCETHUI CIIpaBa MaK-
CAMYM U UJTH II0 TIEPECTAHOBKE CIIpaBa HAJICBO, & HE CJIeBa HAIIpaBo. [

5.8. CpaBHeHHS B I10CJI€IOBATEJIbHOCTIX

DTOT pa3jiesi MOCBSIEH CBOMCTBAM IIOCJIEI0BATEIbHOCTEH IEJIbIX Y-
ceJI, TPUBEJIEHHBIX TI0 PA3JIUIHBIM MOJLYJISIM.
Pacemorpum, Hanpumep, mocsienoBaTebHOCTD 9uces Jirepa

1,1, 5, 61, 1385, ...

OcraTKu OT JieJIeHUS 9JIEMEHTOB TO¥ MOCIIEI0BATEIBHOCTH Ha 4 06pa3yoT
HOBYIO II0CJIEJIOBATEILHOCTD

1,1,1,1,1, ...
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MoKHO TIPOBEPUTH, YTO U IOCJIEIYIONINE YJIEHBI TOM M0CJIeI0BaTEIbHO-
CTH TakKKe Oy/IyT eIUHUIAMHU.

Ta ke camas OC/IEIOBATEILHOCTD, B3Tasd MO MOJYJIIO 3, BBITJISIAT
CJIEYFOTIM 00pPa30M:

1,1,2,1,2,1,2, ...

[TeprommaHOCTD HOCIEA0BATEILHOCTH ITOICKA3LIBAET HAM, UTO OHA 32~
JIaeTCs PAITMOHAILHOM Tpon3Bojsiieil dyuknueir. JlefictBurebHO, MyCcTh
N — nnuHa 1epuoja IOCIeN0BATEIbHOCTU @, T.€. Gy = G) JJIS BCEX
JIocTaTouHo 6obIMX k. TeM caMbIM, IOC/IEI0BATEILHOCTD 33/1aeTCs JIH-
HEWHBIM PEKYPPEHTHBIM COOTHOIIIEHWEM U, COTJIACHO Teopeme 2.1, cooT-
BETCTBYIONAA IPOU3BOAIAs DYHKINSA PAINOHAIBHA.

B ciydae 4ucesn Ditsiepa TaKyio MPOU3BOIMAIIYI0 (DYHKIMIO HECIOXK-
Ho Hafitu. lelicTBUTETHHO, PACCMOTPHUM IIPEJICTABICHUE TTPOU3BOISIIEH
dyHKIMY JJIsi HUX B BUJI€ HEIIPEPBIBHOI 1pobu

1
1252
2242

IIpu nmpuBeneHUn TOCIEIOBATEIFHOCTH IO MOMIYJIIO 4 BTODOIl WieH 3TOM
Jpobu 0bpAaIaeTcst B HyJIb, IIO9TOMY BCs JPOOb MIPUHUMAET BUT,

1
E,(s)=—— modA4.
4( ) 1—s2
(dBa psiza ¢ neabiMu K03 dunuenTaMu CpaBHUMBI 110 KAKOMY-JIU60 MOy~
JIIO, €CJTH TI0 STOMY MOJLYJIIO CPABHUMBI COOTBETCTBYIOITHE KO3MDDUIINEHTHI
psnoB.) Ilpu npusenennn 1o Mo Lym0 3 06pAIIAETCst B HyJIb TPETHI WIeH,
" Jpo0b BBITVISJIAT TaK:

82

1—
Ej(s)= ———— mod351+782 mod 3.

S
LR

Boobriie, mpu mpuBeieHNH TOCIIEI0BATEIBHOCTH YHCes Ditiepa 1mo Mo-
JIYJIIO P MBI MOJIyYIaeM KOHEUHYIO JIPOOH

E,(s)= mod p,

1—
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Tak Kak KO3(pPUIMeHT p? B CJEAyIONeM YHUCIUTeNe CPABHUM C HyJeM
10 MOJYJIFO P U, TeM CaMbIM, OOpaIllaeT B HyJIb BECh XBOCT HEIIPEPBIBHON
apobu. FcHo, KaK pacmpoCTPaHUTh 9TO PACCYKICHUE HA ITPOU3BOJIBHYIO
HEMPEPBIBHYIO IPOOD.

Teopema 5.9. ITycmv npoussodawan Pynxuus A(s) npedcmasaena
6 sude HenpepwvisHot dpobu

A(s) =

p1s”
2
S
P T
p3s
1_

1—c1s—

1—c3s—

Tozda gynruyus A,(s) = A(s) mod p payuonarvna das 106020 wucaa p,
ABAAOUE20CH deaumenem 00H020 U3 NPou3sedenuts Py, P1P2, P1P2P3; - - -
Ecau p deaum npouseedenue py . .. py, Mo

A (s) = L

ors? mod p.
1

2
Pr—25
1 —cp_15—pr_15>

1—c1s—
1—

Takum obpazom, TeopeMa 5.9 MO3BOJISIET HAWTH IIPEeICTABJIEHAE B BUJIE
PAIMOHAIBHOM TPOU3BOSINEN (DYHKIUU JJIsT [TOCJIEI0BATEILHOCTEH, OT-
BEYAIONX B3BEIEHHBIM TPeyroJbHuKaM Jlnka, KOTOpble MPUBEIEHBI 10
HEKOTOPBIM (MHOIJa Jazke IO BCeM, KaK B cJlydae duces Diliepa) Moiy-
JISIM.

Jlpyroii moaxos K u3ydeHUIo apudMETUIEeCKUX CBONCTB 3JIEMEHTOB
YUCJIOBBIX MOCJIEIOBATEIBHOCTE OCHOBAH HA WCIIOJIH30BAHUU DPa3/IMY-
HBIX KOMOMHATOPHBIX IIPECTABJIEHUI Ijid HUX. BOT mpocreimuii mpumep
TO/IOOHOTO pacCyKaenusi. Iucso

nil(zrzl):%

SABJISIETCS TEJIBIM TIPU JIFOOOM 7, OJIHAKO HEIOCPEJICTBEHHO U3 (DOPMYJIbI

9TO HEe OYEBHUIAHO. MBI 3HAEM, BIIPOTIEM, 9TO 9TO YUCIO PABHO YUCTY TPa-
BUJIBHBIX CKOOOYHBIX CTPYKTYP U3 7 IIap CKODOK, M II03TOMY OHO HE MOYKET
He OBITDH IIEJIBIM.

IIpesncrasiienne umcesnn Karasana TpUaHTYJISIUSMEU —[IPaBUJIBHBIX
(n + 2)-yroJIbHUKOB IIO3BOJISIET JOKA3aTh CJIEAYIONEe yTBEPXKICHUE.

IIpenmoxkenue 5.10. Fcau wucao n+ 2 A8A4emcs cmeneHvro npo-
cmoeo wucaa, n+2 =p* un>1, mo wucro Kamanana c, deaumcsa na p.
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Hanpuwmep,
c;=2=0 mod2; ¢=42=0 mod7;, ¢;=429=0 mod 3.

HJokxazaTenbcTBo. I'pynmna Z,, 1, BEIYETOB IO MOZYIIO N + 2 Jeii-
CTBYET HA MHOYKECTBE TPUAHTYJIANUH IPABUILHOTO (1 + 2)-yroJbHUKA 1O~
Boporamu. [Ipu n > 1y sToro aeficTBus HeT HENMOABUKHBIX TOoUeK. [loaTo-
MY JJIUHA KarKJI0f ero opOuThI JeIUTCA Ha P, a, 3HAUNUT, JEJUTCI HA P U
YHUCJIO TPUAHTYJIAIAN. O

Amnajyrornano, npejcrasiaenne unces Karaiana mpaBuIbHBIMI CKOOOY-
HBIMU CTPYKTypaMH JaeT ellle OJJHO CBOHCTBO 3TUX YHUCEJI.

IIpengoxkenue 5.11. Fcau wucao n ecmv cmenensb npocmozo wucaa,
n=p*, moc, =2 mod p.

Hampuwmep,
c;=2=2 mod2; ¢c3=5=2 mod3; c¢;=42=2 mod?5.

HJoxazaTesnbcTBo. I'pynmna BEIIeTOB Zsy,, IO MOIYIIIO 21 AeHCTBY-
€T Ha MHOXKECTBE IIPABUJILHBIX CKODOYHBIX CTPYKTYP U3 N Iap CKOOOK IO
caeyioreMy mpasmiry. OGpasyorias 9Toi IPYIIIbL TPE/ICTABIISIETCS K-
JIM9EeCKUM CABUI'OM Ha €JIUHUILY. HpI/I TaKOM CJ/IBUI'C

1) camast JieBasi CKOOKa CTUPAETCS;

2) BMECTO Hee B CTPYKTYPY JI00aBJISIeTCs camas IIpaBasi CKOOKa;

3) npaBas ckoOKa, apHasi CTEPTON CaMoil JIeBOil CKOOKe, 3aMeHsIeTCst
Ha JieBy1o ckoOKy. Bce ocranbubie ckoOku He mensiiorcs. [Ipu n > 1y sroro
JIefiCTBUS HET HEIOJIBMKHBIX TOYEK.

PosHo ommaa opburta Takoro jeiicrBust umeer juimHy 2. OHa COCTOHT
13 CKODOYHBIX CTPYKTYD

000 u (0...0)

—_—— N

n map CKoGOK n — 1 nmapa
CKOGOK

JJTMHBI OCTAJIBHBIX OPOUT JEJSTCS Ha P, 9YTO U JOKA3BIBAET yTBEPIKIIE-
HHE. O

5.9. Pentenue oO0bIKHOBEHHBIX auddepeHnarbHbIX
ypPaBHEHU HA MpousBoasnine PyHKINN
IIpu BBIBOJIE mpou3BOAANUX (DYHKINNA Jjisi CTOPOH BepHysum u Dii-

Jilepa TpeyroJibHuKa BepHynmn—Iiiiepa HaM IPUILIOCH perarh nudde-
peHImaibable ypasHenus Ha rtu dynkuuu. O6a stu ypasaenus (5.3)



5.9. O6bikHOBeHHBIE MU dEPEHITUATBHBIE YPABHEHUS 81

u (5.5) HpUHA/JIE)KAT K OJHOMY KJIacCy OOBIKHOBEHHBIX i depeHInaib-
HBIX yPaBHEHHUil, BOIIPOC O CYIECTBOBAHUU U €JUHCTBEHHOCTH DeIIeHUs
KOTOPBIX pelraeTcsd cjedylomneil TeopeMoil.

Teopema 5.12. Paccmompum o0bwkHosenHoe JduddepenyuanvHoe
ypagHerue

f'(s) = F(s, f(s)) (5.9)

Ha npoudsodswyto dynryuto f(s), ede F' = F(s, t) —npoussodsuasn dymx-
YUA 0BYT NEPEMEHHBIT, ABAAOULAACH MHO20ACHOM NO t (M. e. cmenend F
no t konewna). Tozda dasn xasicdozo f, ypasnenue (5.9) umeem edun-
cmeentoe pewenue, ydosaemsopsrouwee yeaosuto f(0) = fo.

Hast ypasuenust (5.3) dyukuus F umeer Bu
F(s, t)=t>+1,
a juig ypasHenus (5.5) oHa paBHA
F(s, t) = B(s)t.

HokazarenmbcTBO TeopeMbl. JlokazareabCTBO IIPOBOIUTCS
OOBIIHBIM CITOCOOOM TTOCJIETOBATEIHLHOTNO HAXOXKICHUS KOI(DPUIMEHTOB
bdyukuuu f. Ilycrs cremnens F' 1o t paBHa n 1

F(s,t)=(Fyo + Fios + Foos® + ... ) + (Fou + Fiys + Foys® + .. )t +...
coit (Fop + Frps + Fops® + . 0t f(8)=fo+ fis+ fos> + ...

IpupasausBast KoaddunuenTs npu s° B JIeBOI U IPaBOil HaCTIAX ypaB-
Henud (5.9), moayvaem

fi=Foo+ Forfo+ ...+ Foufo-
Amnayormdno, paBeHcTBO KoadpuuenTos npu st maer
2fo=Fio+ Forfi+ Fufo+ ...+ Fo fi i + Fuo fy-
Boobe, f,, HaxomuTcs u3 ypaBHEHUsI
nfn=..., (5.10)

rJe TOYKaMu 0OO3HAUEeH MHOTOWIEH OT KoddduiumenTos dyuknuu F u

ko3ddurmentos [y, fi, ..., fn_1 Gysknun f. [Ipu kaxjgom n >0 ypas-
uenue (5.10) uMeer eMHCTBEHHOE PEIIEHUE, U TEOPEMa JOKAZAHA. O
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5.10. Sagaun

5.1. Muorousien Yebnimesa T, omnpejessiercs hopMyJIoi
cosng =T, (cos ¢).
Bor Heckosbko mepBbIX MHOrOWwIeHOB UebbIresa:
To(zx)=1, Ti(z)=w, Ty(x)=22>-1, Ty(z)=42>— 3.

Hokazkure, uaro T, (z) = 22T, (z) — T,,_,(z) u BbIBeAUTE OTCIOMA, ITO

n__ 1—tx
> Tu)t" = 1— 2z + 2

n=0

5.2. Ilycrs nocienoBareabHOCTD {a, }, HaduHAKOmAsICA ¢ ducea 1, 1,
2,5, 17,73, ..., ollpeeeHa yCJIOBUAMA

a0:a1:17 an+1:(n+1)an— (’g)an_27 n>1.

Jokaxkure, 4TO IKCIOHEHIMAIbHAS LpousBoismias Gyukuus A(s) mis
9TOIl 1TOCJIeI0BATEILHOCTH YIOBJIETBOPsiET M PEepPEeHITNAIBHOMY YpaBHE-

e (1—s)A'(s) = (1- 232) As)

U UMeeT BUJL ,
A(s) = (1 — s) 71/ 2es/2+s7/4,

5.3. Hokaxkure, 94TO

a) cymMma u npoussejenue asyx ynkuumit I'ypsuna ssisercs QyHK-
nmeit ['ypBura;

6) mpomsBomHas u uHTErpaJ dbyukuuu [ypeuna seiasercs dyHKImeR
ypsuna;

B) pesyabrar nojcradosku dyukimu Lypeuiia B dyuxiuio [ypsuia
aBaserca pyukiueit ['ypsua;

I') ecyid B yCJIOBHsX TeopeMbl 5.12 npaBas yacTb F' ypaBHEHUS sIBJIsIET-
cst dyukiueit ['ypsuria n qucio fy mnesoe, To perenne f 3T0ro ypaBHeHUsI
¢ HavasbHbIM yesosueM f(0) = f, Oymer dyuknmei 'ypsuna.

5.4. ﬂOKa}KI/ITe, 49TO MHOI'OYJI€HbI BepHy.H.HI/I C HEeYEeTHBIMU HOME€paMMn
1

=t 1 aBasioTcs ux

JlesiATest Ha MHorowrten B; = z(2x — 1)(x — 1), me. 0
KOPHSIMU.
5.5. Jlokazkute, 9TO 3HAKU Unce)] BepHyJTH ¢ HEIeTHBIMUA HOMEPAMU

ueperyIoTCH.
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5.6. JlokaxkuTe, 4TO JJIsi MHOTOUJIeHOB BepHymmn B, (x) BBIIOIHSIOT-
csl PABEHCTBA,

a) Bn(l—fﬁ) (=1)" B (x);
6) (—1)"Bn(—x) = By(x) + na"
B) (B, () dt = Brt1@) = Buia(@)

)
n+1

Q8

d
_ _ dz
5.7. Hdokaxure, yro MHOrOo4wIeHsl Bepuyim B, (z) = — "
edr — 1
[[Tozckaska: NpoBepbTe, UTO ONEPAIUIO YepeHeHns A MOXKHO orpejie-

fz Pz yae
&)+ é)+ é)

d
edr — 1
quth paBencrBoMm A(f(z)) = Tf(x) =
dx
5.8. O6o3HauuM 4epe3 a, , 4UCI0 LyTeill B TpeyrosbHuke uka, co-
CTOSIIIUX U3 7 3BEHbEB, IUIOMIAIb 10/ KOTOPBIMU paBHA k; dg1 =1, a ), =0

upu k gersoM. Jlokaxkure, 94TO
. 1
t)= Z A 8" t" = 5 .
s°t
1 - - -
1—
1—

+o ]

23
20
1—...

5.9. J/lokaXuTe CIpaBeIINBOCTDL CJEAYIONINX PA3JIOKEHUT B HEmpe-
PBIBHBIE TPOOH:

a)

2- 352
k(k + 1)s?
1—...

1—...—

rje B(s) —npoussomsimasi HbyHKIUs JJIsi CTOPOHBI BEPHYJIN TPeyroib-
nuka Beprymmm—9itepa;

6)
oo . 1
Z(Zn — s = 2 ,
n=0 1— —_—
1_ 2s
352
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- 1
Z_Tns”: 2 ,
n=0 1—s5— 5 3
2s
1—s— 5
1_s— 3s
1—...

riae In — YHCJIO I/IHBOJ_HOHI/H‘/JI (HepeCTaHOBOK, KBaJApaT KOTOPBIX €CTh TO2K-
JleCTBeHHaAd HepeCTaHOBKa) Ha MHOXKeCTBe€ U3 7 9JIEMEHTOB, Il = 1, 12 = 2,
13:4’ 14210, ceny

r)

i(n—&— Dls™ = ! ;

1-2s2
n=0 1-—2s— 52 =
1—4s — '83 "
- 48
L=6s =97

[[Tonckaska: Ilpumumem K Jiro6oit nepecraHoBKe MHOXKecTBa {1, ...
., n+ 1} cuaeBa u cupasa 0, a 3aTeM COIOCTABUM KAXKJIOMY JIEMEHTY

i=1, ..., n BekTOp B Tpeyrojbuuke Moukuna.|
)
= 1
g™ —
g nls 2.2
n=0 1-s5—
2252
1—-3s— 55
3°s
1—5s—
1—
[[Tomckaska: Ipumummem K 060 TepecTaHOBKE MHOXKeCTBa {1, ..., n}
ciaeBa 0, a cmpaBa n+ 1, a 3aTeM CONOCTAaBUM KaXKJIOMY 3JIEMEHTY
i=1, ..., n BeKTOp B TpeyroabHuke MonkuHa.|

5.10. PaccmorpuM rumepreoMeTpudeckyro (DyHKITIIO

ne) =1+ (3) s+ (53) 5+ (5oa) s+

a) Jokaxkure, 4ro

s(1 —s)h"(s) + (1 —2s)h/(s) — ih(s) =0.

6) Haiigure acumnroruky xoaddurmentos dynkiuuu h.
5.11. /lokaxkuTe, ITO CTEIIEHHON PsIT

25 652 2083 2n\ s"
y(S):1+F+7+ 30 ++( )7

n /) n!
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yA0BJIeTBopsieT tuddepeHuaIbLHOMY yPaBHEHIIO
sy" + (1 —4s)y —2y=0.

5.12. HaiiuTe HECKOBLKO TIEPBBIX UJIEHOB PA3JIOKEHUSI 10 X PEIIECHUsT
y b depeHIuaIbHOTIO yPaBHEHUS

y' =2+ 3z — 2y + 2 + 2y.

arcsin s

5.13. okaxkwnre, 9T0 (PYyHKIHUA y(s):m
—s

YIOBJIETBOPAET

nuddepeHInaIbHOMY yPABHEHHIO
(1-s")y —sy=1,

U HafiIUTe MOC/IeI0BATEIHLHOCTD €€ KO3 PUITHEHTOB.
5.14. Beimumure quddepeHninaibHoe ypaBHeHe, KOTOPOMY VJIOBJIe-

TBOpAET beHKI_II/IH
2 2
es Sefs /2’

7 HAWIATE TTOC/IEIOBATEIbHOCTD ee KO MUITNEHTOB.

5.15. Bermumure Tpeyroibauk beprymmm—3ittepa mod 2.

5.16. [okaxkure, 4TO YUCJIO HEPA3JIOKUMBIX CHCTEM MEAHIPOB (CM.
samady 4.5) mopsiaka p™ (rje p—upocroe, m > 1) cpaBHUMO € 2 1O MO-
YO P.



I'nmaBa 6

Pazbuennsa n pazioxkeHnusi

6.1. Pa3zOuenusi u pa3jio>kKeHus

B mepgoii riiaBe, pelnasi 3aa49y PO YUCJIO CUACTIMBBIX OUJIETOB, MBI
y2Ke M3ydajy BOIPOC O UUCJE IIPEJICTABJICHUI HATYPAJIbHOTO YHCJIA 1 B
Buze cyMMbI k ciaraembix. OcTaBuM B CTOPOHE OIDAHUYEHUE HA, BEJIUIU-
Hy cJaraeMbiX (B 3a3Ja4e O YuCjie CYaCTIUBBIX OUIIETOB cJlaraeMble ObLIn
mudpaMu, HOITOMY UX BeJMYUHA He JOJKHA Oblia npesbimars 9). Haii-
JIeM, CKOJIbKMMHE CITOCODAMHU MOYKHO IIPEJCTABUTD YUCJIO 7. B BUJIE CYMMBI
HEOTPUIATETbHBIX CJIATAEMbIX.

JBa mpeJicraBiaeHust

n:a1++0,k:bl++bk

OyIeM CYNTATH Pa3IMIHBIME, €CJIM G; 7 b; XOTs OBl JJIsl OJHOIO UHIEKCA 7,
1 < ¢ < k. Takoe npejcraBjienne ducja n OyJileM HA3bIBATH €0 PA3A0XHCe-
HUEM.

IIpenmnoxxkenue 6.1. ucao passusHvlr PasAoHCEHUT YUCAA T 8 CYM-

n+k-—1
MY K UEABT HEOMPUUATMEALHDIT CAGZAEMDIT DABHO b1 .

HokazarenbcTBo. [lpeacraBum cebe dmciio n B Buje HAOOpa U3
N OJIMHAKOBBIX IIAPUKOB, JIEXKAINX Ha IpsaMoil. KaxXaoMy pasioKeHuio
qncia n B CyMMy k CaraeMbIX COIIOCTABUM PaCCTAHOBKY k — 1 majod-
K MeXKJy IapuKaMu. DJIEMEHT a; Pa3JIOXKEeHUs] PABeH YUCJIy IIapUKOB
MeXK/y IIaJIOYKaMi ¢ HOMepaMu 1 —1mua. BI\{GCTG IIaJIOYKU U IMIapUKHU CO-
craBysior n+ k — 1 npeamer. [Ipu sTom HazHaunTh k — 1 mpeamer maiod-
n+k—1

k—1

JIOKA3aHO. 0

KaM# MOXKHO DOBHO ( ) pPa3IMIHBIME crtocobaMu. Y TBEPKIIEHUE

Hecnoxxuo BBIICATH U TTPOU3BOAAIILYIO (DYHKITUIO JIJISI IUCJIA PA3JIO-
kennit. [lo cyTu jiesra, MBI y2Ke ciesaan 3TO B IEPBOil TiiaBe.
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IIpennoxkenue 6.2. [Ipouszsodawan GyHKUUA OAL YUCAE PA3AOHCE-
Hutl na k craeaemoir umeem ud

Bu(s)=(1—s)7™.

CroxHee MOACYNTATH YUCTO pasbueHuit ymciaa n. Pasbuenuem Mbl
OyIeM Ha3bIBATH KJIACC SKBUBAJCHTHOCTH PA3JIOKEHU, HI OHO U3 CJIara-
eMBIX B KOTOPBIX HE paBHO HyJ0. [Ipy 9TOM /1Ba Pas3io:KeHus CINTAIOTCS
9KBHUBAJIEHTHBIME, €CJIM OJHO MOXKHO IIOJIYYUTH U3 JIPYIOro IEPECTAHOB-
KO cJiaraeMbIX.

Bot Bce pasbuenusi MaJeHbKUX GHCET:

n=1 1

n=2 2=1+1

n=3 3=24+1=1+1+1

n=4 4=34+1=2+2=2+14+1=1+1+1+1

n=5 5=44+1=3+2=3+1+4+1=
=24+241=2+14+141=14+14+1+1+1

Ob6paruTe BHUMaHUE HA TO, YTO KarXK70e pa3dueHne B TaOJ/IMIIE 3AIMCAHO
B TOpsi/iKe YOBIBAHUSI CJIATAEMBIX: JIBA Pa30MeHNsl, 3aMUCAHHBIX B TAKOM
BU/IE, JIETKO CPABHUBATD.

O603Ha9UB YUCJIO Pa3bUEHU THCIA N IePe3 P,,, HOJYyIaeM TAOIHILY
Ha4YaJbHBIX 3HAYEHUN IOCIe0BATELHOCTH Py,

n 0 1 5 6 7 8
1 7 11 15 22

2 3 4
Pn 1 2 3 5

Hama 6/mmkaiiimast 3a1a1ua — HaifiTH TPOU3BOISIILY O (DYHKIIUIO JIJIsT [10-
CJIEJIOBATENIBHOCTH D,,. [ljIst 9TOr0 mojicunraeM cHavYa 8 YUCI0 Pa3dbueHnit
HA YACTH, YIOBJIETBOPSIONIME HEKOTOPBIM orpanndenusaM. [lycrs P (s) —
[POU3BOALAIIAS (PYHKIU [JIsd YUCIa pa3OueHuil yuciaa n Ha JacTu, PaB-
sble 1. O4eBUIHO, YTO JIJIsT KaXKJI0T0 YNCIIa TAKOe pa3bueHne eJJMHCTBEHHO,

II03TOMY
1

1—-35s"

P(s)=1+s+s+s+...=

YHucso pazdbuenuit yucsja n Ha IaCTU, PaBHbIE 2, paBHO 1 JIJIsT T€THBIX
TN ¥ paBHO HYJIIO B TPOTUBHOM ciydae. [losTomy

1

PQ(S):1+S2+S4+$6+...:W.
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YHucmo pa3bueHunit wucjia N Ha YACTU, HE TPEBOCXOJIAINNE JIBYX, TE€M
CaMbIM, OIUCBIBAETCS IPOU3BOIAIIEH (DyHKITHEH

1

Pl(S)PQ(S) = m

Amnajnornuno, unciy pasbueHuil n Ha 4acTH, paBHBIE TPEM, COOTBETCTBYET
npoussozsiias Gyukiws Ps(s) =1/(1 — s*), a uncno ero pasbuenuii Ha
YaCTHU, He PEBOCXOAIINE TPEX, ONMUCHIBAETCS MPON3Boasmeil dhyHKImeit

1
(1—s)(1—s2)(1—s3)"

Pi(s)Py(s)Ps(s) =

[Ipomoskast 3T0 paccyxKaenne, Mbl IPUXOINM K CJIEAYIONIE TeopeMe.

Teopema 6.3 (Ditnep). IIpoussodawan Pynryus dan wucaa pasbue-
HU wucaa N umeem ud
1
(1-5)(1—-3s2)(1—-s3)(1—s%)..."

P(s) = (6.1)

st Toro, YTOOBI IPUAATH YTBEPXKIEHUIO TEOPEMbBI CMBICJI, HEOOXO -
MO MOSICHUTD, YTO HOHUMAETCS MO OECKOHEIHBIM TPOM3BEICHUEM, CTOS-
UM B 3HaMeHaTeJe IpaBoil yactu pasencrsBa (6.1). To upousseieHue
JIOJIPKHO OBITH (DOPMAJILHBIM CTEIIEHHBIM PsII0M

Q) =q+q@s+@s®+...=(1—-s5)(1-5)(1-35)... (6.2)

s Toro, 9ToObI CKa3aThb, UeMy PaBHBI KOIMDMUIMEHTH (g, 1, Go, - - -
0GECKOHEYHOTO MPOU3BEICHNUs], TOCMOTPUM CHAYAJIA HA KOHEUHBIE IIPOM3-
BEJICHUST:

l-s=1-s
1-5)(1-5)=1—5—8>+3s"
(1-s)(1-s)1-5")=1—s5—5> +st 4 % —s°
1-5)...1-s")Y=1—-s—8" +2s° +
1-8)...1-8)=1—s—8° + 8%+

Buyao, 90 K03 PUIUEHTHI B 3TUX KOHETHBIX MPOU3BEICHUAX «CTaOH-
JIMBUPYIOTCS» — HAYUHASL C HEKOTOPOIO MOMEHTa T1EPECTAI0OT U3MEeHSAThCS
(CTaOMAM3UPYTOIMUECsT YIIEHBI PA3JIOYKEHWs! BBIJIEJIEHBI). JTO U HEyJNBH-
TeJBHO: yMHOXKeHHEe Ha 1 — s* me mensier ko3dbdUIMEHTOB MHOTOWIEHA
OpU CTeNeHsix, MeHbIHX k. [I03TOMY MBI MOXKEM ITPOCTO MOJIOKHUTD (j
paBHBIM K03 durumenty mpu s* B Mmuorowrene (1 — s)(1—s?)...(1 — s").
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Ternepb MbI MOYKEM BBINICATH AHAJIOTHIHbIE GECKOHEUHBIE TPOU3BE/IE-
HUST U JjIs1 pa3OueHnit ¢ pa3InIHbBIME OrPAHUIEHUSIMU.
Taxk, unciio pa30bueHUt HA PA3INIHBIE CIATAEMBIE TAETCS TPOM3BO/Is-
meit pyHKImeit
(1+s)(1+s*)(1+s%)...,

IPOU3BOsAIIAast PYHKIINS JIJIs1 pa3OueHuil Ha pa3jIndHble HeYeTHBIE ciiara-
eMble MMeeT BU]L
3 5
1+ +sH(1+5)...,
a pasOMeHHs Ha I[POU3BOJIbHbIE HEYETHBbIE CjIaraeMble IePEedUC/IAIOTCS
IPOM3BO/IsAIEH DYyHKIIHEH

1
(1-5)(1—=s3)(1—-s5)...0

" T. .

Pazbuenusi TecHo cBsi3aHbl ¢ anaredpoit MHOrOYIEHOB. Paccmorpum
KOJIbIO0 MHOTOWIEHOB C[Z1, T9, X3, ...| OT GECKOHEUHOTO YNCIIA TTEPEMEH-
HBIX. Byjem cuwmrarh, 9TO IEepeMeHHON I; NPUIMCAaH BEC ¢ W YTO IIpU
[IEPEMHOXKEHUY [TEPEMEHHBIX UX Beca CKJaJIbIBatoTcst. [logcunraem 1ucsio
MOHOMOB BECa M, T.€. Pa3MEPHOCTh MIPOCTPAHCTBA OMHOPOIHBIX MHOTO-
TIEHOB BECa M.

[Tpu n =1 Takoit MOHOM BCETO OJINH — TO MOHOM X . [Ipn n =2 numeercs
JIBa MOHOMa BECA N —3TO L2 U Xp. UUCI0 MOHOMOB Beca 3 PABHO TPEM, 3TO
¥, 12, u x3. BoobIue, 91cio MOHOMOB Beca n PaBHO p,,. JeiicTBuress-
HO, KaXKJIOMy MOHOMY BECa 7 MOXKHO COIIOCTABUTH pa30HUeHUe YuCjIa 7 10
CJIEYTOIIEMY TPABUITY: YUCIO CJIAraeMbIX ¢ B Pa30MEHUN PABHO CTEIEHU
BXO2K/IEHUSI IEPEMEHHON T; B MOHOM. $1CHO, 9TO 3TO COOTBETCTBUE B3AMM-
HO OJIHO3HAYHO.

Bor mosiesHas reomerpudeckasi mHTEpIpeTanus pasduennii. Kaxxgoe
paszbuenne y100HO IPEJICTABIATD B BUjie duazpammv, Peppe niau duazpam-
Mo FOnea (cm. puc. 6.1). M306parkeHHble Ha 9TOM PUCYHKE JUATPAMMBI
COOTBeTCTBYIOT pas3bmenuio 5+ 4+ 4 + 2+ 1 gucaa 16. Kaxnas crpou-
Ka JIHarpaMMBbl COIEPKUAT CTOJIBKO JIEMEHTOB, KAKOBO COOTBETCTBYIOIIEE
cJraraeMoe pa3oueHus.

Ucnonwbsys muarpammbr @eppe wim FOHra, MOXKHO JIOKa3bIBaTh pas3-
JIndHBIE CBOVicTBa pasbmenuit. Hampumep, Ha mmarpammvax FOxra jeii-
CTBYET €CTECTBEHHAS MHBOJIIOINS — OTPAXKEHNE OTHOCUTEJILHO JINATOHAJI.
Hexoropeie auarpaMmbl IPH TAKOM OTParKEHUH epexoidr B cebs (cM.
puc. 6.2). Takue auarpamMMel (4 COOTBETCTBYIONIME UM pa3bueHust) Gyem
HA3BIBATH CUMMEMPUUHBLM.

JlokaxkeM ciieyromiee CBONCTBO CUMMETPUYHBIX pa30ueHuii.
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a) 6)

Puc. 6.1. Juarpammsr a) @eppe u 6) FOura

a) 6)

Puc. 6.2. a) Cummerpuunas auarpamma FOura; 6) reHTpabHble KPIOKU B Hei

ITpennoxkenue 6.4. Jucao cummempuuhoir pa3buenus Yucaa n pas-
HO YUCAY €20 Pa3OUEHUT HA PASAUYHDBIE HEYEMMHDBLE CAG2AEMbLE.

HoxazaTteabcTBo. [laa mokasaTesbCcTBa MOCTABUM B COOTBET-
CTBUE KaXKJIOfl CHUMMETPUYHOH uarpaMme JIUarpamMmy, COCTaBJIEHHYIO
U3 ee <IeHTPAJbHBIX KPIOKOB» (puc. 6.26)). Yucio KIeToK B KaxKIOM
[IEHTPAJIBHOM KPIOKE CHMMETPUYIHON JrarpaMMbl HEUETHO, W 9TH UUCTIA
onapuo pazaundabl. Haobopor, B34B [uarpaMmy, COCTABIEHHYIO U3 CTPOK
PA3JNYIHON HEYEeTHOM JJIMHBI, MBI MOYKEM <CJOMATH» KaXKJYIO0 TaKYIO
CTPOYKY TOCEPEINHE U COCTABUTH U3 IOJLY IUBIIIXCS KPIOKOB CHMMETPHY-
HYIO JTUATDAMMY. O

6.2. ToxxpectBo Ddiijiepa

Ipouseoagmast dbyHkuus (), 3a1aBaemas papeHCTBOM (6.2), OKa3biBa-
€TCsl OYEeHb MHTEPECHOM. DijIep MPOIOIKUII BEIUYUCICHUE ee KOIPMDUIn-
€HTOB U TIOJIYYUJI

Q(S):178752+55+5775127515+522+5267

g 10 | Bl BT (TO (T L 92 4 (100
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Buso, uro cpean K03 UIMEHTOB B BBIUYUC/IEHHBIX YJIEHaX BCTPEUYAIOT-
Csl TOJIBKO HYJIU, eIMHUIBI 1 MUHYC euHuIbl. HenyseBbie ko3 duimen Tt
CTOSIT HA HEKOTOPBIX BITOJTHE OIPEIEJIEHHBIX MECTaX W 3HAKW IIPU €IUHU-
[[aX MOMAPHO YEPEIYIOTCA. DTU HADJIOACHNS IPUBEJN Diljepa K TUIoTe3e,
KOTOPYIO MbI C(DOPMYJIUPYEM B BHJIE TEOPEMBI.

Teopema 6.5 (ToxknecTBo Diinepa).

Qo) =1+ (s 1),

1

=~
Il

HoxkazaTeabcTBo. IIpu packpbITuu CKOOOK Psi

Q(s)=(1-3s)(1—-5*)(1-35...

COJIEPXKUT TE K€ WIECHBI, 9TO U PsiJI JJIs YACIa Pa3dbueHnii ¢ pa3indHbIMA
cJlaraeMbIMU

(1+s)(1+s*)(1+s%...

OJiHAKO HEKOTOPBIE YJIEHBI TIPH 3TOM BXOJAT CO 3HAKOM IUIIOC, & HEKO-
TOpBIE CO 3HAKOM MHUHYC. 3HAK IIJIIOC MMEIOT YJIEeHBI, COOTBETCTBYIONIHIE
pasbueHNsIM Ha YEeTHOE YHCJIO CJIAraeMbIX, & 3HAK MUHYC — YIEHbI, OTBe-
qaromne pasoueHNsAM Ha HEYETHOE YHCJIO CIaraeMbIX. MBI JJOKaXKeM, 9T0
YHCII0 PA3OMEeHHil Yncaa N Ha 9€THOE W HEYETHOE UUCIIO CIATaEMBIX /(M-
HAKOBO JIJIsl BCEX 3HAYEHUI 1 KPOMe HEKOTOPBIX UCKJIFOUATETbHBIX.

IpescraBum Kaxkjoe pasbuenue B Buje juarpamMbl FOHra. Baxkuyio
pOJIb B JIOKA3aTeJbCTBE Oy/IyT UIPATh HIDKHSSA CTPOUYKA JUAIDAMMBI U €€
«BoKOBast muaroHasb» (cM. puc. 6.3).

Puc. 6.3. Huxxnas crpouka u 60koBast auaroHatb auarpaMmmel FOnra

[Iycts | — nunaa HUKHEH CTpOUKM, d — JJIUHA JUATOHAJN, k — THCIIO0
CTPOYEK B JiMarpamme, T.€. 9UCJIO cjaraeMbix B pasbuwenuu. Omupemeanm
0TOOparkKeHne MHOXKECTBA JUArPAMM, BCE CTPOYKHU B KOTOPBIX MMEIOT pa3-
HYIO JJIUHY, B ce0sl CJIEIYIOIIM 00pa30M:
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eciu [ < d, TO OTpezKeM OT JuarpaMMbl HI2KHIOIO CTPOYKY U IPUKJIENM
ee K JIUaroHaJin;

ecin | = d < k, To mpoesaeM TO Ke CaMoe;

ecau | >d u k > [, To HA06OPOT, OTPEKEM [TUATOHAJDb U IIPUKJIEUM €€
HU2K€ HUKHEU CTPOYKH.

C ocranbHbIME (MCKITIOUATENBHBIMA) JUArPAMMAMA He OyJieM Je1aTh
HUYEro.

Harme orobpazkenne MeHsIeT 9€THOCTb YUC/IA CTPOK B JUATDAMME, T. €.
YETHOCTb YHCJ/Ia CJIATA€MBIX B Pa30MEHNN, [T BCEX HEUCKIIIOUNTEIHHBIX
muarpamm. [losTomy ecsin MCKITIOYNTENBHBIX IUATPAMM C YUCJIOM KJIETOK

n HeT BooOIIE, TO Ko3bdunueHT npu s" B pasnoxennn Q(s) paBeH HYIO.
WckirounresibHBIE qUArPAMMbBI BBIJIEJISIFOTCST YCAOBUSIMEI

k=l=d nm k=d,l=k+1.
B mepBoM cirydae nMeeM

3k% — k

BO BTOPOM —

3k% 4+ k

n=(k+1)+ (k+2)+... +2k= "

B kaxXmoM U3 3THX CJIy49aeB UCKIIIOYATEIbHAS TUATPAMMA ¢INHCTBEHHA.
ToxkmecTBo Ditepa JJOKA3aHO. O

ToxkaecrBo Distepa gaet 3hHEKTUBHBIN CIOCOO BBLIYUCIECHUS YUCTA

pa3buenwuii gucmaa n. VIMeHHO, cIipaBeI/InBO CJIEYIONIee PEKYPPEHTHOE CO-
OTHOITIEHNE.

IIpennoxxxenue 6.6.

Pn = Pn-1 +pn—2 — Pn—5 — Pn-7 +pn—12 +pn—l5 T

,ZLefICTBHTeJIbHO, 9TO OY€BU/IHOE CJIEJICTBUE DaBEHCTBa
P(s)Q(s) = 1.

TlosmyyerHoOe peKyppPEeHTHOE COOTHOIIEHNE HAILIO 3aMEYIATETHHOE TIPH-
MeHeHne B «amuHeiike Oykcas!.

«dTa (hopMysia MO3BOJISIET OBICTPO COCTABUTD JOBOJIHHO JJIMHHYIO Ta-
OsuIly duces p,. BoT mpakTuteckuii COBET, KaK 3TO CAejaaThb. Bo3bMure

1Kpant. 1981. Ne8. C. 15.
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JIUCT KJIETYATON Oymarw — JIydIine BCero JBOMHOM TeTpajaubiil jmct. Or-
pexKbTe BJOJIbL €ro JJUHHON CTOPOHBI TOJIOCKY HMIUPUHONW 3—4 KJIETKWU.
ITonoxkure 3Ty MONOCKY Iepes; cOOON BEPTUKAJILHO U y JIEBOI'O Cpe3a B
HIKHEH KJIeTKe [TOCTaBbTe KAKOM-HUOYIb 3HAK, CKAaXKeM 3BE3JI0YKY. Ja-
TeM, JBUT'asICh BBEPX, HOCTABbTE B IIEPBOU KJIETKE -+, BO BTOPOH +, B IIATO
—, B CeJIbMOI —, B JBEHaAIATONH 4+, B MATHAAIATON + U T./I., HACKOJIb-
KO XBaTUT JJIUHBI MOJOCKU. OCTaBIIIyIOCS YaCTh JINCTA TAKKe IOJIOKUTE
mepes; coboil BepTukajbHO 1, orcTyist 10-15 KJIeToK oT ee JieBOro cpesa,
[IPOBEINTE HA HENl BEPTUKAIBHYIO 9YePTy — CBEpXy MOHU3y. B KjeTku, mpu-
Jieralolye K 4epre cjeBa, JABUrasCh CBEPXy BHU3, BIIUIIUTE U3BECTHBIE BAM
qucia p,, HaduHasg ¢ po: 1, 1, 2, 3, 5, 7. UTobbI HaliTH cliemyroIiee 3HaMe-
HUe, IPUJIOKUATE OTPEe3aHHYIO II0JIOCKY CIIpaBa K BEPTUKAJIbHOI UYepTe TakK,
9TOOBI 3BE3/I0YKA OKA3aJIaCh ITPOTUB IEPBOi mycToil Kierku. Tenepsh us
CYMMBI 9HCeJI, CTOSIIUX IIPOTUB ILIIOCOB, BBIYTUTE CYMMY YHCEJI, CTOAIINX
[IPOTUB MHUHYCOB. TO MOJIyIUTCS — BIUIIUTE B KJIETKY MMPOTUB 3BE3/10Y-
KH: 9TO cJiejyromiee 3naderne MyHKIuu p,. OMycTuTe MOJOCKY HA OIHY
KJIETKY BHU3 U MOBTOPHUTE TO Ke camoe. U Ttak jajee. Uepes HECKOTBKO
MUHYT BBl IIOJIy4YUTe KOJIOHKY 4YHCeJ P, BBICOTOII B Balll JIUCT».

6.3. Pa3bueHuss MHOXKeCTB M HeIIpEPbIBHbIE ApOOU

Tak ke, KaK 3aKpelJIeHNe BEPIINH MHOTOYTOJIbHUAKA yIPOIIAET IIepe-
JICJICHIE €r0 TPHAHTYJIAnuil (M. pasesn 2.5), Tak 1 pa3bueHnsT MHOXKECTB
Jlerde IMoJJIal0TCsI OMUCAHUIO, YeM pa30ueHusl duce.

Pacemorpum muokectBo N, = {1, 2, ..., n} HaTypajbHbIX Yncea oT 1
10 n. Pasbuenuem mHONKecTBa N, Ha3BIBAETCS €0 MPEICTABICHNE B BU-
Jie 00 beINHEHNS HEeITyCThIX HEeIIePEeCEKAIONNXCs MoaMHOXKecTB. Hanpumep,
MHOKECTBO N3 JIOMyCKaeT MATh pa3buenuii:

({12, 31y, {{1, 28, {33}, {{1, 31, {2}, {{2, 3}, {1}}, {{1}, {2}, {3}}.
YHucsio pazbuennit muOX)KecTBa N, 0003HAYUM U€pe3 p,, U 3aiimeMcs u3y-
YeHneM IIPOU3BOAAIIEN DYHKITII

P(S) :ﬁo +ﬁ18+2§282 + ...
(MBI TIOJTATaEM, 110 OIpeJIeeHno, Py = 1).

Kaxmomy pasbuenuto muOX)KecTBa N, MOXKHO €CTECTBEHHBIM 0Opa30M
COMIOCTABUTh pa3buenue [mcyia n. st 9TOr0 HY2KHO NPEICTABUTH 711 B
BHJIE CyMMBbI KOJUYIECTB IJIEMEHTOB B KaKJOM U3 MHOXKECTB DPA30MEHMUS.
Herpymuo nojcuntarh u 4ucao pasdbueHnit MHOXKeCTBa IN,,, OTBEYIAIONINX
JIAHHOMY Pa30MeHUIO

n=n1—|—n2—|——|—nk
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n
qUCsIa N. DJIEMEHTHI IEPBOr0 MHOXKECTBA MOXKHO BBIODATH ( ) crrocoba-
ni

n—ni
MH; TIOCJIE 3TOTO 3JIEMEHTHI BTOPOTO MHOYKECTBA MOYKHO BHIOpATH ( )
)

crocobamu u T. 1. Bcero pasdomrhb s7eMeHThI MHOXKecTBa, IN,, TT0 MHOXKe-

CTBaM C Ny, Mg, ..., N} JJIEMEHTAMU MOYXKHO
(n)(nfn1> (nfnlf...fnk_1>_
ni ng N N
o n! (n—ny)! (n—n1—...—np_q)!
nil(n —n1)! nal(n —ny —no)!” ny!0!

= it = G o)
nylna!...ny! ning...ng

cHocobamu.

Tlonyuennoe BbIpazkeHHe HA3BIBACTCT MYALINUHOMUANGHBIM KOIPHU-
yuewmom. OHO 0000IaeT OBUHOMHUATLHBIN KOIMDMUIIMEHT — YUCIIO coUue-
tannii. Kak HETPYHO BUJETH, MyJIbTHHOMUAJIBHBIN KOI(DMUIMEHT Tpe/I-
craByisier coboit koaddurment npu x7'xy? ... L " B PA3/I0KEHUT MHOIO-
wreHa () + ... + x)™:

n

(14 )" = Z (mnnk)x?lﬁzk

n1,e,ng =0
ni+...4n=n

OsHako yncyo pasdbuennit MHOXKeCTBa [V, , OTBEYaIONIX JTaHHOMY Pas-

OMEeHMIO YWCJIa 7, HE COBIAJAET B TOYHOCTH C MYJIbTHHOMHUAJBHBIM KO-

apdburmenrom. lego B TOM, 9TO MHOXKECTBA DPAa3OMEHUs, COEPKAIINE

OJINHAKOBOE KOJIMIECTBO 3JIEMEHTOB, MOXKHO HEPECTABJISITH MEXKIYy COOOM.
[ToaToMy TpaBHJIBHBIN OTBET UMEET B

(o)
mi!...mp!\ny...n /"’

T7e M; — 9TO YUCJIO IJEMEHTOB pa30neHus, paBHBIX i.

Kaxnomy pazdumenuio muoxkectBa N, Ha MOIMHOXKECTBA COMOCTABUM
IIyTh B TpeyroybHuke MornknHa 1o cieayooriemy mnpasuiy. Llycrs sste-
MeHT i € IN,, BXOJIUT B HEKOTOPOE IOJAMHOXKeCTBO paszbuenusi. Torma i-it
OTPE30K IIyTH OyIeT TOPU30HTAIBHBIM, eCJIi JTUOO0 COOTBETCTBYIOIIEE IO
MHOKECTBO COCTOUT M3 OJHOT'O dJIEMEHTA i, JIUOO IJIEMEHT | He SABJISeTCH
B IIOJIMHO2KECTBE HU MUHUMAJIbHBIM, HU MAaKCHUMAJbHBIM IJIEMEHTOM. i-i
OTpe30K myTH GyieT BeKTOpoM moabema (1, 1), ecom s1emMeHT § — MUHE-
MaJIbHBII B CBOEM IOJMHOXKECTBe, U OH OymerT BeKTopoM ciycka (1, —1),
€CJIM COOTBETCTBYIOIIUI 3JIeMEHT MakcumajieH. HadajibHas TOYKa MyTH
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HAXOUTCs, Kak 00bran0, B Touke (0, 0). Ha puc. 6.4 nsobpaskenbl pasdue-
Hue MHOXKeCTBa Ny U IIyTh B TpeyrojbHUKe MOIKHHA, COOTBETCTBY FOIINIA
9TOMY pa30UeHUIO.

{1,3,4,8,10},{2,6, 7}, {5}, {9}

Puc. 6.4. ITyts B Tpeyronpuuke MonkuHa, OTBEIAIOMNNE PA30HEHUIO MHOXKECTBA

fcHo, 9TOo I71d KaxKa0ro pa3dueHus My Th, OTBEYAIONIUN €My, SIBJISIeTCS
MIPABUJIBLHBIM: OH JIE?KUT B MOJOKUATEITBHON TOJIYTIJIOCKOCTH W 3aKAHINBa-
ercsa Ha BbicoTe (. [leiicTBUTEIFHO, CPEIU TMEPBBIX M SJIEMEHTOB MHOXKE-
crBa N,, 9YUCJI0 MAKCUMyMOB HE MOXKET IPEBOCXOIUTDH UUCJIA MUHUMYMOB
HU IIPU KAKOM M, a IPU M = N IUCJIa MAKCUMyMOB U MUHUMYMOB COBIIa-
JTatoT.

Tloncumraem, CKOIBKO pas3bueHUit COOTBETCTBYET IJAHHOMY IIyTH.
IIycTs HagagbHas YACTh IMIyTH, COCTOSIIAS U3 i OTPE3KOB, 3aKAHINBAETCH
Ha BBICOTE j, U HPEAIOJOKUM, 9TO HEPBLIE ] SJIEMEHTOB yKe pa3OuThI
Ha moaMHOXKecTBa. Ecim (j + 1)-it orpesok myru mnpencraBisier co0oii
BekTOp mombema (1, 1), To anemenT j + 1 siBJIsieTCsl MUHAMYMOM HOBOT'O
ITOJIMHOXKECTBa pa30ueHns, HUKaKUX JAPYTruX BO3MOKHOcTel HeT. [ToaTomy
KPaTHOCTh COOTBETCTBYIOIEro pebpa pasaa 1. Ecim 310 ropmsonTa b
HBIIl BEKTOD, TO OTBEYAIONIUN €My JIEMEHT MOYKeT JUOO BXOJUTH B OIHO
U3 yKe CYIIECTBYIOIMX MHOXKECTB (TaKuX BO3MOXKHOCTEH DOBHO j, Tak
KaK POBHO B j MMEIONIUXCS MHOXKECTBaX ere He 3aUKCUPOBAH MAKCU-
MaJIbHBIN 3sieMeHT), Jn60 06pa30BBIBATH OJHOJIEMEHTHOE MHOMKECTBO.
ITosTomy kparTHOCTH rOpH30OHTaJBHOIO pebpa pasHa j + 1. KparnocTs
BekTopa cuaza (1, —1) paBHa j, Tak KaK COOTBETCTBYIOIIUII €My JIEMEHT
MOXKeT OBITh MaKCUMAJBHBIM B OJHOM U3 j momMuoxkecTB. COOTBETCTBY-
Iolasi PacCTAHOBKa, KpaTHOCTeH Ha pedpax B TpeyroabHuke Morknna
n3obpazkena Ha puc. 6.5.

Takum 00pa3oM, ClipaBeInBa CJIEAYIONas TEOPEMA.
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Puc. 6.5. PaccranoBka kparHOcTell Ha pebpax, OTBedarolas IPOU3BOAsIIIei (pyHKIuN
pa3buenuii

Teopema 6.7. Yucao p, pazbueruti mmootcecmsa N, HG HENYCMBIE
NOOMHOINCECTNEA PABHO HUCAY NPABUALHLLT NYMel 0AUuNbDL I 8 MPey2ond-
nuxe Moukuna ¢ xpammnocmamu, usobpasicernom 1a puc. 6.5.

N3 nokazanHoil TeOpeMbl U TEOPEMBI 5.7 HEMEJJIEHHO BBITEKAET CJie-
JyIolee yTBEPXKIeHNe.

Caenctsue 6.8. [Ipoussodswas Gyrruus I:’(s) 0N HUCAG Pasbuerut
muoorcecmea N, packaadvi6aemcs 6 HenpepusHyto dpodo

P(S): 2

6.4. 3agaun

6.1. CroIbKIMU CITOCODAMU MOXKHO Pa3MeHSATh pyOJ/ib Ha MOHETHI B 1,
5, 10 m 50 xomeek?

6.2. CKOJIbKUMU CIIOCOHAME MOYKHO B3BECUTD 78 T' C TIOMOIIBLIO PA3HO-
Becok 1, 1, 2, 5, 10, 10, 20, 50 r Ha

a) OJIHOYAIIEYHBIX BECax;

6) JByXYAIlEeUYHBIX Becax?
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(IIpuMeHeHMe IBYX PA3IMYHBIX PA3HOBECOK OJIHOTO BECA JIAET PA3IIIU-
Hble B3BEIINBAHMUSI. )

6.3. Beskoe dmciio MoxkeT OBITH €MHCTBEHHBIM O0DPA30M 3aIllMCAHO
B JIECATUIHON cucTeMme caucienus. [loaromy

I+s+s+...+8)1+s0+...+57)...=

Joxazkure.
6.4. Tokakute, I4TO
1
(1—5)1—=s3)(1—-85)..."
6.5. JlokaxkuTe, UTO KaxKJOe IEJI0€ IMOJOKUTETHHOE UHUCJIO MOXKHO
[IPEICTABUTH B BUJIE CYMMbBI PA3JINIHBIX IEJIBIX IOJIOKUTEIHHBIX CJlara-

(1+s)(1+s)(1+s%...=

€MBIX CTOJIBKHMU 2K€ CII0COOAMU, CKOJBKUME €r0 MOXKHO IIPEJICTABUTH B
BUJIE CYMMBI HEUETHBIX (MOXKeT OBITh U COBIAJIAIONINX) CJATAeMbIX.
6.6. lokakute TOXKAecTBa ['aycca:
a)
(=)0 = =) g g g0y,
(1+s)(1+s2)(1+s3)... '

6)
(1—s3(1—shH1—-5%..
(1—38)(1—s3)(1—s%)...
6.7. JlokazkuTe, 9TO HATYPAJIHHOE YHUCJIO 1 MOYKET OBITH IIPEJICTABIECHO
B BUJIE CyMMBI MEHBIINX HATYPAJbHBIX caaraeMbix 2"~ — 1 cmocoGamm,

=145+ +s5+s10 4.

€CJIN JIBa IIpeJCTaBJIEHUA, OTINYIAIOIIUECd ITOPAJIKOM CJlaraeMbIX, CAUTaTb
Pa3/IN9YHbIMU. HaHpI/IMep, Yy qucjia 4 ceMmb HpeﬂCTaB.HeHI/IIU/IZ

4=34+1=14+3=24+2=2+1+1=14+2+1=14+1+2=14+14+1+1.

6.8. Haiiure npousBoadiyo QyHKIMO JJIs TUCTa CHMMETPUIHBIX
pa3bueHmii.

6.9. PaccMoTpuM KOJIBIIO MHOTOYJIEHOB OT OECKOHEYHOro Habopa Ire-
DPEMEHHBIX, B KOTOPOM IIEDEMEHHBIM MPUINCAH BEC, IPUYEM YUCIO [epe-
MEHHBIX Beca i KOHEYHO isi JI06oro 4. OBO3HAYNM ITO YHCIO Yepe3 ¢;.
Beimurmmre npousBojisinyo YHKIUIO [Tl TTOCJIEI0BATEILHOCTHA Pa3Mep-
HOCTEl IPOCTPAHCTB OJIHOPOJIHBIX MHOI'OYJIEHOB BECa N.

6.10. OGoznauum 4epe3 G, CyMMy Jejureneil ducia n (Bimodas 1
u camo n); Harpumep, o =1+ 2+ 3+ 6 =12. Ilycrs X(s) —upoussoismias
bYHKIWS 1T TOCTIEI0BATEIBHOCTH Gy,

Y(s) =5+ 35"+ 45> + 7s* + 65" +12s° + ...
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a) Jokaxkure, 4TO

Y(s)P(s) = sP'(s),

rje P(s) — npousBojsinast byHKIUS JJIsl IUCIIa PAsOUeHMH.
6) BoiBesuTe 0TCIOJa PEKYPPEHTHOE COOTHOIICHUE HA YUCTA Oy, .
6.11. JlokaxknuTe, 9TO TOCIEIOBATEIBHOCTD P, 9UCe Pa3dueHnii pac-
TeT MOHOTOHHO W OIIEHUTE CKOPOCTH €€ POCTa.
6.12. JlokaxkuTe, I9TO HpOI/ISBO,ILHgLaH byHKIUA 718 YUCTIa JUArPaMM

FOmnra mo mosryiepumMeTpy paBHA T on
6.13. /lokaxkure, ITO

Z min(ny, Mg, ..., )t 52 .t F =
n1,ma,.. =1
tite ...tk
(1 —tl)(l — tg) e (1 — tk)(l —t1ta .. .tk) ’

6.14. BoimumuTe HEIPEPBIBHYIO ApO0OL TSt IPOU3BOIAIIEH DYyHKITNN
Q(s, t), koabdurmenT ¢, (t) = Gp nt™ + ¢un_1t"" ' + ... + ¢, 1t IpH 8" I
KOTOPOH €CTh IIPOU3BOJSINUI MHOIOYJICH HUCEIL ¢y, , PA30UeHuil MHOXKe-
crBa N,, Ha k HEIyCTBIX MOJMHOXKECTR.




I'maBa 7

IIpousBoggamine byukoun /lnpnxiie
1 (popMyJIbl BKJIIOUEHNS-NCKIIOUEeHIS

7.1. IlpuHIIUTT BKITIOYEHUSA-UCKITIOYEHUS

O6parumcst K O49eHb IPOCTOil 0bmeit Teopeme (HOPMaAIBLHON JIOTHKH.

IIycte B — kakoe-imb0 KOHEYHOE MHOXKECTBO, JIEMEHTBI KOTOPOIO
MOTYT 00JIaJIaTh HEKOTOPBIMU U3 CBOUCTB Ci, ..., Cp. OOO3HAYMM de-
pe3 N(c¢), 1<i<m, 4ucio 3/1eMeHTOB MHOXKecTBa B, 00Ja1aoimx
CBOMCTBOM ¢;, uepe3 N(c¢;, ¢;), i # j, — IUCJIO HJIEMEHTOB MHOXKeCTBa, B,
00JIaJAFOIIIX OJHOBPEMEHHO JIBYMsl CBOMCTBAMH C;, C;, U T. 1. IlycThb Tak-
ke N(1) — obiiee 9ucIo 3IEMEHTOB B MHOXKECTBE B.

Teopema 7.1 (IpUHIMII BK/IIOYEHUs-UCKIIOUCHUSA). JUCAO dAeMeH-
moe 6 mmooicecmee B, me obaadarowur wu odHum u3 ceoticms ¢,
1=1, ..., m, pasHo

N(1) = N(¢;)—...= N(cm)+ N(cy, ca)+...— N(c, oy 3) — ...

HoxkazaTeabcTBOo. Pa3obbeMm Bce 37eMeHTHI MHOXKeCTBa B Ha
rpyunsi: B= By U B, U...U B,,, mputieM N0JIMHOXKeCTBO B; cocTtout u3
3JIEMEHTOB, 00JIaJIAIOIMNUX POBHO [ cBoiicTBamu. Paccmorpum mocienosa-
TEJHLHO BBIPAYKEHUST

N(1),
N(1) = N(c1) —... = N(cm),
N(1) = N(¢;) —...— N(cm) + N(c1, ¢2) + ...+ N(Cpm_1, Cm),

ConocraBuM KayKJOMy U3 9TUX BBIPAXKEHHI PACCTAHOBKY YHCEJ HA MHO-
xkectBax B;. IlepBoe BbIpaKeHHe COOTBETCTBYET IIPUCBOCHUIO KarKJIOi
IpYIIe KPATHOCTU 1 — MBI YJIM BCe 3JIEMEHTHI IO OJTHOMY pa3y. Bropomy
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BBIDa2KE€HUIO COOTBETCTBYET IIPUCBOECHNE MHOXKECTBY Bl KpaTHOCTH 1-— l,
TaK KaK IIpyU BbI9UTaHUNU Mbl Y411 Ka)K,ILbeI €ro 3JIeMeHT POBHO l pas.

l
Tperbe BbIparkeHue COMOCTABISET MHOXKECTBY B; KpaTHOCTH 1 — [ + ( ),

2
u T. 7. Takum 006pa3oM, mepexoji OT BBIPAXKEHUSI C HOMEPOM | K BbIparKe-
HUIO ¢ HOMepoM [ + 1 He MeHsieT KpaTHOCTU MHOXKeCTB By, ..., B;. DTu

KpPaTHOCTU pPaBHBI

! ! ! (1
(0) a (1) + (2) —et (=D (l)
9TO PABHO HYJIIO Jyist Beex | Kpome | = 0, OTKy/1a 1 BBITEKaeT Teopema. [

IIpuHIMI BKIIOYEHNSA-UCKIIIOYEHHUsT JIETKO 3allOMHUTD C IIOMOIIBIO CJIe-
JYIOIIEro IPOCTOT0 MHEMOHUYIECKOro mpasmia. Ilycrs 1 cooTBeTcTByeT
obbexkTaM, 001 JAIOTIIIM BCEMH CBOMCTBaMMU, 1 — ¢; — BBIpasKeHNE JJIst 00b-
€KTOB, He 00JIaIAIoNINX CBOMCTBOM ¢;. Torma BbIpakeHue it 00bEKTOB,
He 00JIaJIAIOIINX HU OJIHUM U3 CBOWCTB Ci, ..., Cp, OYJIET UMETH BH]L

I-ec)1—¢)...(1=cp),
OTKYy/la, PACKPBIBAasd CKOOKH, IOJIydaeM
lI-c)l=¢)...(l—cm)=1l—c1—...—Cmnt+crca+...— 13¢5 — ...

IIpumeHnM TPUHITUIT BKITFOUEHUSI-UCKTIOUCHUS JIJIsT HAXOXKIEHUS TIC-
JIa CYACTIIUBBIX OMJIETOB. 3aMETUM, UTO YUCJIO CIACTIIUBBIX OMJIETOB PABHO
qucyty OmsIeToB ¢ cymmoit 27. JleficTBuTeIbHO, MyCTh OMIeT a1b,ciasbycy —
cuactiubbiii. Conocrasum emy 6mier a;b;c; (9 — az)(9 — by)(9 — ¢,), cym-
Ma 1udp KOTOPOro paBHa 27. DTO COOTBETCTBHE, OYEBUIIHO, B3AUMHO-
OJTHO3HAHO.

Paccemorpum Temeps MHOXKECTBO BCEBOZMOXKHBIX PACCTAHOBOK HEOTPH-
[ATEJIBHBIX IEJIBIX YUCEJI C CYMMOI 27 B IIECTH HO3UIUSX U BBEEM IIECTH
CBOICTB TaKuxX paccraHoBoK. CBONCTBO ¢; COCTOUT B TOM, YTO YHUCJIO B i-if
nosunuy He MeHbine 10. Yucsio cyacyimBbix 6UJIETOB PABHO YHCILY Pac-
CTAHOBOK, He 00JIaIaf0MNX HU OJHUM W3 CBOWCTB Cy, ..., Cg.

Yucso N (1) Bcex paccTaHOBOK HEOTPULIATEIBHBIX IEJIBIX YHUCEI C CyM-

. . 32
MOii 27 B IIECTH TO3UIAN PABHO ( 5 ) Yuciio N(¢;) paccTaHOBOK, y10BJIe-

TBOPSIONINX CBONUCTBY C;, OJIMHAKOBO JIJISI BCEX ¢ U PABHO ( 5 ) HeticTBu-

TeJIbHO, MBI MOYKEM IIOCTaBUTH B -0 mo3unmio uncjao 10, a ocraBmryocs

cyMMy 17 IPOU3BOJIBHO PACHPENEUTD IO IIECTH ITO3UITISIM.
AHaJIOTUYHO YHUCJIO PAaCCTAHOBOK, YIOBJIETBOPSIIONIUX OJHOBPEMEHHO

JIBYM CBOMCTBaM ¢; U C;, ONUHAKOBO JjIsl JII00OH Iapbl CBOUCTB U PABHO
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12 . .
( 5 ): MBI cTaBUM 4ncyIo 10 B 4-10 U j-10 MO3UIIUH, & OCTABIIYIOCST CyMMY 7

IIPOM3BOJIBHBIM 00PA30M PACIIPEIE/ISiEM 110 IIECTH MO3UIUSAM. TUCIO XKe
PacCTaHOBOK, YIOBJIETBOPSIONINX OJHOBPEMEHHO TPEM U 00JIee CBOMCTBAM,
paBHO HYJIIO, TaK KakK oOmasi cymma Bcex [ncesi menblrne 30. Takum o0-
pasom, obIree 9nUCI0 PACCTAHOBOK, HE YOBJIETBOPSIONIMX HU OJIHOMY W3
CBOWCTB ¢;, a, 3HAYUT, U ODIEee TUCJIO CIACTINUBLIX OHJIETOB, JAETCS CJie-
JIYIOIIUM TIPEJJIOKEHUEM.

Ilpennoxkenue 7.2. Yucao cuacmausur 6usemos pasgHo

32 22 12
- 6( ) 15( )
(5)-o(5)+13(5
PemmM ¢ TOMOIIBIO TPHHITATIA, BKITIOYEHIA-CKITIOUCHNS eITe OHy 3a-
JIady, UMEIOINLYI0 GOJILIIOe YUCIO0 MTPHUIOKEHNUH.
ITepecranoska 1 3s1eMeHTOB MHOXKecTBa {1, 2, ..., n} Ha3bIBaeTCa Gec-
nopadxom, eciu n(k) # k uu npu kakux k=1, ..., n. Obozuaaum uepes d,,

quci10 OECTIOPSIIKOB Ha MHOXKECTBE U3 1L 9JIEMEHTOB. BoT Hava 0 Tab/mibt
qrcesT OECTIOPSIIKOB:

Yr1o06b!I TIOICINTATE IUCIO OECTIOPSIIKOB, BBEJIEM 7 CBOHCTB IEpECTa-
HOBOK Ha& MHOXKECTBe M3 7 3jieMeHTOB. CBOWCTBO ¢; COCTOUT B TOM, UTO
[IEPECTAHOBKA OCTABJISIET Ha MeCTe 3JIEMEHT . UMCJIO BCEeX IepeCcTaHO-
BOK paBHO n!. Huc/io mepectanoBOK, yIOBIETBOPSIONIUX CBORCTBY ¢;, PaB-
HO (n — 1) mMbl dukcupyeMm i-ii 3J€MEHT [E€PECTAHOBKH, 8 OCTaJIbHbIE
MIEPECTABJIAIOTCS TPOU3BOJILHO. UHCIIO MEPECTAHOBOK, YI0BJIETBOPSIONIIX
JIBYM CBOWCTBaM ¢; W ¢;, paBHO (n —2)!: aBa 3jIeMeHTa IIepeCTAHOBKU
PUKCHPYIOTCsI, OCTAJIbHBIE TIEPECTABIISIIOTCS IIPOU3BOJIBLHO. BoobIIe, uncio
[EPECTAHOBOK, YIOBJETBOPSIONUX M cBoiicTBaM, pasuo (n —m)!. Takum
00pa3oM, MbI IPUXOIUM K CIIeAyIomei dpopmyIie.

IIpennoxkenue 7.3. Yucao becnopadkos Ha mHOMCECMEE U3 N dAE-
MEHMOB PABHO

do= (5= () o=1r+ (5)m—2)— ... =

1 1 1 1
— _ - _ = _1\"
n.(1 C g g e+ (1) n!).
IIpu n — oo BbIpakeHue B CKOOKAX CTPEMUTCs, KaK XOPOIIO U3BECTHO,
K e~ '. Takum 006pa3oM, GeCOPAIKH COCTABJSIIOT MPUOJN3UTEILHO €-YIo
JaCTbhb BCeX HepeCTaHOBOK.
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7.2. IIponsBoasinmue dbyukiuu npuxie n geiictBus
Ha/, HUMH

PaccmarpuBasmmecss HaMu paHee MPOU3BOIAIIME (DYHKIUU OTHOCH-
JIUCH K KJIACCY CTENEHHBIX psifoB. OHAKO B MYJIBTUILIMKATUBHON Teopun
qucest 6OJIbINee MPUMEHEHNEe HAXOIAT Tpou3Bosiye dyukiun Jupuxie.
CaMoil M3BeCTHOI CpeJin HUX sABJIsieTcss d3ema-pyrxyus Pumana

1 1 1

Obmas ke npousdsodauiasn Gynryus Jupurie, OTBEIAIONAS TTOCIET0-
BaTEJbHOCTHU Ay, g, 3, ..., UMEET BU/I

al as as
175—’—275—’_375—'_-.

Jzera-dyuknust Pumana orBeuaer nociemoBarensaoctu 1, 1, 1, .... Ona
UrpaeT [isi Tpou3Boasdmux GyHKIwmit JJupuxiie Takyio ke pojib, Kak reo-
MEeTPUUECKasi IIPOTPECcChst st OOBIKHOBEHHBIX ITPOM3BOMIANINX (DYHKITHI
U 9KCIIOHEHTA [JIsl SKCIIOHEHIMAIbHBIX Tpou3Boadanux ¢yuknuit. Obpa-
THTE BHUMAHNE HA TO, YTO HyMepalusi KO3(DOUIMEHTOB TPOU3BOISIIIX
dbyukuwmit upruxiie HAYNHAECTCHA C €IWHUIIBI, & HE C HyJsd, KaK 9TO OBbLIO
B CJIyuae OOBIKHOBEHHBIX IMPOM3BOMSNINX (DYHKITUIA.

IIpuuunoit, obycyiaBiauBaonieit BBeIeHUE TPOUBBOIAININX (OYHKITHIA
Jupuxie, CIy»KUT UX IMOBEJECHNE OTHOCUTEJHHO YMHOXKEHHs: I[PU IIe-
pemHOXKeHnn nByX byHKuuii A(s)=> a,n"* u B(s)=>.b,n"" Mbl
osryaaeM (OyHKITIIO

+...
> ab

_ kl=n
e = E 0
n

r7e BHyTpEHHEee CyMMHUPOBAHUE BEJETCs 10 BCEM PA3JIOKEHUSIM HUUCIA N
B IIPOM3BEJIEHHUE NIBYX COMHOXKHTeseil. Takum obpa3oM, HCIIOIh30BaHUE
npousBogmux dysxnuit Jupuxiie mo3BoJsieT KOHTPOJUPOBATH MYJILTH-
IJINKATUBHYIO CTPYKTYDPY HaTypajbHbIX ducesa. OTMETHM, 9TO CJIOKEHHEe
TaKUX MPOU3BOAANNX (PYHKIINAN COOTBETCTBYET OOBITHOMY MOUIEHHOMY
CJIOZKEHUIO I10CJIeI0BATEIHLHOCTEIA.

Ponb equuunpl mpu yMHOXKEHUU TPOU3BOAANUX dyHKIuit Jlupuxie
urpaer byukuus 1 =175, Jlobas nupoussomsimas dbyrknus Jupuxie A(s)
C HEHYJIEBBIM CBOOO/IHBIM WIEHOM, a; 7 0, obpaTuma: cymecTByer hyHKIns

aib1  aiba +agzbr | arbs +aszbr | aibs + azbs + asby
A(s)B(s) = T oY + 35 + 1



7.2. O®yukuu upuxire 103

B(s), Takas aro A(s)B(s)=1. Iloctponm o6paTHyO DyHKIMIO JJIsT J3eTa-
dbyukiun Pumana.

Teopema 7.4. Obpamnas dynxyua das dzema-dynryuu Pumana

umeem 6ud .
1
M(s) = 0s) Z

‘ s

20e

— 20€ 1,, — HYUCAO0 NPOoCmuvlLx eaumeneti wucaa n
1) 2det 0 ,

ECAU 6 PA3NOHCEHUU T HA NPOCMBLE MHOHCUMENU
Hn = HEM NOBMOPAWUTCA MHOHCUMeENel;

0 8 NPOMUBHOM CAYYAE.
IlocnenoBaTesbHOCTD W, MBI Oy/ieM HA3bIBATH NOCAEJ08GMEADHOCTILIO
Mubuyca, a dynkmuo M (s) — dynryuet Mybuyca.

HokazarenbcTBo. g 10Ka3aTEILCTBA MEPEMHOXKUM (DYHKIIAN
U(s) u M(s). Koapdunuent npu n=°, n > 1 B npoussenenun Oyuer paBeH

tn tn o (tn\

(0) _(1>+"'+(_1) (tn) =0
JlefiCTBUTENILHO, ITyCTh PA3JIOXKEHHE 71 Ha IPOCThIC MHOYKHATEIN UMEET BUJ,
n=p" .. .pf, rme t =t,. Torga kosdbdurment mpu m~* dymxmumn M (s)
YYaCTBYET B IPOU3BEICHAN C HEHYJIEBBIM KO3(D(MUIMEHTOM B TOM M TOJBKO

B TOM CJIy4ae, €CJIN T sABJIFeTCd IIPOU3BEJCHUEM HEKOTOPOI'O IIOJIMHOZKE-
CTBa MHOXKECTBa IIPDOCTBIX YUCEJI P, ..., Dt. Yucjio Takux IIOAMHOZKECTB

t
u3 k 37€MEHTOB PaBHO ( k)’ a 3HaK COOTBETCTBYIONIEr0 KOd(DDUIIEHTa,

npu m~° pasen (—1)F.
Teopema mokazana. O

s rHOKaSaHHOI'?'I TeopeMbl HEIIOCPEJACTBEHHO BbITEKaeT CJe/lyroliee
yTBEp2KACHUE.

CaencrBue 7.5. ITycmov f,, g, — dee nocaedosamenvrocmu, maxue

= th, (7.2)

t|n

2de cymmuposarue sedemcs no ecem desumenam t wucaa n. Tozda sne-
MEHMBE NOCAEAOBAMENLPHOCTNY, &, BVPANHCAIOMCA HEPES INEMEHMDBL NOCAE-
dosameavrocmu f, no npasuiy

= an/tfr (7.3)

t|n
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HokaszaTeabcrBo. eiicrBurensHo, paBeHCTBO (7.2) O3HAUAeT,
9TO

F(s) =T(s)G(s),

rie F(s) (coors., G(s))—»aro npoussousimas dyukms Jupuxie st mo-
CJIeJTIOBATEILHOCTH Tuces f,, (COOTB., g, ). YMHOXKast 06e TacTHh TOCIeHEr0
paseHcTBa Ha M (s), mosmydaem

M(s)F(s) = M(s)L(s)G(s) = G(s),
4TO U cocrasiisieT cogeprkanue pasencrsa (7.3). Cuencrsue nokazano. [

CyIiecTBOBaHNE U €IMHCTBEHHOCTD PA3JI0XKEeHNsT HATYPAJIBHOTO TUCIIA
Ha IIPOCTBIC MHOXKUTEIH IIO3BOJILIOT HAWTH NpPEICTaBJICHHE n3eTa-(yH-
KUY B BHJIE TIPOU3BEEHNs (1, COOTBETCTBEHHO, EIIE OJTHO MPEICTABIEHIE
dyukuun Mybuyca).

IIpennoxkenue 7.6.

1 1 1 1
=TT =117

M(s)=(1-27)(1=37)(1-5°)(1-77)...,

2de npouseedemm 6epym0ﬂ no ecem npocmuvim YUCAAM.

7.3. O6painenune Mybuyca

DopMysia CyMMbI T€OMETPUIECKOI TPOrpeccus, (hOpMyJIa BKIIOUCHHS-
uckroueHns 7.1, reopema 7.4 u dbopmysa obpamenus Diepa (6.1) sBis-
FOTCsI TIPOSIBJIEHUSIMU OJHOI'O IIPOCTOI'O ODIIEro IPHUHIUIA, HA3BIBAEMOIO
npuHIUIoM obparienns Mybuyca.

DTOT HPUHIUI ITO3BOJIET HAXOIUTH OOPATHYIO (DYHKIMIO K J3€Ta-
GYHKIY B TMUPOKOM KJIACCE CUTYAIUH.

A umeHHO, IIYCTb Sp, Sg, ... — HAGODP (BO3MOXKHO GECKOHEUHBIN) Hepe-
MEHHBIX, ¥ Mbl PACCMaTPUBAEM aJIrebpy CTEIEeHHBIX PSJIOB OT 3TUX Iepe-
MeHHBIX. Onpenenum dzema-pynryuro TaHHON aJirebpbl KaK CyMMY BCEX
MOHOMOB B 9TOl ajrebpe, B3ATHIX ¢ K0P PUIMEHTOM eIuHUIa. Tak, reo-
MEeTPUIECKas TIPOTPECCUsT

14+s+s2+s3+...

siBsieTCs f3eTa~-byHKINeH aarebpbl CTENIEHHBIX PSJIOB OT OTHOM IepeMeH-
Hoit. OyHKIwsi, obpaTHas J3eTa-pyHKIUNU, aBisierca gynryuetd Mybuyca
asirebpel. OHa TpeJcTaBsieT coDON CyMMY MOHOMOB aJireOpbhl, B3ATHIX
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C HEKOTOPBIMU KO3I(PDUITHMEHTAMH, KOTOPbIE MbI (DAKTUIECKHU Y2KE BBHIUHC-
JILJTA B TeopeMe 7.4.

Teopema 7.7. Kosfipuyuernm npu monome si'...s;™ 6 dynxyuu
Mubuyca aneebpor cmenernnvx pados Om NEPEMEHHUT Si, Sz, ... PaGeH
HYAIO0, ECAU KAKAA-HUOYDL U3 NEPEMENHBIT STOOUM 6 MOHOM CO Cmene-
Hoto, Goavwed 1 (n; >1 das xakozo-nubyds i), u on pasen (—1)™, ecau

6CE MM NEPEMEHHDIT 6L00AM 6 MOHOM 6 nepeoﬁ CMeENEHU.

HoxkazaTeabcTBo. MoXKHO IPOBECTH JTOKA3aTEIHCTBO TEOPEMBI,
[IOBTOPUB, IPAKTUIECKH JTOCJIOBHO, TOKA3ATEIbCTBO TeopeMbl 7.4. Mebr, o71-
HAaKO, IIPEJIIIOYTEM HECKOJIBKO IPYToii IyTh. /{esio B TOM, 9TO MBI IIOIIPOCTY
3HaeM obpaTHyo MYHKINO Jjsd A3eTa-pyHKIun. /lefictBuTennHo, cama
Jn3era~-PYHKIMS SIBJISIETCS IPOU3BEJIeHNEM J3eTa~-(DyHKIUN 0T KaXK 0l U3
[IEPEMEHHBIX S1, So, . ... [L09TOMY OHA IIPEICTABJISET COOOI TPOM3BEICHIE
reOMETPUYECKUX IIPOrPECCuin

(I+s+8+8+ .. )1 +sy+s2+s5+...)...

(Bamernm, 9T0 KO3(DMUIMEHT NMPH KaXKJIOM MOHOME SIBJISIETCS CYMMOI
KOHEwH020 ducia Konewhwux npoussenenuii.) ITostomy obparnas K Heit
dbyurnus Mybuyca npencrasisier coboil He YTO WHOE, KAK IIPOU3BE/ICHUE

(I —s51)(1—s82)(1 —s3)...,

OTKYJIa YTBEPXKJIEHUE TEOPEMBI CJIeJ[yeT MI'HOBEHHO.
Teopema jokazana. O

TTocmoTpuM, Kak TpUMEHSIETCS 9Ta TeopeMa. UToObI BHIBECTH U3 Hee
TeopeMy 7.4, pACCMOTPUM HAOOD IIEPEMEHHBIX S, S, Ss, S7, - . . (KAXKIOMY
[IPOCTOMY YHCJIy OTBEYAET OJHA II€PEMEHHAs, B KOTOPOU 3TO YUCJIO CJIy-
x)ut uHgekcoM). Torga anrebpa dyrkunii JTupuxie nsomopdHa anrebpe
CTEIEeHHBIX PSJIOB OT YKA3aHHOTO HAbOpa MepeMEeHHbBIX: SJIEMEHTY N~ %, T1e
n=p"...pkm — pasokenue YUCIA N HA TPOCTHIE MHOKHUTE/IH, OTBEYAET
MOHOM s’;} e s’;:;f aJIredphl CTEMEHHBIX PS/IOB. JIerko BUIETH, 9TO 9TO CO-
OTBETCTBUE JEHCTBUTEIHLHO 3a1aeT m3oMopduaM auredbp. Teopema 7.4 Te-
1ephb HEIOCPEJICTBEHHO BBITEKAET U3 TEOPEMBI 7.7 (Cp. npeiokenne 7.6).

TIpuHIMN BKJIIOYEHUS-UCKJIFOUEHUsT MOYKHO BBIBECTU U3 TeOpeMbl 7.7
caeayromuM crocoboM. Pacemorpum asireOpy MHOTOYJIEHOB, IMOPOXKJIEH-
HBIX IIEPEMEHHBIMU S, ..., S, (KaxKzas nepeMeHHas OTBEYaeT OIHOMY
paccMaTpUBAEMOMY CBOUCTBY), CPE3AHHHLIT MO cmenenu 06d. ITO O3Ha-
YaeT, YTO Mbl IIPUPABHUBAEM HYJIIO BCAKH MOHOM B aJjrebpe, eciu
KaKas-HUOYJIb IIepeMeHHasi BXOJIUT B HEI'O B CTEIIEHU BBIIIE, YEM IIEPBasi.
MonoMm s;, ... S;, B Takoil ajredpe OTOXKIECTBJIAETCS C IIOJAMHOMXKECTBOM
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{1, ..., i} MHOXKeCTBa {1, ..., n}. @opMysa BKIOUEHUSI-UCKIIOUCHUST
€CTb He YTO MHOe, KakK (opmysa st GyHKImr Mubuyca 310it anredps.

CToJtb 2K€ TIPOCTOI OKA3bIBAETCH U CUTYyaIus ¢ (POPMYJIOit oOpaleHust
IPOM3BO/IsAIIEH DYHKINK i uncya pa3omeHuii. ComocTaBuM KaxKIOMY
pasbUeHnio n="n; +...~+N,, MOHOM S,,, Sy, - - - Sp,, (€CJIH HEKOTOPbIE YACTH
B pa30ueHnH MOBTOPSIOTCs, TO CTEIEHb COOTBETCTBYIONIEH HMepeMeHHOM
B MOHOME PaBHA YHUCIY 3TuX yacreil). @yuknusg Mubuyca B 3Toit anredpe,
KakK Mbl 3HaE€M, UMEET BH/I

(I—51)(1—s2)(1—s3)...

IIpu nmojcranoBKe s, = s" mA3eTa-QYyHKIWS aJIrebpbl IPeBPaIaeTcs B Mpo-
u3BoIgILyIo DYHKIUIO Jjisl 9ucia pasbuenuil (meficrurenbno, koadbdu-
[IMEHT IIPU MOHOME §™ B TOJIyYeHHON (DYHKIINKM PABEH JHCILy BCeX pa30une-
uuii qucaa n). Obparnas K el dynkiua Mubuyca nepexoguT npu 3rom
B QyHKIIAIO

(1-95)(1—=5s*)(1-35%...,

9TO U JaeT paBeHCTBO (6.2).

7.4. My.TII)TI/Il'IJII/IKaTI/IBHbIe I1ocjie10BaTeJIbHOCTMN

[Tomumo nzeta-dyuriun u Gyukmun Mydbuyca B Teopun duces 6071b-
IIyI0 POJIb UTPAIOT U Jpyrue npousBojsiue dbyuknun lupuxire, orse-
Jarolye JPYruM YUCJIOBBIM IIOC/IeA0BaTe/bHOCTIM. Hanbosiee BaskHBIMU
U3 HUX OKa3bIBAIOTCS MYJIBTUILINKATUBHBIE YUCJIOBBIE IIOC/IEI0BATE b
HOCTH.

Onpenenenune 7.8. IlocnenoBareabHOCTD a4, o, 3, ... HA3LIBAET-
s MYADMUNAUKGMUSHOT, €CTTU JIJIS BCEX B3aUMHO IPOCTBHIX Map WHJIEK-
COB M, 7 BBITIOJHAETCS PABEHCTBO Uy, Uy, = Gy -

3aMeruM, 9YTO €CJU B MYJAbTUILIMKATHBHON ITOC/IEI0BATEILHOCTU
a; =0, TO 9Ta MOCJIEIOBATEIFHOCTD COCTOUT M3 OXHUX Hysei. [lelicTBu-
TEJBbHO, G, = 1., = @14, = 0 Jy1s JI000r0 Yrcjia 1. JTO Ke PaCcCyKIeHre
mokKasbiBaer, 4ro eciau a, #0, to a; =1. B panbheiimem Mbl Oyiem
paccMaTpUBAThL TOJILKO HEHYJIEBbIE MYJIbTUILIMKATHBHBIE TTOC/IEI0BATE b=
HOCTH.

Tlocnenosaresnsuocts 1, 0, 0, 0, ... mynaprummkatusraa. [lociemoBa-
TEJIBHOCTH, COCTOSINAsl U3 ONHUX EIMHUI], TOXKE, OYEBUIHO, MYyJIHTUILIU-
karuBHa. [locmeroBarenbuocTs Mubnyca TakKe MyJTbBTUTLITUKATABHA, ITO
BBITEKAET, HAIpUMep, u3 Teopembl 7.4. IIpuBeseM erne HECKOIBKO IIpUMe-
pOB.
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ITpumep 7.9. O6o3uavymm gepes T, IUCJIO0 JeuTeseii anciaa n. [Ipo-
uzBojgmas dyuknus JAupuxiie st mocjie0BaTeJbHOCTH T,,, OUEBUIHO,
“MeeT BHJ

t(s) =2+ 24 =03(s).

Ecan gucia m m n B3auMHO TPOCTBI, TO YUCJIO JICJTUTENIEH UX ITPOU3-
BeJeHUs MmN PaBHO IIPOU3BELEHUIO T,,T,: €CJIU P — AeJIUTe]Ib UUCId 1M,
a q — JeJIuTeJIb Yucia 1, TO Pq — JEJUATEJb UX IPOU3BEJIEHUS Mmmn, HIPHU-
qeM KazKJIbIit JeJInTeJIb TPOU3BeIeHNS MOKHO IIPEJICTABATH B TAKOM BHJIE
emHCTBeHHBIM criocoboM. [losTomy mocsenoBaTesbHOCTD T,, MYyJIBTHILIN-
KaTUBHA.

ITpumep 7.10. Eciu 4depe3 v,, 0003HAYUTH YUCIO PA3JIMIHBIX IIPO-
CTBIX MHOXKHTEJIE 9uciia m, TO IIOCJIEI0BATEBHOCTD A, = G°" OKa3bIBa-
eTcs MyJIbTUILUIMKATUBHON [Tt JII0O0T0 9ucia a.

Bce MyIpTHUIIMKATHBHBIE IIOCJIE/IOBATEIBHOCTH OIIPEJEIISIOTCS CBOU-
MM 3J€MEHTaMH, MHIEKCbl KOTODBIX DaBHBI CTEIEHAM IIPOCTBIX 4YHCEe.
Jpyrumu ciioBamu, AJj1s MyJIBTAIINKATHBHBIX IIOCJIEI0BATEIbHOCTEN NMe-
€T MEeCTO aHaJIOT yTBepzKJIeHus 7.6.

IIpengoxxenne 7.11. Iocaedosamenvrocms {a;} Asasemea mysv-
MUNAUKAMUBHOT Mo20a U MoAvKo mozda, kozda coomeememeyoulas el
npousdsodaulas Pynryus Jupuxae npedcmasasemcs 6 sude

1 as a4 1 as ag 1 as
(1—8+§+4—S+...)(1—S+3—8+9—S+...)<1—S+5—8+...)..., (7.4)
20e npouseedenue 6epemca no 6Cem NPOCTBIM HUCATM.

W3 storo yrBepKieHns HEME/JIEHHO BBITEKAET 3aMevaTebHOe CBOM-
CTBO MYJIBTUILIMKATUBHBIX IIOCJIE0BATEIBHOCTEH, 0000IIatoIee yTBep-
KJIeHWEe O MYJIBTUILINKATUBHOCTH [OCIeIoBaTesbHocT Mubuyca.

CaencrBue 7.12. Ecau npoussodswue dynrxyuu Jupurae A(s) u
B(s) omseuaiom myssmuniukamusHoLm nociedo8amesbHoCmam, mo no-
caedosamenvrocmu Koagduryuenmos uzx npoussederus A(s)B(s) u wacm-
nozo A(s)/B(s) makorce mysvmunaukamuehs. JApyeumu caosamu, npo-
useodaugue Pyrryuu Jupurie, 0mseewaousue HEHYACEbM MYALTIUNAUKA-
MUBHYEM YUCAOBVLM NOCAEOOBATNEALHOCTNAM, 00PAZYIOM 2DYNNY NO YMHO-
2HCEHUNO.

HeiicrBurenbHo, eciu Kaxgas u3 Gyukimii A(s), B(s) obiamaer npei-
craByieareM (7.4), TO TAKUM 2Ke IIPeJICTaBIeHIEM 00JIQJal0T UX IIPOU3Be-
nenne u gacraoe. Camo ke yrBepxkieHue 7.11 HeMeJJIeHHO ciemyer U3
olpeeseHus My/IbTHIINKATHBHON II0C/IEI0BATEIbHOCTH.
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7.5. 3agaun

7.1. Haiimure ¢ moMoInsio OPMYyIbl BKJIIOYEHUS-UCKIIIOYEHNS 110~
maib chepuvecKoro TpeyroabHIKa C YIVIAME o, 3, Y Ha cdepe eIuHITHOrO
paauyca.

7.2. Haiiure ¢ IOMOIIBIO IIPUHIUIIA BKJIFOUEHUS-UCKTIOYEHNsT (HOp-
MYJLy IS 9UCJIa CIACTIMBBIX OMJIETOB C HOMepaMu u3 27 mudp, 3amncaH-
HBIMA B CHCTEME CUUCJIEHUSI C OCHOBAHUEM (.

7.3. Ilyctb a4, as, ..., @) — pa3IUIHBIE TIPOCTHIE MHOKUTEIN THUCJIA,
n=al'...a". JokaxuTe, 9TO GUCIO @, TUCEJ, MCHBIINX 7 U B3AHNMHO
MIPOCTBIX C HUM, PABHO

p=n(t- ) (- ) - (-0

7.4. Bocrioyib30BaBIIUCH IPEIBLIYINEH 3a0a€el, TOKAKUATE, ITO MOCTIe-
JOBaTEJIBHOCTH (Pn MYJIBTUIIJINKATUBHA.

7.5. JlokaxknuTe, 9TO YUCIO PA3IUIHBIX MPABUIBHBIX 3aMKHYTBHIX 71
YIrOoJIbHUKOB (B TOM YUCJIE caMonepeceKafomecs{) BIIMCaHHBIX B €JIMHNY-
HYIO OKDY?KHOCTb PaBHO @, /2.

7.6. CKOIbKO HECOKpATUMBIX JIpobeit nmeeTcst cpeau n? apobeit

1/1, 1/2, 1/3, ..., 1/n
2/1, 2/2, 2/3, ..., 2/n
n/l, n/2, n/3, , n/n?

7.7. Jlokaxkurte, 9TO 9UCJIO OECIIOPSIKOB Ha MHOXKECTBE U3 N IJIEMEH-
ToB — GunizKaiiiee esoe Yucso K nl/e.

7.8. IlycTb uaroHajbHBIE 9JIEMEHTBI B 1 X 1 MATPHIIE PABHBI HYJIIO.
[TozcuuTaiiTe 9nCI0 HEHYJIEBBIX JIEMEHTOB B PA3JIOKEHUU OIIPEJICIIATEIIs
3TOM MaTpPUIbI.

7.9. Jlokaxkure, 9TO IKCIOHEHIIUAJIbHAST TPOU3BOIsITIAsT (DYHKITHS JJIsT
[OCJIeIOBATEIBHOCTH Yrcesl becriopsakos uMeer Bug D(s) =e */(1 — s).

7.10. Ilycrp W, —nocnenoaresbHocTs Mubnyca. Torma

o

H(l — )T/ =7,

n=0
7.11. Onumure Bee uieasnl B anrebpe dbyukimit Jupuxie.
7.12. JlokazkuTe CaeayIoNntyio popMyay:

max(a;, ..., a¢,)=a; + ...+ a, —min(a;, az) — ...

—min(a,_,, a,) + min(a,, as, az) + ...+ (=1)" " min(ay, ..., a,).
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7.13. Tonoxum A, = (—1)*, rie k— 9mciio npocThIX MHOXKHTENEH YnC-
Ja n (CYUTAEMBIX C yI€TOM KPATHOCTH). JIOKazKUTe, 9TO MOC/IEI0BATE b
HOCTB \,, MyJIGTAILTAKATABHA.

7.14. Haitaure dynkuuio Tupuxie {(s)\(s), rme kodaddunuenTot
dyukuun A(s) onpejiesieHbl B IpeIbLIyIIeil 3a1ade.

7.15. O6o3HauuM Yepe3 G,(n) CyMMy 0-X CTeleHeil Jejureseil duc-
aa n, o,(n) => t* (a—1es0e HeoTpHUNATEIBHOE YNCIIO0). JIoKaXKuTe, ITO

tln
pou3BosIasa GyHKIus Jupuxie s 9Toit m0C/Ie10BaATeIbHOCTA UMEET
BU,

() =3 2 —y(s)(s - ).



I'naBa 8

Ilepeunciienne nepeBbeB

Hacrosimas riiaBa mocBsileHa HEKOTOPBIM T'€OMETPUYECKUM aCIIeKTaM
KOMOWHATOPUKW, B TOM YHUCJIe Hanbojiee aKTUBHO PA3BUBAIOIIMMCS B I1O-
CJIeTHUE TOABI. DTHU 339U CBI3aHbI ¢ rpadaMi U UX BIOKEHUSIMHU B Pa3-
JIMIHBIE TIOBePXHOCTH. Ha TPOTSI?KEHNH BCeil IIaBbI IMUPOKO UCIIOIB3YeTCsT
oboznadenue [s¥]f(s) mua koadpdbunmenta fi, B npoussomgmeil GyHKIMYI
f(s)=fo+ fis+ fas® +...

8.1. Hepe‘-II/IC.TIEHI/Ie IIOME€Y€eHHBbIX J/IepeBbEB

Psan tpyamocreit B 3a1aax nepevunciennst 006s13aH CBOUM ITPOUCXOXK JIe-
HUEM TOMY, 9TO MEPEUYUC/IgeMble O0bEKTHl UMEIOT PA3JIMIHBIE CUMMEN-
puu. Tak, Hanmpumep, ecyiu ObI MBI PENTUJIN CIATATH OJUHAKOBBIMU JIAATO-
HAJIbHbIE TPUAHTYJISIUE IPABUIBHBIX MHOIOYTOJIBHUKOB (cM. pas3zen 2.5),
[epexondnue Apyr B APYra IpUA IIOBOPOTE, IMOJIyYeHune TOYHON (hopMmy-
JIbI TTPEBPATHUIIOCH OBI B CJIOXKHYIO 33Jaty, Ja U camMa (popMysa BpsI U
OBl 3HAYUTEJILHO [TPOJIBUHYJIA HAC B IIOHUMAHUU [IPUPOJIbI TPUAHT YJIATIHIA.
IIpuunna TaKOTO ABJIEHUS KPOETCS B TOM, YTO PA3TUIHbIE TPUAHTYJISIIIT
JIOIIyCKAIOT Pa3/IMIHbIe IPYIIIBI CHMMeTpuii. Bee 1mects moBOpOTOB TpraH-
IYJISIIIUAY IIECTUY TOJIbHUKA, N300pasKeHHON Ha puC. 8.1a) Nal0T pa3InaHbIi

a) 6) 5)

Puc. 8.1. Tpu guaronajabHble TPHAHTYIISIIIUA [ECTUYTOIBHAKA C PA3INIHBIMA CHMMET-
pusAMHU
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pesy/ibTaT, B TO BpeMsl KaK MOBOPOTHI TPHAHTYJISIINH, TPUBEICHHON Ha
puc. 8.16), IpUBOAAT JHUIIL eIle K JBYM HOBBIM TPUAHTYJISIUAM, a Ha
puc. 8.1B) —K OJHOIA.

B To ke BpeMs aBHasA (GOPMyJIa, CBOAAIIAA YUCIO THATOHAILHBIX TPH-
AHTYJIANAI MHOTOYTOJBHAKA € NEPEHYMEDOSAHHBLMU GEPULUHAMU K TUCITY
Karanana, JaeT XOpOLIyIO OIEHKY H& ACHMITOTUKY YHUCJ& TPUAHTYJIs-
Uit MHOTOYTOJILHUKA C HEHYyMEepOBAHHBIMHU BepIIMHaMHU. [leifcTBUTEb-
HO, YUCJIO TPUAHTYJISAIWI, PACCMATPUBAEMBIX C TOYHOCTBLIO JIO TIOBOPOTA
(n + 2)-yroibHuKa, He TIPEBOCXOMAT ¢, ~ const -4™ - n~3/2 1 oHO He MeHb-
e, 1eM ¢, /(n+2) ~const -4™ -n~>/2. Takum 06pa3oM HAPYTITEHUE CHMMeT-
UM — [IEpEHyMEPaIus BEPIIMH MHOTOYTOJILHUKA — HPUBEJIO K CEPHE3HOMY
YIIPOIIEHHUIO 321841 U JIUIIb He3HAUUTEIHHO TOBJIUAIO Ha TOYHOCTL OTBe-
Ta. TOT Ke ImpHeM — MapKUPOBKA — OKA3LIBACTCA BeCbMa 3(D(EKTHBHBIM
U BO MHOTHX ADPYTHX NEPeYnCIUTEeNbHBIX 3aJa9aX. Mbl yBuauM ceifdac,
KaK OH HUCIOJIb3YeTCs TIPU NEePEUUCICHAR JIePEBhEB.

Onpenesenue 8.1. I'pagom Gynem nHasbiBars Tpoiiky I'={V, E, I},
COCTOSIIIYIO U3 KOHEIHOI'O MHOXKECTBA 8epuiut V', KOHETHOTO MHOXKECTBA
pebep E u omobpasicerus unyudenmnocmu I: E—V x V| conocrasiis-
IOIEro KaxkJoMy pebpy mapy BepinuH (konube pebpa), KOTOpbie 3T0 pebpo
coequnsieT. Pebpo HasbIBaeTCss nem.eti, €CIM ero KOHITbI COBIAIAIOT. Ba-
AEHMHOCTMbI0 BEPIUHBI rpada Ha3BIBAETCsS YUCIO pedep, st KOTOPBIX
JaHHAs BEPIIUHA SIBJIAETCA KOHIOM (IIPH HOJACYETE
BaJICHTHOCTH IIE€TJIs CUUTAETCH 32 J1Ba pebpa).

I'pad ob6braHO n306pazkaeTcss Ha ILJIOCKOCTH;
BepmmHaM Tpada COOTBETCTBYIOT TOYKHU HA ILJIOC-
KOCTH, pedpaM — OTPE3KHU MyT, COCIUHSIONINE ITU
TouKH (CM. pHC. 8.2, JKUPHBIMH TOUYKaMH 0003HAUE-
HbI BepIImMHbL rpada, ayramu —ero pedpa. He Bb-  puc 892 Wsospase-
JIeJIEHHBIE TOYKU IepecedeHns pebep He sIBJIAIOTCA uHue rpada Ha ILIOCKO-
BEPIINHAMH). CTH.

3ameuanune 8.2. 1. Ha camom gmese, rpadom
€CTEeCTBEHHO CUYUTAaTh HE OIIpe)IeJ'IeHHbeI BBIIIIE O6'])€KT, a KJIaCC 39KBU-
BaJIEHTHOCTH TakuX oObekToB. Jpe tpoitku I'y ={Vi, By, I,} u Ty =
={V,, Es, I,} Ha3bIBAIOTCS IKGUBANECHMMHBIMU, €CJIH CYIIECTBYIOT B3a-
MMHO OTHO3HAYHbIE oTOOpaxkenus v: Vi, — V, n e: By, — FE,, Takue 910
I,0e= (v xv)ol,. B nanpueitimem Mbl pakTudecKu 6y1eM UCIOIb30BATH
UMEHHO 3TO OIIpeeeHue.

2. YV IpuUBEIEHHOIO OIIPeIe/IeHIs] UMEIOTCs BapuaHThl. Hamnpumep, uHo-
Ila €eCTeCTBEHHO TPeDOBaTh, YTOOBI Uepe3 KarKIyio Iapy BepiinH rpada
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IPOXO/INJIO0 He GoJiee OHOTO pebpa, T.e. 9ToObI 0TOOpakKeHne WHITHIEHT-
HOCTHU OBLIIO MHBEKTUBHBIM. VHOrIa B rpade 3anpemarTcs MeTin U T. 1.
Mser OymeM BesiKmit pa3 OoroBapuBaTh HMOJOOHBIE OTPDAHMICHMUS.

3. C Tomosornaeckoit TOYKHU 3peHust rpad MIpeacTaBisgeT coboit odro-
MepHuLli kKomnaerc. Ecim Ha KaxkmoMm pebpe rpada BBECTH 0PUEHMAUUIO
(1. e. yKa3aTh HalpaBjieHHe 3TOro pebpa), To zpanuya pebpa — 31O pas-
HOCTb KOHEYHOIW U HAYAJLHON BEPIIIHH.

Onpenenenue 8.3. JlBe Beprmubl rpada HA3BIBAIOTCA COCEIHUMU,
ecJu cyIiecTByeT pebpo, KoTopoe ux coeautsier. ['pad Ha3bIBaeTCs c843-
HbLM, €CJIH JIJTs1 JIIOOOH TTaphl U, v € V' ero BEPIIUH CYIIECTBYET MOCIeI0Ba-
TEJIBHOCTD Vg = U, Uy, ..., U, =0 € V BepimmH rpada, B KOTOPOil BEPIIUHBI
V;_1 U v; cocemame s Beex 1 =1, 2, ..., k. IJuk.iom HA3BIBAETCS TTOCTET0-
BaTeJIbHOCTD Vg, V1, - .., Uy € V BepiuH rpada, B KOTOPOil BEPIIUHBL U;_;
u v; cocename s Beex ¢ =1, 2, ..., k, Bce BEPIIUHBI Vg, V1, - .., Up_1 MO~
[MApHO PA3JIMYHBL U Uy = Vy,. Jlepe6om Ha3bIBaeTCs CBA3HBIN rpad 0e3 K-
JIOB.

Ha puc. 8.3 upusejiensl Bce JiepeBbs ¢ n BepiumHamu (n < 5).

. ———eo—o—o —eo—o oo
—e »—I—c — o oo
—eo——o D

Puc. 8.3. JlepeBbs ¢ n Beprmzamu (n < 5)

3ajiaua mepednc/ieHns IepPeBbeB C 11 BEPITUHAME — CJIOYKHAS TIePeYdnc-
JIATebHA 3aJlada, MOCKOJBKY PAa3JINYHbIE JePEBbs UMEIOT DPa3/IMIHYIO
cummerpuio. MbI 3aiiMemcs 60s1ee TPOCTOI 3a/1a1eli — MepeuncaeHneM Je-
peBbEB ¢ moMedeHHbIME BepruimHaMu. COMOCTABUM KaXKJI0# BEpIIUHE Je-
pesa oznHO u3 unces {1, 2, ..., n} Tak, 9TOOBl Pa3HBIM BEPIIUHAM COOT-
BETCTBOBaJIM pa3Hbie uncjia. Ha puc. 8.4 m300parkeHbl Bce MOMEYEHHbBIE
aepeBbs ¢ n < 4 Bepmuaamu. IlocmemoBaTe/IbHOCTD YUCET TTOMEYEHHBIX
JIePEBLEB C N BepIINHAMH HadmHaeTcsd Tak: 1, 1, 3, 16, ...

O6o3uaanM gepes T, 9UCI0 KOPHEBBIX TIOMEYEHHBIX JEPEBbEB C 1L Bep-
IIMHAMH, T.€. YUCJIO IIOMEeUYEHHBIX JI€PEBbEB, B KOTOPHIX OJIHA U3 BEPIIUH
BBIJIEJIEHA U Ha3BaHA KOpHEM. ZICHO, ITO YHUCJO KOPHEBLIX MOMEYECHHBIX
JIEPEBBEB C 1 BEPIIMHAMU B 7. pa3 OOJIbIIe JHC/Ia TOMEYEHHBIX JEPEBbEB
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Puc. 8.4. TlomeuenHsble nepeBbst ¢ n BepmmHaMu (n < 4)

C N BepIInHAME: B KA4eCTBE KOPHS MOYKHO BLIOPATDH JIIOOYIO U3 N PA3INY-
HBIX BEpIINH.
ITorpobyem HANTH IKCIIOHEHIIUAIBLHYIO TTPOU3BOIAIILYIO (DYHKITAIO

1, ., 1 2 9 , 64
T(S):Ziizs :F8+582+§83+j84+

JIJTsI IHUCIIa KOPHEBBIX TOMEYEHHBIX JIEPEBbeB. BIKMHEM U3 JilepeBa KOPEHb.
Torma oHO pacnaIeTcss Ha HECKOJILKO JIEPEBLEB, YUCJIO KOTOPHIX PABHO Ba-
JIeHTHOCTU KOpHs. HOBbIE JIepeBbsl TOXKE MOYKHO CUMTATH [MOMEYEHHBIMU:
Tpebyercs JMNIb 3aMeHUTh ToMeTKY {11, ..., I;}, I <...<l;, Ha momeTKu
{1, ..., i}, coxpaHssa UX OTHOCUTEJbHBIN OPsioK. KopHem HOBOro zepe-
Ba Oy/ileM CYUTATH BEPIIUHY, COEJMHEHHYIO C KOPHEM HCXOJHOIO JIE€PEBa.
Tem camMbIM KazKJOMy KOPHEBOMY IIOMEYEHHOMY JIEPEBY C KOPHEM BAJICHT-
HOCTH K COIOCTABJIEHO (MYJIBTU)MHOMKECTBO U3 k KOPHEBBIX IIOMEIEHHDBIX
JiepeBbeB. Mbl TOBOPUM O MYJILTUMHOYKECTBAX, TaK KAaK CPEJd BHOBL 00-
PA30BAHHBIX JIEPEBBEB MOI'YT BCTPEUATHCS OJMHAKOBBIE.

U3 mpuBemeHHOrO ONMUCAHUS BBITEKAECT, YTO JIEPEBbsI C KOPHEM Ba-
JIEHTHOCTHU Kk TIEPEUUCIIAIOTCS SKCIIOHEHITHAIBLHON IIPOM3BOIAIIEH dyHKITH-
eit sT"(s). [deiictBurennno, BKIa B Koaddunuent npu s" ' B GyHxmm
sT*(s) Aa10T B TOYHOCTH 3JIEMEHTHI BUJIA

Ty Ty yrgy
TN, :

JJsT KOTOPBIX [; + ...+ [, = n. MHOXeCTBO MOMETOK N BepmuH k jepe-
n!
1. .. 1!
crrocobamu. [ToaToMy 4YmC/IO TIOMEYEHHBIX KOPHEBBIX JIEPEBbEB u3 7 + 1

BbEB MOXKHO Pa30UTh Ha k MOAMHOXKECTB U3 [, ..., [, TIOMETOK
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BEPHINHBI C KOpHEM BaJIECHTHOCTH k paBHO

n n!
n![s"|T"(s) = Z ﬁTllle

L+...+l=n

1
Cymmupyst pyHKIANA ETIC 110 BCeM k, TOJIydaeM CJeyIolee yTBepKie-
Hue. '
Teopema 8.4. Ixcnonernyuasviai npoudsodswasn Gyrruua T (s) dan

YUCAE NOMEUYEHHBIT KOPHEBHLIT 0ePEBHES, NEPEYUCAAOWAA UL N0 YUCAY
sepuiun, ydosaemeopsaem ypasrenuro Jlazpanotca

T(s) =se” . (8.1)

Teopema Jlarpamka Tenepb HO3BOJISIET HAM JIEI'KO BBIMHUCIUTH KO-
sdbdunumentsr byuxknuun 7 (s). MoxHO, Hanpumep, HOACYUTATH, UTO
T5 =625, Ty = 7776. OxgHako HAM XOTEJOCh ObI MMETH ABHYIO (DOPMYILY
I UX BuIYucaenud. s momydeHus 31oi (popMysIbl HAM MTOHAI0ONTCS
CJIeJIyIoIIee yTOUHEeHne TeopeMbl Jlarpamxa.

Teopema 8.5. IIycmo gpynryuu ¢ =¢(s) (¢(0)=0) up=4¢(t) ceasanvi
Mmeotcdy cobotl ypasneruem Jlazparoica

¢(s) = sP((s))- (8.2)

Tozda woappuyuenm npu s™ 6 dynryuu ¢ pasen

[5"Jp(s) = = (1" J4m 8):

[Tpumenum 310 yrounenue K ypasuenuio (8.1) na dyunkuumio 7 (s). Ilo-
JIy9UM

1 n 1
. T — n—11_nt __ | n—1

Takum 0O6pa3oM, MBI JOKA3AIN CIEAYIONINN PE3YIbTAT.

Teopema 8.6 (Koum). Yucao nomeuennux kopheswr depesves ¢ n
sepwunamu pasho T, =n"" 1.

CaencrBue 8.7. Hucao nomMeweHHIT 0ePe6bes ¢ N GEPUUHAMU PAGHO
—2
n"Te.

Hoka3zaTeabCTBO TeopeMBl 8.5.

Jlemma 8.8 (mpeoOpasoBaHume BbIUETa IIPH 3aMEHE II€PEMEHHOIH).
Iycmo Pgynryua g(t) maxosa, wmo g(0) =0, g’(0) # 0. Toeda

[s7'f(s) =[t""1f (g(8)g’ (1)
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Heiicrurenvio, nycrs f(s)=f_ns N + fonas V4.0, glt)=

=git+ gt*+ ... lpun#—1
—1 n / _ —1 1 n+1 !’
[t g "()g' () = [t ] (8" (1) =0,
TaK KaK BBIYET IPOU3BOIHOMN J11000# byHKImu paseH nymo. [lpu n = —1
1
t Y foi—=g'(t)=f_1,

9TO U TPeOOBAJIOCH. O

Kosddumment npu s” B mponspodiieil GyHKINN ¢ paBeH

[s"](s) = [s7]s™" g(s).
Broraucanm mocseiumit BBIYET ¢ MOMOIIBIO JJeMMbI 8.8. J[71st 9Toro mepernu-
miem ypasuenue Jlarpamka (8.2) B BUJE HOJCTAHOBKA
t
Wv

rae t = ¢(s). Torna, coracHo JeMme,

S =

Cy—ne1 e M) () — (@)
[s™']s o(s)=[t""] mo $2(t) =

— ) (80 EOVO) gy () Lprygr gy =L,

JlokazaTeIbCTBO T€OpPEMBI 3aKOHIEHO. L

8.2. ToxxgecrBa AbGess

B stom pasnmene Mbl mpuUBEIEM eIe OHO JI0KA3aTEIHCTBO TEOPEMbI
Ksau o nepeunciiennn nomedeHHbIX AepeBbeB. C 3TUM JI0KA3aTEILCTBOM —
Jia M BOODINE ¢ MEPEINCICHNEM TOMEUEHHBIX JIEePEBbEB, — TECHO CBI3AHO

mooicdecmeo Abeas
3 (’?)ii*{jjfl =2(n — 1)n"2, (8.3)

2
1+j=n,i,7>0
KOTOPOE MOPOZKJIAeT TEJIyI0 CEPUIO PA3IMIHbIX TOXKIECTB:
N\ o .i 1 ne
Z ()z 249 1:§(n—1)(n—|—6)n 3 (8.4)

7
i3 =n,i,§>0

> (M) = Do, (8.5)

2
it =n,i,j>0
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U T. J1. DTH TOXKIECTBA MIPEJICTABIISIIOTCS JOBOJBHO HEBEPOSITHBIMU: CJIarae-
MBIE B JIEBOIl YaCTH, KaK IIPABHUJIO, COJEPIKAT MHOXKHUTEIb 1 JIAIIb B II€PBOi
CTEIEeHH, IOITOMY JICJIMMOCTD BCel CyMMBI Ha OY€Hb BBICOKYIO CTEIEHb 1
OKAa3BbIBACTCS HEOXKUJAHHBIM IOJapKOM. BoT, HampuMmep, Kak BbINISIAT
paBercTBo (8.3) npn n ="7:

7-1-6°+21-2"-5"+35-3%-4°+35-4%-3°+21-5*.2' +7-6°-1=2-6-7".

Cdopmynupyem Ttenepb 0600mmenuy0 Teopemy Kam. ComocraBum
KazKJOMy KODHEBOMY IIOMEYEHHOMY OepeBy I' ¢ n BepIIMHAMH MOHOM
ar(t) cremenu n — 1 or nepeMeHHBIX ¢y, lo, ..., t, ciemyoomum obpa-
oM. OpuenTupyem Bce pebpa JepeBa 0 HAIPABJICHUIO K €ro KOPHIO U
TIOJIOYKUM

in

Uin Uin v
ar(t) =t ty* ...t
rJie uepe3 v." 0603HAYEHO INCI0 pebep, BXOMAIMX B (-yIO BEPIIUHY.

Teopema 8.9 (0606mennast reopema Kamm). Cnpasedaueo pasercmeo
dar(t)=(t+...+t,)",
I

2de CYMMmuposaHrue 6edemcs no 6cem MOMEUEHHHLM KOPHEBHIM 0epeebﬂ,/\4 C
n seepuwuHaMU.

Teopema Ko oueBuaHbIM 00pa30M BBITEKAET OTCIOJA MOCJIE TIOICTA~
HoBku t; =1,1=1,2, ..., n.

HokazaTenbcTBo. s noka3aresbCTBa yCTAHOBIUM B3aUMHO OJI-
HO3HAYHOE COOTBETCTBHE M€Ky TOMEYEHHBIMU KOPHEBBIMU JIEPEBBSIMU C
7 BEPIIUHAMA U YNOPAJOHEHHbLMU MOHOMAMHE CTeleHu 1 — 1 OT mepeMeH-
HBIX tq, ..., t,. HagHaeMm ¢ Toro, 9T0 O6yAeM CTPOUTH MOHOM Q1 IMOCJIETOBA-
TeJIHO. 3aMeTHUM, UTO IIPU OPUEHTAIINYN BCeX pebep B CTOPOHY KOPHS W3
KaXKJIOfl BEepIIUHBI KPOME KODHSI BBIXOJIUT B TOYHOCTH OJHO PeOpo, a u3
KOPHSI He BBIXOJIUT HU OJHOTO pebpa. Buibepem m3 Bepruu B mepese 1, B
KOTOpBIE He BXOJIUT HHU OJHO PeOPO, BEPIIMHY C HANMEHBIIINM HOMEDPOM 1%
U HadHeM 3aIlUCh MOHOMa C IIeDeMEeHHOIl t;, TJie j — HOMep BepIINHEBL, B
KOTOPYIO BeJleT pedpo U3 BEPIIUHBL {. 3aTeM yJIAJMM BEPIIUHY § BMECTE C
BBIXOJISIINM 13 Hee peOpOM U MOBTOPUM IIPOIEAYPY C OCTABIIUMCS JI€Pe-
BOM.

[Tokarkem Tenepp, 9TO KaK/IbIi yHIOPSIOIE€HHbBIII MOHOM CTEIeHu 71 — 1
OT IIEPEMEHHBIX 1, . . ., t, COOTBETCTBYET B TOYHOCTHU OJHOMY JiepeBy. [l
9TOr0 BOCCTAHOBUM JIEPEBO IO MPOU3BOJILHOMY YIIOPSIIIOYEHHOMY MOHO-
My. BeibepeM cpejin mepeMeHHBIX, BXOJISIINX B MOHOM B HYJIEBOI CTEIeHU
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(o xpafiHeit Mepe oJJHA TaKasl IepeMeHHasi UMeeTCs), IEPEMEHHYIO ¢ Hau-
MEHBIIUM HOMEpPOM. Pebpo, BBIXOJsIee M3 BEPIIUHBI C STUM HOMEPOM,
BeJeT B BEPIINHY, HOMEP KOTOPOH — MHIECKC IePBOil IIepeMeHHOi B MOHO-
Me. Beraepkuem Temeps 3Ty mepByIO IEPEMEHHYIO U IIOBTOPUM IIPOIELYPY
[IOCTPOEHNUsI 0YEPETHOTO Pedpa C OCTABIIIMCS YIIOPITIOYEHHBIM MOHOMOM,
BBIOMpAas BCAKHUII pa3 HAUMEHBIINN HHIEKC U3 eIlle He HCIOJIb30BaHHBIX
BEPIIINH, He BCTPEYAIONINXCS B MOHOME.

JlokazaTe/IbCTBO TEOpEMBI 3aBEPIIIEHO. ]

st mokazaresbecTBa TOXKAECTBA AGeIst U CMEXKHBIX TOXKJIECTB BOC-
TOJTb3y€eMCsI IPOU3BOISIEH (DYHKITHEH OT 0IHOM IepeMeHHOi n AByX Oec-
KOHEYHBIX cepuii napamerpos. [Tycrs M C N—konedynoe (6bITh MOXKET, I1y-
CTOE) HOAMHOXKECTBO MHOXKECTBA HATYpPaJbHbIX uuces, |M|— ducio sire-

MenToB B HeM. [lomoxkum ty, = > t; u far(z) = z(x + t5)M1~1. Beegem
ieM
eme ofuH GECKOHETHLIH HAOOP KOMMYTHPYIOIIUX HEePEMEHHEBIX T, T, Ts,

. 1 noJioKuM Ty = [] T;- Takoii MOHOM HOJIHOCTBIO ONUCHIBAET MHOXKE-
ieM
cTBO M, m MBI Gyziem cauraTh, uro T2 = 0 17151 BCex ¢ (ApyTEMU CIoBaMy,
MHOXKECTBO HE COJEPXKUT OJMHAKOBBIX 2JIEeMEHTOB). B uactHOCTH,

TIUJ7 ecim INJ = @,

Tty =
0 B IIPOTUBHOM CJIy4Yae.

Paccemorpum npousBoisiyo GyHKIAO

F(z, )= Z far(z)Tar

MCN,|M|<oco

IIpennoxenue 8.10. Qynxyus F(x, T) sxcnonenyuasvha na nepe-
MeHHOT T, M. €.

Flx+vy,t)=F(z, 1)F(y, 7). (8.6)

IIpexk e yem /T0Ka3BIBATH IIPEJJIOKEHIE, BBIBE/IEM U3 HETO TOXKIECTBO
Abens (8.3). CpaBruBasi K03 DUIMEHTHI IPU Ty, B JIEBO U IPaBOf 4a-
cTax paBeHcTBa (8.6), MBI MIOJyYaeM PABEHCTBO

Julz+y)= Z f1(@)f5(y),

IuJj=M

IJIe CYMMUPOBaHUE BEJIETCS IO BCEM YIOPSIOYEHHBIM Pa30MeHUsIM MHO-
KectBa M Ha jBa Hemepecekaroruxcst nogmuoxkecrsa I u J. Ilogcrasus
B mocsiesiHee paBeHcTBO t; =1 juisi i =1, 2, ... u cuuras, uro |M|=mn,
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oJIy YaeM
@+ y)@+y+n =3 (D)el+ ) yly+i7 " =
i+j=n
i,720
—yly+n) T +a@rn) T+ Y (Ta@ iy + iy
i+j=n
i,7>0

(ommuue nBYX HpPaBbIX YacTeil B TOM, YTO B IEPBOIl M3 HUX CJaraemble
07, 3HAKOM CYMMBI OTBEYAIOT HEOTPUIIATEbHBIM 3HAUEHUSAM WHJIEKCA, a
BO BTOPOIi — CTPOTO MOJIOXKUTETHHBIM ).

IIpomud dpepennuposas mocjegHee paBEHCTBO IO T U IO §Y, MBI IIPUXO0-
JIAM K PABEHCTBY

2 — )z +y+n)"*+n-1Dn-2)(x+y)(z+y)" =
= 3 (M)t - D i) () G- Dl 5P ).

(8.7)

Tloncrapassa cioga x =1y =0, MbI IOJy9aeM B TOYHOCTH TOXKIECTBO
Abena (8.3). s nokazarenncrBa ToxKaectsa (8.4) mocrarodno npogud-
depennuposars (8.7) mo x, cuoBa nojcrasuTh € =Yy =0 U NPUMEHUTH
ToxkaecTBO Abenst. JlasbHelimee quddepeHnpoBanme o £ 1 Y ¢ IoCe-
Jyrorreit moicTanoBKoit « =y = 0 mpuBOAUT K OECKOHETHOH JByXITapamMeT-
PHUYeCcKoii cepun TOXKIeCTB, HauuHaroredics ¢ (8.3), (8.4).

Ocrasoch JoKa3aTh 9KCIOHEHIIMAIBHOCTE (pyHKIuu F.

HokazarenbcTBO upeggoxenus 8.10. DKcHoOHEHIHATID-
mocth byHKnum F o3HAYaeT, YTO OHA SBJISETCH IKCIOHEHTOH CBOei
JIMHEIHOH 110 & YacTHu:

F(z, 1) =e” 2, (8.8)

rie
F(r)= Ztk]yl*lt]\/].
M

ToxkiecTBO (8.6) MOXKET BBIIOIHATHCS TP 9TOM H TOJIBKO IPU STOM yCJI0-
sun. CpasHuBast k03bUIUEHTHl Ipu T°7), B JIEBOl M IpaBoil 4acTsax
paBeHcTBa (8.8), IPUXOAUM K HEOOXOJMMOCTH IIPOBEPUTH, YTO JIs JIF06O0-
ro k, 0 < k< |M]|,

M| =1\, |m|-k -1 Ipl—1
(M =g,
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rje cyMMa B IIPaBOil YaCTH paBEHCTBa OEpercsi 10 BCEM YIIOPSIOYEH-
HbIM pa3buennsim MHOXKecTBa M Ha k mommuoxkecTB. Koaddunuent npu
t . tia (toe a4 ..o+ apu = |M| — k) B eBoit wacTu mocseiHero
PABEHCTBa paBeH

(IMl - 1) (IM] - k)!

k—1 a1!...a‘M|!'

Tot ke K03 punuenT B IpaBoil YacTu UMeeT BUJ

Z (] = D (x| = DY

(11! e a|M‘ !
Tem CaMbIM, HaM JJOCTATOYHO JOKa3aTb, YTO

(\M\—l

e ) UM = R)E= 320 = 1L (5 = 1)

Ho 310 paBeHcTBO 0YEBHUTHO UMEET MECTO: JOCTATOYHO CPABHUTE KO h1-
M|—k
mmentsr mpu Morome ¢t F . JlokasaTeseTBo npeyiokenus 3asepiieno. [

8.3. IIpousBoaganiue dyHKIUN JJId HEIIOMEYEeHHbIX,
TIOMEYEHHBIX, YHOPAAOYEHHBIX U MUKJINIECKN
YIOPSAI0YEeHHBIX 00bEKTOB

MpbI Buiesi BBITIE, 9TO HEKOTOPBIE TIOCIETOBATETLHOCTH JIY UIIIE OIUCHIBAIOT-
Cs1 OOBIKHOBEHHBIMU [IPOU3BOAAIINMY (DYHKIIUIMU, & HEKOTOPbIE — SKCIIOHEHI[U-
aJIbHBIME. BripoueM, 6bI1BaloT u UCKIIIOUeHus. TaK, SKCIOHEHI[MAIbHAST IPOU3BO-
JAstimas QYHKIUs I 9UCIa TI000PA3HBIX TIEPECTAHOBOK MMEET BUJ TAHTEHCA
nm cekaHca (B 3aBUCHMOCTH OT YETHOCTH YHUCJIA IJIEMEHTOB B IIEPECTAHOBKE,
pasgies 5.4), a COOTBETCTBYONE OOBIKHOBEHHbIE IIPOU3BOAsIHe (DyHKIUI NMe-
0T 3aMEYATEIBHOE TPEICTABICHAE B BUJE HEIPEPBIBHBIX apobeit (pasmern 5.6).

OpHako obliee NIPaBUIIO TJIACUT, YTO SKCIIOHEHIMAJIbHBIE [TPOU3BOISAIINE
(BYHKIIIU XOPOIITO OMUCHIBAIOT TIOMEYEHHBIE OO'BEKTHI, TOIA KAK HETOMEYEHHBIM
JIydIlle COMOCTABJISITh OOBIKHOBEHHBIE Tpom3Bojsiue ¢yHKmun. OObsicHeHMe
9TOMY COCTOMT B ciieiyomeM Habuogerun. [lycTh y Hac umeercs Kakou-To
KJIaCC OOBEKTOB, MU MBI PACCMATPUBAEM KOHEYHBIE YIIOPSIOYEHHBIE TTOCIIEI0-
BATEJILHOCTA OOBEKTOB ITOTO KJIACCA, & TAKXKE ITUKJIUIECKU YIOPSIOYEeHHBIE
[IOCJIE/IOBATEJILHOCTU TAKUX OObEKTOB.

IIpennoxkenue 8.11. Ecau o6sexmu kaacca nomevenvs u A(s)=3 ans™/n!
IKCNOHEHYUANLHAA NPOUIBOOAWAA PYHKUUA OAf HUT, MO IKCNOHEHUUAALHAA
nPou3eo0AUaAA GYHKUUA OAA nocaedosamenvrocmet makux 06sexmos umeem
6ud 1/(1 — A(s)), a axcnonenyuasvnas npoudeodawas GYHKUUA 0Nl YUKAUYE-
ckux nocaedosamenvrocmets umeem eud In(1/(1 — A(s))).

Ecau obsexmuv kaacca ne nomeuenve u B(s) =3 bps™ — npoussodswan
PYHKUUA ONA HUT, MO NPOUZBOOAUAA PYHKUUA OAA NOCaedosamenvbHocmed



120 T'itaBa 8. Ilepeunciienue nepeBbeB

maxuzx 06sexmos umeem eud 1/(1 — B(s)), a npoussodswan Pyrkyus 0t yuk-

auseckux nocaedosamesvrocmeli umeem 6ud % In(1/(1 — B(s%)), 2de @r —

dynryua dtaepa, wucao wucea om 1 do k e3aummno npocmuz c k.

3/1eCh TIPEAoIAraeTcsi, 9To0 y 0OObEKTOB UMEETC KAKOH-TO BeC (HAmpuMep,
YHCJIO BEPIIUH B rpade), 10 KOTOPOMY IPOMCXOAUT II€PEUYUCIEHUE, U BEC COBO-
KYITHOCTA OObEKTOB PaBEH CYMMAPHOMY BECy BCEX OOBEKTOB B ITON COBOKYII-
HOCTH.

Takum 06pa3zoM, UMEHHO MPHU COMOCTABJIEHUM ITOMEYEHHBIM OOBEKTAM IKC-
MMOHEHIUAJTBHBIX TPOU3BOSINNX (DYHKIINI, 8 HEIIOMEYEHHBIM — OOBIKHOBEHHBIX,
MBI TPUXOJUM K €CTECTBEHHBIM (DOPMYJIAM MEPEUNCTEHUS MPOU3BOIHBIX 00bEK-
TOB.

8.4. IlepeuncsieHne NMJIOCKNX M OMHAPHBIX JePEBbHEB

O4eBHUIHO, YTO BCSIKOE JIEPEBO MOXKHO HAPUCOBATH HA ILJIOCKOCTH TaK,
4TODOBI ero pebpa He MMeJIH TOUYeK IepecedeHust U caMolepecedenusi, OT-
smaabix or Bepriud. (IIpu arom pebpa MOKHO M300pazkaTh JaxKe B BUIE
OTPE3KOB IIPSIMOIi, UTO HaM, BIPOYEM, HE IOHAJOOUTCS B JAJbHEMIIeM. )

O 1HAKO OHO W TO K€ JIEPEBO MOXKHO M300parkaTh Ha
IUIOCKOCTHU TIo-pasHoMy (cM. puc. 8.5). @opmasmsanyst
MMOHSATUS] PA3JIMYHBIX BJIOXKEHUI B ILIOCKOCTH TAETCS
CJIEJTYIOIIUM OITPEJIEJIEHUEM.

Onpenenenue 8.12. [IBa BJIOXKeHWs JepeBa B
A IIOCKOCTDH HA3bIBAIOTCS SKBUBAJECHTHBIMU, €CJIM CYIIIe-
CTByeT TOMeOMOP(U3M ILJIOCKOCTH, COXPaHSIOININI ee
OPHEHTAINIO W [EPEBOIAIINI 00pa3 IepBOro JI€peBa B

Puc. 8.5. Paznnu- p 1 PEBOJIAIIL p p a pu
pre  Bioskenms 00pa3 BToOporo. Kiacc 3KBUBAJEHTHOCTH BJIOYKEHUIT J1e-

OHOTO JepeBa B  PEBLEB HA3bIBACTCA NAO0CKUM 06])660./\4.

IIJIOCKOCTDBb
Takum 06pa30M, OJJHOMY J€peBy MOI'YyT COOTBET-

CTBOBaTh HECKOJIBKO PA3JIMIHBIX TJIOCKUX JEPEBHEB.
[Tepeuncienne MIOCKUX IEPEBHEB OCTACTCH TO-IIPEXKHEMY CJIOYKHOI 3a-
Jadeil — pa3IndHble IIJIOCKUE JIepeBbsl MOTYT UMETh PAa3JINIHbIE ITOPSIKN
cummerpun. s pa3pyrineHus 3Tofi cCMMMeTPUN BBIOEPEM B JIEPEBE BUCA-
wuli KOpeHb (T.e. BeplmHy BajeHTHOCTH 1, aucm). ZcHo, 94To nepesecTn
JIAHHOE TLIIOCKOE J1ePeBO ¢ (PUKCHPOBAHHBIM BUCSINM KODHEM B Ce0sl MOXK-
HO TOJIBKO TOXKJIECTBEHHBIM mpeobpasoBanmeMm. Ha puc. 8.6 m300parkeHb
IIJIOCKHE JIEPEBbsI ¢ BUCAYMM KOpHeM ¢ n BepimHamu (2 <n < 5). Jepesbs
n300paKaloTCs pacTyIMME oT KOpHs BHu3. Havaso nmocsenosarenbHOCTH
1,1, 2, 5, ... 3acTaBiigeT 110J03PEBATH, YTO IJIOCKUE JIEPEBbS C BUCIYUM
KOPHEM TEPEUNCIAIoTCd Jucaamu Karagana.
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Puc. 8.6. Iliiockne KOpHEBBIE JIePEBbsl ¢ BUCAYNM KOPHEM, uMeromiue n pebep (1 <n <4)

TMETUM, 9TO B Bbsi C 1 < 6 BEpIIMHAME JOMTYCKAIOT €MHCTBEH-
OTmernM, 910 Bee mepe cn<6Be a OIIYCKAIOT €INHCTBE
HO€E BJIOXKEHUE B IIJIOCKOCTb,

Teopema 8.13. Yucao naockuxr KopHeswvxr JEPEEHES € BUCAYUM KOP-
HEM, UMENWUL N + 2 8EPUUH, PasHO N-MmYy wucay Kamanarwa c,.

JlokazaTeysbcTBO. B KOpHEBOM JlepeBe KarKJOi BEPIIUHE MOXK-
HO COIIOCTABUThH IEJIOE YHUCJI0, PABHOE PACCTOAHUIO (YUCTYy pebep) MexkIy
9TOI BEPIIMHON U KOPHEM — ypo6eHs ITOi Bepimuabl. CaM KOpeHb NMeeT
ypoBenb 0, Oyuzkaiinine K HeEMy BEPIIUHBI — YPOBEHDb 1 U T. II.

O603HaYMM YUCIO IJIOCKUX JEePEBbEB C BUCSYUM KODHEM (B IIpOIec-
ce JIOKa3aTeIbCTBA TaKOl O6'beKT MBI Oy/IeM HA3BIBATEH IIPOCTO JEPEBOM ),
AMeImMX N + 2 BepiiuH, 4epe3 p,. Torma po=p, =1. Hus n>1 co-
ITOCTABUM KaXKJIOMY NI€EPEBY C 7 + 3 BEpIIMHAMU JBa [I€PEBa, IEPBOE W3
KOTOPBIX SABJISIETCS MOJIEPEBOM MCXOIHOIO, PACTYIIUM U3 CAMOTO JIEBOTO
pebpa, BBIXOJISAIIEro U3 BEPIIIHBI IEPBOTO YPOBHSI, & BTOPOE — OCTABIIIAM-
¢sl TIOJIIEPEBOM UCXOHOTO JiepeBa (cM. puc. 8.7). Konus Bepmunb mepso-
I'0 YPOBHSI MCXOJHOTO JIEpeBa CTAHOBUTCS KOPHEM IIEPBOTO JEPeBa Maphbl.
Ecmu B mepBom nepese k + 2 BepinuH, TO BO BTOpOM Jepese n — k + 2
Beprmua. Haobopor, nmest aBa nmepeBa ¢ k+2 u ¢ n — k + 2 BepimuHa-
MM, MBI MOYKEM COIIOCTABUTH UM JIEPEBO C N + 3 BEPIIMHAMU, IOJIKJIEUB
KOPEHb [IePBOTO JepeBa CjIeBa K BEPIIHHE ePBOrO YPOBHS MCXOIHOTO Je-
peBa.

Takum o6paszom,

pn+1 = PoPn +p1pn71 + LR +pnp07

" IIJIOCKHE JIepeBbsd C BUCAYIUM KOPHEM II€PEHYUCIAIOTCA YUC/IaMU Karasa-

HAa. ]
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Puc. 8.7. ConocrapieHre MmIOCKOMY AEPEBY C BUCSIYUM KOPHEM ITapbl TAKUX 2Ke Jlepe-
BbEB

8.5. 3amaun

8.1. JlokaskuTe, 9TO YUCJIO PA3IMIHBIX HyMEpPAIuil BEpIINH JAHHOTO
nepeBa ¢ n pebpamu guciaamu {1, 2, ..., n+ 1} B n pa3 Goubine dncia
PA3IMIHBIX HyMeparmii ero pebep uncaamu {1, 2, ..., n}.

8.2. Bunaprbim JEPEBOM HA3BIBAETCH JIEPEBO, B KOTOPOM BAJICHTHOCTD
KaxKJI0ii BepmuHbI paHa 1 mim 3. JJokazkuTe, 9TO YUCIO BepIIUH B GUHAD-
HOM JiepeBe 4eTHO. JIoKaskuTe, 9TO 9MC/I0 MJIOCKUX OMHAPHBIX JEPEBLEB
C BUCAYUM KODHEM, UMEIONMX 2n BepiuH, pasuo (n — 1)-my guciay Ka-
TAJIAHA Cpp_1.

8.3. [okaxure, 9T0 mpon3Bosiimast byHKIUsI I TUCIa TEPHAPHBIX
(T. €. TaKUX, B KOTOPBIX BAJEHTHOCTH KaXKJOW BEPIIMHLI PABHA €JIUHUIIE
UJIA 9eThIPEM ) [JIOCKUX JIEPEBLEB ¢ 2(n + 1) JUCThAMEI U BUCAINM KOPHEM
yaosjersopser ypasuenuio T(z, y, z) = aTyT 2T + 1. Beenure orciona,

YTO 9TO YHMCJIO PaBHO ¢, = L (Sn)
p T .

8.4. YcranoBuTe B3aUMHO OJHO3HAYHOE COOTBETCTBHUE MEXKJY IIJIOC-
KUMU OMHAPHBIMU JIEPEBbAMHI C 2N BEPITUHAMU W IIJIOCKIMU KOPHEBBIMUI
JepeBbsaMU € 1 + 1 BEPITUHOIM.

8.5. Brisenure Tox1ectBo (8.5).

8.6. Ilepeunciure KOpHeBble IoMedeHHbIe Jeca. (Jlec — 3To Tpad,
KaXKJiag CBsi3HAsI KOMIIOHEHTa KOTOPOI'O — JIEPEBO. )
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Ilepeuncienne BOXKeHHBIX TpadoOB

9.1. BiioxkeHue rpada B HOBEPXHOCTD

Ilnockue nepeBbsi sIBJISAIOT COOOI TpuUMeEp BJIOXKEHUs Tpada B ILIOC-
KoCThb. OJIHO W TO K€ JIEPEBO MOXKET JOIYCKATh PA3JIMIHbBIC BJIOKCHMUS.
B 1o ke Bpems, me KaxkIplil rpad, KaK Mbl yBAJIUM HUXKE, JIOIYCKAET
BJIOXKEeHUE B ILIOCKOCTb. MBI KOcHeMcs 1 BoIpoca O BJIOKeHHH rpada B
IIPOU3BOJIBHYIO JIBYMEPHYIO IIOBEPXHOCTb.

He BraBasicb B cTporoe orpeje/ieHne JBYMEPHON MOBEPXHOCTH, MbI
BOCIIOJIB3YEMCS KJIACCU(DUKAITMOHHON TeOPEMOIl [T TAKUX TTOBEPXHOCTEI,
JOKa3bIBAEMOIl B CTaHJaPTHBIX HAYaJIbHBIX Kypcax TOIIOJIOIUU.

Teopema 9.1. Beakas (3amknymasn opuenmupyemas 08YMepHas) no-
BEPTHOCML 20MeEOMOPPHG chepe, K KOMOoPol NPUKAEEHO KOHEUHOE “UCAO

pYHex.

()HI/ICE:LHI/IB7 JaBaeMoe 3TOM TeopeMoﬁ, MbI 1 6y,ueM CUUTATDh oOIIpeaesie-
HHEeM IIOBEPXHOCTH.

Onpenenenue 9.2. [loseprrocmvio poma g HA3BIBAETCS JIBYMEpHas
cdepa ¢ TPUKICCHHBIME K Hell g PyJIKaMU.

B wactrOCTH, TIOBepXHOCTH poma 0 —3T0 mpocTo cdepa, MOBEPXHOCTD
pozna 1 —»3ro Top (cMm. puc. 9.1).

N

Puc. 9.1. IloBepxnoctu poja g npu g =0, 1, 2
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Ilon rpacdom MBI OyZeM moOHMMATH I'pad, COIAEPXKAINNN, BO3MOXKHO,
nerim U KpaTHble pebpa (T.e. JiBe BEPIIMHBI MOIYT ObITH CO€IUHEHbI
HeCcKoJIbKUMU pebpamu). I'padbl, Jonyckaionye BJIOXKEHUE B IJIOCKOCTD
(naanaprvie rpadbl), —3TO B TOYHOCTH Te Ke Tpadbl, KOTOPIE JIONYCKa-
10T BIOXKeHue B cepy. JeficTBuresbHO, ecin U3 ¢epbl BHIKOJIOTH TOUKY,
TO IIOJIyYUTCs IIOBEPXHOCTH, FOMeOMOpPGHAs IIJIOCKOCTH.

Omnpenenenue 9.3. Baootceruem csazHoro rpada I' B moBepxXHOCTH
M Ha3zbiBaeTcs Takoe nsobpaxkeHnue rpada Ha IOBEPXHOCTH, YTO

1) kazk 10t Bepiune rpada comocTaBIeHa TO9Ka mosepxuoctu M, mpu-
9eM Pa3/InIHBIM BEPIITUHAM COITOCTABJIEHBI PA3JINIHBIE TOYKU;

2) kaxzoMy pebpy rpada ComocTaBjIeH OTPE30K HECAMOIEPEeCeKaro-
meiicss HepepbIBHON KPUBO Ha moBepxHocTH M, TpUdeM KOHITHI 3TOTO
OTpe3Ka COBIQJIAIOT C BEPIIMHAMU, COEIMHSEMBIMH JAHHBIM pebpoM, u
OTPE3KHU, COOTBETCTBYIOIIIE PA3IMIHBIM pebpaM, He MePEeceKaroTCs;

3) nonosenue K obpa3sy rpada I' B M npezcrasisger coboit HeCBsI3HOE
o0beIMHEHNE K.AeMOK — JIBYMEPHBIX 00J1acTeil, roMeoMOPMHBIX KPYTYy.

O6pa3 rpada 1npu BIOKEHUH HA3BIBAECTCI 6A00CEHHbIM 2padiom (Kap-
mot).

[Tepsoie aBa TpeboBaHUS B OMPEICTICHUN COBIIAIAIOT ¢ TPEOOBAHUSIMMI
B OIIpe/ie/IeHUN BJIOYKEHUsI Tpada B IMJIOCKOCTh. Tperhbe TpeboBaHUe sIB-
Jstercst HoBbIM. Ha camowm Jeste, st m3obpakenuit rpacda Ha cdepe OHO
BBINIOJTHSIETCS aBTOMATUYECKU: CBA3HBIN rpad MoxKeT paspe3aTh cdepy
TOJIBKO HAa KYCKW, KaXKJblil M3 KOTOPBIX roMeomopden mucky. lms mo-
BEpPXHOCTEl OOJIBITIEr0 POJA ITO yrKe He TakK: JONoJIHeHne K 00pa3y rpada
MoxKeT umerb pydku (cm. puc. 9.2). Tperbe TpeboBaHUe NPU3BAHO HC-
KJIFOUYUTH TO/I0OHBIE BJIOXKEHUSI U3 PACCMOTPeHUsI. Mbl cTpeMuMcst K TOMY,
4T00BI 00pa3 rpada paspesas Bce PyUKH TOBEPXHOCTH.

Puc. 9.2. Nzobparkenusi rpada Ha TOpe, He ABJISIONINECS BJIOXKEHUSIMU

B pasbreiimenM, 101ycKas HEKOTOPYIO HECTPOTOCTD sI3bIKa, 06pa3 Ipa-
da Ha MoBepXHOCTH MBI GyJileM Ha3blBaThb IPOCTO TpadoM, 00pa3bl ero
BepuMH (COOTB., pebep) — BepumHamu (CooTs., pebpamu) rpada.
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Ha puc. 9.3 npuseens! npuMepsl rpaoB, BJIOYKEHHBIX B TOP U [IOBEPX-
HOCTBb pojia 2. Y2Ke W3 9THX [PUMEPOB BHUIHO, YTO OIWH M TOT »Ke rpad
MOXKeT OBITh BJIOYKEH B pa3jMdHble TOBepxHOCTH. Tak, Hampumep, rpad
«BOCBMEPKa», COCTOSIINI M3 OTHON BEPIIUHBI U JIBYX IETEJIb, JOIYCKAET
BJIOXKEHWE U B c¢epy, U B TOP.

Puc. 9.3. Baoxenus rpados B Top (g =1) u Kpenjens (g =2)

IIycre rpad I' ¢ V Bepmmaamu u E pebpamu BioKeH B ToBepxHOCTH M
pora g. O6oznaunm depe3 F umcio KJaeTok B jmomnosHeHuu K rpady I
Ha 3Toit nosepxHoctu. Torma uncna V, ), F' u g cBsA3aHbl MeXKJy COOOM
3HAMEHUTBHIM COOTHOIIIEHUEM Diijepa.

Teopema 9.4 (Diisep).
V-E+F=2-2g.

Benmuuna ¥, = 2 — 2g Ha3bIBaeTCd 21UAeP06OT TAPAKMEPUCTNUKOT TIO-
Bepxuoctu M.

CootHotreHne Jiiyiepa M03BOJISIeT HEMEJIEHHO ChOPMYJIUPOBATE PO~
CTOe OrpaHrYeHHre Ha MaKCUMAJbHBIA PO, IOBEPXHOCTH, B KOTOPYIO MOK-
HO BJIOXKUTDH JaHHBIA rpad.

Caencrsue 9.5. I'pagp ¢ V' sepwunamu v E pebpamu neavds 6.40-
2HCUMD 8 NOBEPTHOCMb, Pod Komopotl npesviwaem (E—V 4+ 1)/2.

JeiicTBUTEIBHO, COTJIACHO COOTHOIIEHUO Diiepa
g=(E-V-F+2)/2<(E—V +1)/2,

Tak Kak F' > 1.

Tak, HanpuMep, rpad BocbMepKa Heb3s BJIOXKHUTH B IIOBEPXHOCTH PO-
Ja Goabiiie, yeMm (2 —141)/2=1.

Harmra 6imekaiimast 1me/ib COCTOUT B TOM, YTOOBI TTOKA3aTh, ITO JIIO00IM
rpad MOXKHO BJIOXKUTHh B HEKOTOPYIO IMOBEPXHOCTD. lIpemmosokum, 9T0
rpad I' yxe Bmoxken B moBepxHocTh M. PaccMoTpnM OKpecTHOCTH KaKoii-
HuOy/Ib €ro BEPIIUHLI ¥ U 0TOOPA3UM 3Ty OKPECTHOCTH TOMEOMOPGHO Ha,
IJIOCKOCTB € coxpaHeHueM opueHTarmu. Ob6pa3 Takoit OKPECTHOCTH IPE/I-
craBjisierT coboil Kpyr, B KOTOPOM BBIJIEJIEHa, BEPINUHA, rpada U KOHEUIHbIH
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HabOD BBIXOAANX U3 Hee noaypebep (em. puc. 9.4). (Hekoropble u3 sTux
osiypebep MOTYT HAXOJUTHCS HA IIPOTHUBOIOJIOXKHBIX KOHIIAX OJHOIO U
TOTrO ke pebpa, ecau B rpade UMeIOTCs IeTJIN, IPUMBIKAIONINE K BHIOpaH-
Ho#t Bepmmue. Yucsio mosrypebep, IPUMBIKAIOIINX K BEPIIUHE, COBIIAIAET
C ee BAJIEHTHOCTbHIO.) 3a/a/IUM HA MHOYKECTBE I10JIypebep, UCXOIANIUX U3
JIAHHOHN BEPIIUHBI, YukAUuecKul nopadok: Mbl CKa~
c JKeM, 9ITO TOJIypedpo b HErmoCcpesCTBEHHO CJe/LyeT
.7 N 3a MOJIYypebpPOM @, ecsii OHO HEIIOCPEICTBEHHO CJle-
/ \ JIyeT 3a MOJIypeOpOM @ pPH ABUKEHUU BIOJb IDa-
! | HHIBI OKPECTHOCTH MPOTHUB YacoBoil cTpeiku. Ha
! i puc. 9.4 nonypedbpa UMEIOT CJIeTYIONAN ITUKINIe-
/ CKU# IOPAIOK:

il o=ar-bc-d=a>....

Prc. 9.4. Oxpecriocts Takum obpaszom, BiioKeHUE Tpada B IByMEP-

Bepmmmbr  BasenTHoctn HYIO ITOBEPXHOCTD 3afaeT IUKIMIECKH MOPIIoK

4 BioxkenHoro rpaca Ha KaXKJOM M3 MHOXKECTB IOJIypedep, BBHIXOMSAIINX
13 KaxKJIOf U3 ero BeplIuH.

Onpenenenue 9.6. I'pagom ¢ spawerusmu Ha3bIBaeTcss rpad, B
KasKJI0f BEPIIIIHE KOTOPOIO 3aJIaH IUKJINIECKAN MTOPSIJIOK BBIXOJISAIINX U3
Hee 1oJIypedep.

IIpumep 9.7. B rpade BocbMepKa U3 € IMHCTBEHHON BEPITUHBI BHIXO-
JIAT Jerbipe mojiypebpa. Ha puc. 9.5 npuBeseHsb! JBa pa3jimdHbIX CIIOCODA
3a1aTh IUKJINIECKUil OPAJIOK Ha 3TOH YeTBepKe moJypebep (ompemests-
emblil opuenTanueil mwiockocrn). JIpyrux cnoco6os ner. Kak Mbl Buzenu,
[IEPBBIN CIIOCOD pPeaM3yeTCsl BJIOKEHHEM BOCHBMEPKHU B ILIOCKOCTb, BTO-
poIi — ee BJIOXKEHUEM B TOD.

oo &

Puc. 9.5. /IBa pa3/u4HbIX IUKJIXYECKUX [TOPSIIKA Ha MHOYKECTBE MOJIypebep, BBIXO/Is-
X U3 BEPIIMHBI BOCbMEPKU

Onpenenenue 9.8. Baoowcenuem 2pada ¢ 8pauULeHUAMU B TOBEPX-
HOCTb Ha3bIBAETCS BJIOXKEHUE Tpada, 3aJaf0IIee TOT YKe CaMbIil IUK/Iu-
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YeCKUI TOPSIOK Ha KaXKJIOM W3 MHOXKECTB IOJIypedep, BBIXOMIAMNX U3
KaXKJI0# BEPINUHBI, YTO U B UCXOTHOM rpade.

OkaspiBaeTCsl, YTO He TOJIBKO BJIOXKeHUe rpada B IOBEPXHOCTH OIpe-
JleJIsieT COOTBETCTBYIONIUI Tpad € BpallleHUusIMU, HO U 10 rpady ¢ Bpa-
MIEHNUSIMHI OJHO3HAYHO BOCCTAHABJIMBAETCS IIOBEPXHOCTH, B KOTOPYIO OH
BJIOKCH.

Teopema 9.9. Jlra 6cakozo epagda ¢ 6pAULLHUAMU CYUWECTNBYEM, e0UH-
CMBEHNHAA DBYMEPHAA 3AMKHYMAL NOBEPTHOCTIL, 8 KOMOPYI €20 MONHCHO
BAONCUMD C COTPAHCHUEM BPAULEHUT.

3ameuanue 9.10. [Ipexe yeM T0KA3bIBATH TEOPEMY, 3AMETHM, ITO
caMo BJIOKeHHe rpada TaKzKe OIIPEJIeJIEHO OJIHO3HAYHO, €CJIA PACCMATPH-
BaTh €ro C TOYHOCTBIO JI0 TOMEOMOPdU3Ma IOBepXHOCTH. MOXKHO, OJTHAKO,
[IpUBJIeYh U OOJiee TOHKYIO KJIACCH(DUKAIMIO BJIOXKEHUI: ¢ TOYHOCTHIO JI0
uzomonuu. JIBa m300parkeHHbIX Ha puc. 9.6 BIOKEHUS BOCHBMEPKHU B TOP
HeJIb3¢ [EPEBECTHU JIPYT B JIpyra M30TONHUEH TOPa, XOTS OHUA U FOMeOMOpPd-
ubl. [l1s cdepbl oTHOIIEHNS SKBUBAJIEHTHOCTH, OIIPE/I€JIEHHBIE TOMEOMOP-
bu3MoM u u30TOINHEH, COBIIAIAIOT.

-

Puc. 9.6. /IBa romeoMOpdHBIX, HO HE U30TOIHBIX BJIOXKEHUsI BOCBMEPKU B TOD

3ameuanne 9.11. [lnanapusie rpadnl u rpadbl, JOMYCKAOIINE BJIO-
J)KeHust B cepy, —3T0 ofHO u TO ke. OIHAKO B PA3IMIHBIX BJIOYKEHUSI
rpada B IIOCKOCTb MOI'YT OKa3aThCsl OJJMHAKOBBIME KaK BJIOYKEHHs rpada
B cepy. IIpocroit mpumep Takux BiIoxkeHuit mpuBeieH Ha puc. 9.7. [leris
JIEJINT IJIOCKOCTH HA JIBe 00JIACTU — BHEITHIOI W BHYTPEHHIOI, KOTOPBIE
HeJIb3sl TIePEeBeCTH JIPYT B JApyra romeomopdusmom mrockoctu. Ha cdepe
BHEIIHss] ¥ BHYTPEHHSA 00IaCTA HEPA3IUINMBIL.

HokazarenbcTBO Teopembl 9.9. N300pasum BepHinHbI U BbI-
XoIsAIIIe n3 HUX oJrypedpa rpada I' B Buzme Habopa «exkeity HA IIOCKOCTH
(cm. puc. 9.8). CoenuHuM Terepb KOHIbI [OJypebep Tak, 4ToObl MOJIy-
auTh Tpebyembrit rpad I'. Ilpu coenunenun HekoTOpble U3 pedep MOTYT,
KOHEYHO, nepecedbcsi. OJHAKO MbI OTpedyeM, 4TOOBI OHM HE IPOXOJIH-
JI1 9epe3 BepINuHbI I'pada, U BHOBb IOJIyYeHHbIE TOUYKU IIEPECEeUeHNs HE
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Puc. 9.7. /IBa pa3iu4uHbIX IUIOCKHX rpada, 3aJarolnue OJUH U TOT Ke chepudecKuit
rpad

OyIyT CYNTATHCS BEPIIMHAMU. PaccraBuM Ha pebpax IMPOU3BOJIBHBIM 00-
pa30M CTPeJIKU («OpUEHTUPYeM» UX) U 0003HAUUM KaxKI0e peOpO HEKOTO-
poit OyKBOIt Tak, 9TOOBI pa3IMdHbIe PeOpa ObLIN 0003HAYEHBI PA3IUIHBIMA
oykBamu. Ilo 93TuM JAHHBIM MBI IOCTPOUM IMOBEPXHOCTH M, KOTOpas mHe
OyIeT 3aBUCETH HU OT CIOCODa PACCTAHOBKHU CTPEIOK, HM OT 00O3HATEHUS
pebep rpada OykBamm.

vk X

a4

a6

1 U

az

as

Puc. 9.8. I'pad, nosydeHusii coequnenneM mnosypedep exeil (BBepXy), UMEIOIIUX 3a-
JAHHBIE [IUKJIUIECKUE TOPSIKI

TTocTrpoenne moBepxuoctu M paszbuBaercs Ha jBa mara. CHagama 0y-
JIeT ompefiesieH HAOOP KJIETOK, a 3aTeM M3 9THX KJIETOK OyIeT CKjeeHa
caMa TIOBEPXHOCTD. MBI OMUINEM MTOCTpOoeHne Habopa KJIeTOK st rpada
C BpallleHusIMU, n300parkeHHoro Ha puc. 9.8. B obieMm cirydae mocTpoeHue
[IOJIHOCTHIO AHAJIOIMYIHO.
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Kierku nabopa onpesensiorcs Tak. Paccmorpum pedpo rpada I', 060o-
3HaYeHHOe OyKBOil a;. /|BUrasich 110 HaIIpaBJIEHUIO STOTO pedbpa, MbI IIPUXO-
auMm B Bepruay 1. B Beprmae 1 3a1a0 nukimaeckuit mopsiiok mosrypedep,
¥ MBI BBIXOJUM W3 Hee, JBUTAsICh 110 MOy PeOpy, HEITOCPEICTBEHHO CJIE/TY-
IOIEMY 3a MOJypeOpoOM, 0 KOTOPOMY MBI B Hee HPUILIH. 3HAYUT, MbI
BBIXOJUM II0 TOJIyPeOpy ag U monajiaeM B Bepuinny 3. 113 Bepiiuubl 3 Mbl
JIOJIPKHBI BBITHU 110 TIOJTypebpy as, CJIEIyIoIeMy 3a Hoypebpom ag. 1ler-
JI a3 BO3BpAIllaeT Hac B BepmwmHy 3. Ha 3TOT pa3 Mbl JOKHBI BBIATH
73 BEPIUHBI 3 BIOJb pebpa Gg HO B HAIIPABJICHUW, IPOTUBOIIOJIOKHOM
YKa3aHHOMY CTpeJKOil. /IBm:kenne mo TakoMy pebpy OymeMm 00603HATATH
6yksoit a; '. Ha ceii pas MbI BO3BpamaeMca B BepmmHy 1, m3 KOTOpOil
JIOJIZKHBI YIATH 110 pedpy ay.

DTOT TPOIECC MPOJOJIZKAETCS JI0 TeX IMOP, ITOKa, HAIl IIyTh HE JOJIZKEH
OyZeT IPOWTHU N0 MOMY JiCe CAMOMY PEOPY U 6 MOM dHCE CAMOM HANPAG-
AEHUU, 8 KOMOPOM ML YHCE NPOLOOUAU.

3armmieM mpoiIeHHbBIH TyTh B BUJE CJI0Ba, B KOTOPOM KaXKJi0e pedbpo
0003Ha4YeHO COOTBeTCTBYOMIIEl eMmy 6ykBoii. [losryunrcest cjioBo

ajagazag azazaz tay .

Ha crenmyrommem 1mare myTh 3aIliKJINBAETCsH — OH JIOJIZKEH CHOBA MPONTH
qepe3 pebpo a;. JlokarxkeMm, ITO 3TO ODOIIas CUTYaIIHs.

Jlemma 9.12. Ilepsvim nosmopuswumca pebpom nymu ABAAECMCA Ha-
YANLHOE PEOPO IMO20 NYMAU.

JeficTBUTEIEHO, TPEIIOIOZKIM, 9TO ITO HE TAK, U IEPBBIM JTOJIZKHO 10~
BTOPUTHCS pebpo T, OTIMIHOE OT HavdaabHOro. [locmorpuMm Ha pebpo myTn,
MIpeJIIecTByoIee pedbpy . 1o pedbpo OIPEIETIEHO OTHO3HATHO BPAIEHU-
eM rostypebep B HadasIbHON ToUKe pebpa x. [loaromy mpenpiayiiee pedbpo
JIOJIZKHO OBLIIO TIOBTOPUTBHCS PaHbIe pedpa T, U MbI IMPUIILIA K TPOTUBO-
peunio. L

ConocraBuM TIOCTPOCHHOMY Iy TH KJIETKY — BOCbMUYTOJTLHUK,, CTOPOHBI
KOTOPOT'O ITIOMMEHOBAHBI OYKBAMU IIyTA B TOM K€ IIUKJIMTIECKOM IOPSIIIKE.
st mocTpoeHus odepeHOil KJIETKM BO3bMEM KaKylO-HHOY/Ib OYKBY af,
i=1,...,6, c€{=1, +1}, He BomeAUIYIO B y2Ke [IOCTPOEHHBIE IUKJIBI, U
ITOCTPOUM IUKJI, IPOXOSINUiI Yepe3 COOTBeTCTBYyoIee pedbpo. B Hamem
IIpUMepe MOXKHO HadaTh, CKaxKeM, ¢ OYKBBI as. 1eM 3Ke CIIocoOOM, UITO
7 B JIEMMe, JIOKa3bIBAETCs, ITO JIIOObIE JIBA MMOCTPOEHHBIE MTOA00HBIM 00pa-
30M IUKJIa JIIOO He IepeceKkaroTcs (He nMeroT ob1iero pebpa, IpoileHHOro
B OJIHOM ¥ TOM K€ HAIlpaBjeHnn), Jubo cosragaior. [losromy Bee peGpa
B rpade pa3buBaroTCs Ha IUMKJbL. Pe3yabTaToM 3TOro pa3dueHus sBJis-
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eTcs HAOOD CJIOB, B KOTOPOM KakJas U3 OYyKB af BCTPEYAETCH POBHO IO
OJTHOMY pa3y. O
B paccmarpuBaemom mpumepe HAOOp IIyTell MMeeT BHU

a1a6a3ag1a4a2a;1a;1, asaglafl, a;l

Dromy Habopy myreil cooTBeTcTBYET HAGOP KieToK (cM. puc. 9.9), u3 Ko-
TOPBIX CKJIEMBAETCs Tpebyemasi AByMepHasi MOBepXHOCTh. CKJieiika mpo-
HUCXOIUT 1O pebpaM, 0003HAYEHHBIM OYKBAMU, OTJIMIAIOIINMUCS JIAIID 10~
Ka3aTessIMU CTENeHH. $ICHO, 4TO BpallleHus, 3a/aBaeMble ITOCTPOEHHBIM
BJIOYKEHUEM, COBIIAJIAIOT C UCXOIHBIMU. O

aq

ai

Puc. 9.9. Tpu kiterku ¢ HOMMEHOBaHHBIMU peOpaMu, U3 KOTOPBIX CKJIEMBAETCS IOBEPX-
HOCTb BJIOKeHus1 rpada ¢ puc. 9.8

3ameuvanune 9.13. I3 npuBeseHHOrO MOCTPOEHUsT BUIHO, KaK CTPO-
UTh TOMEOMOP(MU3M TOBEPXHOCTH, IEPEBOISIINI OHO BJIOXKEHUE JTAHHOTO
rpada ¢ BparieHusimu, B apyroe. [Ipu BeibpacekiBanuu rpada u3 moBepx-
HOCTHU BJIOXKEHUsI OHA PACHaIaeTcs Ha KIeTKH. KaxKIyio KJIeTKY MOXKHO
CYNTATh MHOTOYTOJIBHUKOM, CTOPOHBI KOTOPOTO 3aHyMEPOBAHBI pebpamMu
rpada (¢ yuerom opuenranuu). Habop MHOrOyroJbHUKOB HE 3aBUCUT OT
BJIOXKEHHsI W CTPOUTCS 1O rpady € BPAIIEHUSIMH, KaK IOKA3aHO B J0-
Ka3aTeIbCTBE TeOpeMbl. J[JIsi TOCTPOEHUsT ICKOMOT'O NOMEOMOP(MU3Ma €ro
JIOCTATOYHO CKJIEUTH U3 TOMEOMOP(MU3MOB COOTBETCTBYIOIINX KJIETOK, CO-
XPAHSIOMUX HyMeparuio pebep.

3ameuvanune 9.14. MoxKHO m3ydaTh W BJIOXKeHUsT rpadOB B HEOPU-
eHTUpYeMble TTOBEPXHOCTU. Takoe BIIOXKEHHUE OIpEeJisieT B OKPECTHOCTU
KazKJION BEPIIMHBI HE OIUH [MKJIMIECKUN TTOPSIJIOK HA MHOXKECTBE BBIXO/IsI-
UX U3 Hee MMoJIypedep, a mapy TakKuX MOPSIKOB, 0OPATHBIX JIPYT K JIPYTY.
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VYKazaHHOE COOTBETCTBUE HE SIBJISIETCS B3ANMHO OJTHO3HAYHBIM. ['pady, s
KaXKJIOM BEPIIMHBI KOTOPOI'O 3a/laHa IIapa B3aWMHO OOPATHBIX BpAIlEHUM
Ha MHOYKECTBE BBIXOJSIINX U3 Hee MoJIypedep, MOXKeT ObITh BJIOYKEH B pPa3-

JITYHBbIE HEOPUEHTUPYEMbIE IIOBEPXHOCTH.

st rpada, BJIOKEHHOTO B MOBEPXHOCTH, OIIPEJIEJIEHO TIOHSTHE JIBOI-
CTBEHHOro Tpada, KOTOPBIA BJIOXKEH B Ty 2Ke caMylo MOBepxXHOCTh. Ha

puc. 9.10 npuBeeHbI B TaPbl JBONCTBEHHBIX IPadOB.

Puc. 9.10. ITapsr gBoiicTBeHHBIX IpadoB Ha cdepe u Tope

Onpenenenue 9.15. Ilycts rpad I' Broxken B moBepxnocts M.
Zsoticmeentvim epagom HasbiBaeTcs BioxkeHubiii B M rpad I', Bepmunbt
KOTOPOI'O HAXOJMSTCS BO B3AMMHO OJJHO3HAYHOM COOTBETCTBHY C KJIETKAMUI

rpacda I', pebpa — BO B3aWMHO OJHO3HAYHOM COOTBET-
crBun ¢ pebpamu rpada I’ mpudeM nukJInYecKuil mo-
PSJIOK TToJTypebep, BBIXOIANINX U3 JIAHHOW BEPIIMHDI
JIBOiCTBEHHOI'O I'pacda, COBIAJAET C IUKINIECKUM I10-
psAIKOM pebep, OrPaHMYHUBAIONINX COOTBETCTBYIOILYIO
KJIETKY UCXOJIHOTO rpada.

IIpumep 9.16. B kawecTBe mpuMmepa IBONCTBEH-
Horo rpada omnuieM BjoKeHune rpada K; — moaHoro
rpada ¢ cembio BeprmHamu — B Top. C moMomso 31o-
IO BJIOXKEHHSI JIOKA3bIBAETCsl, UTO HE y BCAKOro rpada
H& TOPE BEPIIMHBI MOXKHO DACKPAaCUTh B IIECTH IiBe-
TOB TaK, 9TOOBI COCE/IHIE BEPIIUHBI ObLIN PACKPAIICHBI
B pasJMYHbIE [BeTa. BJioykeHue JBOHCTBEHHOTO rpada
n3o6pazkeno Ha puc. 9.11. Top mosyvyaeTcss CKIenBaHM-

Puc. 9.11. Buio-

KEHUE B TOp
rpada, JIBONACTBEH-
HBIM K KOTOPOMY
saBsierca rpad Ky

€M IIPOTUBOIIOJIO?KHBIX CTOPOH HIECTUYT'OJIbHUKA. Ka}K,Ha,H n3 CeMU KJIETOK
IIOJIYy9Y€HHOI'0 B PE3yJjIibTaTe pa36I/IeHI/I$I T'PaHUYIUT CO BCEMH OCTaJIbHBIMMU.



132 T'itaBa 9. Biioxkennbie rpadbt

9.2. O ymucJye ckJieeK MHOTOYTOJIbHUKA

3aMKHyTBIe OPHEHTUPYEMbIE MOBEPXHOCTH MOYKHO H3TOTABIMBATH W3
MHOI'OYTOJIbHUKOB, CKJIeMBasi UX CTOPOHBI IonapHo. Hampumep, ckiienBa-
HUE [IPOTUBOIIOJIOKHBIX CTOPOH KBaJpaTa gaeT Top (cM. puc. 9.12).

Pacemorpum npaBusibHBIN 2n-yrOJbHUK U Pa300bEM €ro CTOPOHBI Ha
mapbl BCEMU BO3MOXKHBIMU criocobamu. JITst KayKIoro Takoro pa3dumeHust
Ha [apbl CKJIEUM CTOPOHBI, IPUHAJJIE’KAIIME OIHON nape (¢ COXpaHeHu-
€M OPHMEeHTHPYEMOCTH T10BepxHOCTH ). [TotyunTcst 3aMKHyYTasi OpHEHTUPO-
BaHHAas MMOBEPXHOCTb. Hac Oyner mHTEpecoBaTh, IIPU CKOJBKHUX CIIOCODAX
CKJIEHIKU TIOJTy9YeHHas MOBEPXHOCTH Oyer mmerb poa 0, pox 1, ..., pom g.

~ 0~ (-

Puc. 9.12. CkneuBanue Topa U3 KBaapaTa

Haunem, xax 0OBIYHO, C IPUMEPOB.

IIycte n =2 u Mmb1 u3yuaem ckieiiku KBagparta. CTOPOHBI KBaIpaTa
MOYXKHO Pa30buTh Ha mapbl TpeMs crocobamu. JIBa mepBBIX crocoba mpu
CcKJIeliKe JaioT cdepy; Tperbe pasbuenue gaer top (cM. puc. 9.13). Ilpu
n = 3 umeercs 15 crrocoboB pa3zdbuTh Ha TAPbl CTOPOHBI MIECTUYTOJIbHUAKA.
Herpynuo Buaerb, uTo nsith pas3bueHmit B mepBoil cTrpoke Ha puc. 9.13
JaioT mpu ckielike cdepy, a 10 ocTaabHBIX — TOP.

3aMeTuM, YTO MBI CIUTAEM PA3JIMIHBIMU CKJICHKH, TIEPEXO/ISIITe OTHA
B JIPYTYIO TIPH MOBOPOTE (MJIM OTPasKeHWHN) MHOTOYTOJBHUKA. JTO O3HA-
JaeT, 4TO Mbl IPUMEHUJIU OJWH U3 CIOCOOOB paspyIleHHsl CHMMETPUH.
MO2KHO CUUTATH, HAIIPUMED, 9TO CTOPOHBI (UJIA BEPIIUHBI) MHOIOYTOJIbHU-
Ka IepeHyMepoBaHbl. Vi, 970 B MHOTOYTOJIBHUKE BBIIEICHA HAYATHHAS
cropona (Bepriuua). COOTBETCTBYIOIINE NOMETKH He M300DarKaloTCs Ha
pUCYHKe, ITOOBI €r0 He 3arPOMOXKIATh.

OKa3bIBAETCs, 9TO ONPEIESINTh PO IOBEPXHOCTH 10 CKJIEHKE HECJIOXK-
vo. ObOpa3 rpaHUIbl MHOTOYTOJIbHUKA IPU CKJIEHKe 33/aeT BJIOYKEHHBIN
rpad Ha moBepxHOCTH. [leiiCcTBUTE/IBHO, JIOMOJHEHNE K HEMY — 9TO OJHA
KJIETKA, BHYTPEHHOCTb MHOTOYTOJIbHUKA. 1€M CaMBbIM MBI 3HAEM UHCJIO
KJIeTOK. ducso pebep HAM TOXKE M3BECTHO: OHO PABHO IIOJIOBUHE UUCTIA
CTOPOH 2N-YTOJIbHHUKA, T.€. OHO pPaBHO n. OCTAOCh OMPEIETUTh YUCTIO
BepiuH rpada. J[jist 3Toro MOXKHO, CKaXKeM, IOMETUTb OJIMHAKOBBIMU IUC-
JIAMU BEPINUHBI MHOTOYTOJIbHIKA, KOTOPBIE IIPU CKJIEHKE MEPEXOIAT B O
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Puc. 9.13. Bce Bo3MoXKHBIE CKIIEHKH CTOPOH KBajpara u IecTuyrojabunka. CkienBae-

MbI€ CTOPOHBI IIOMEY€HbI OJJTUHAKOBBIMU 6yKBaI\H/I

Hy Bepiuny rpada (cm. puc. 9.14). Hucno pasindHbx HOMETOK u 6yjer
PABHO YHCJIy BEepINUH BJIOXKEHHOro rpada. Tak, Hanpumep, st CKIeHKT

Ha puc. 9.14 MBI MOXKEM BBIYUCIUATDL SUTEPOBY Xapak-
TEPUCTUKY PEIYJIBTUPYIONIE TOBEPXHOCTHU:

2-2g=V-E+F=2-3+1=0,

U TI0O9TOMY IIOBEPXHOCTD SIBJISIETCSI TOPOM.

Takum 0bpazoM, poj pe3yIbTUPYIONEN TOBEPXHO-
CTH OIIPEIESIAECTCA TNCIOM BEPINH B rpade, CKIeeHHOM
13 CTOPOH MHOIOYIOJIbHUKA.

Harmra 3ama7a cocTtouT B TOM, ITOOBI TIEPEIUCIUTD
CKJIEIIKU 2n-yTrOJIbHUKA, MPUBOJISIINE K IIOBEPXHOCTH
poma g. DTa 3ajJada UMEET eCTEeCTBEHHYI0 Iepedop-
MYJIMPOBKY B TE€PMHUHAX JBOHCTBeHHBIX rpados. Pac-
CMOTPHUM 2n-€7Ka Ha IJI0CKOCTU. BceBo3MOoKHbBIE pa3bu-
€HUsI KOHIIOB 3TOI'0 €XKa Ha APl OLPEIEISIOT Pa3/Iind-
Hble T'padbl C BPAIEHUSIMHI, UMEIOIIIE OHY BEPIINHY.
CupariuBaeTcst, CKOJIBKO U3 3TUX rpaoB UMEIOT PO 8.

ComocTaBuM — KaXKJOMy  YHUCIYy 7 MHOTOWIEH

Puc. 9.14. Tlomer-

Ka BEPIIMH MHO-
royrosbpHuKa. Bep-
LIVHBI,
me 1pu
K& B OJHYy Bep-
LINHBI BJIOXKEHHOT'O
rpacda, mOMedeHbI
OJIMHAKOBBIMU HO-
MepaMu

Tepexos-
CKJIeii-

T, =T,(N) — upousBogdmuii MHOIOWIEH JIJIs YUCJIa CIIOCODOB CKJIEHKU
cTopoHn 2n-yrosbhuka. Koadpdunpent npu NV B muorousnene 1, paben
YUCILY CIOCODOB CKJIEHKH CTOPOH 21-YTOJbHUAKA, IIPU KOTOPBIX CKJICCHHBII
rpad umeer B ToYHOCTH V BepinuH. PO IOBEPXHOCTH 110 9TUM JAHHBIM
OIIPE/ICNIAETCST OHO3HAYHO. TaKuM, 00pa3oM, UHCJIO CIOCODOB CKJIEHKH
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IIOBEPXHOCTHU pPOJia g U3 27’L-yI‘OJ’IbHHKa paBHO
[N" 26T (N).

BeoimuriieMm HECKOJIBKO epBbIx MHOTOUIEHOB T,. Tlomoxum mist yiao6-
crBa Ty(N) = N. Hanee, T1(N) = N?: e uHCTBEHHAS BO3MOKHASI CKIIEHKA
«IPABWJILHOTO JIBYYTOJbHUKA» JaeT rpad ¢ JABYMs BEPIIUHAMU ¥ OJTHUM
pebpom Ha cdepe. Cremyroriue JiBa MHOTOUIEHA ObLTH HAMU (DaKTHIECKH
[TOCIUTAHBL:

T,(N) =2N? + N;
T3(N)=5N*+ 10N>

BrinuceiBasi Bce BO3MOXKHBIE CKJIEHIKU TPABUJIBHBIX 8-MU 1 10-yroJbHUKA,
MOKHO BBIYHCJIUTH €Ie Tapy MHOT'OYJIEHOB:

T,(N)=14N® + T0N?® + 21N,
Ts(N) =42N° + 420N* + 483N?,

OJIHAKO YK€ 3TU BBIYUCJEHUS CTAHOBATCS YPE3BLIYANHO TPYIOEMKUMU.

Herpynmo Bumers, 9To cymma Beex KOIMDDUIMEHTOB MHOTOWICHA T, ,
T.e. ero 3Hauenne ipu N =1, T,,(1), pasaa (2n —1)!!=1-3-5-...-(2n—1).
HeiicTBurebHO, cyMMa Beex KoadduimenToB MHOTOUIeHa, T, paBHA IuC-
JIy BCeX pa3bHeHuil Ha mapbl CTOPOH 2n-YTrOJIbHUKA. UUCJI0 TAKUX pa30u-
eHnil HeTPYIHO COCYUTATh. B caMoM Jiejie, BO3bMEM KaKyIO-JIN00 CTOPOHY
MHOroyrosjbauka. Ilapuyio eit cropony M02KHO BbIOpaTh 21 — 1 pa3InyHbI-
Mu criocobamvu. Eciin 3adukcnpoBarh KaKyo-a1ub0 U3 OCTABIIUXCA 21 — 2
CTOPOH, TO MAPHYIO €if CTOPOHY MOXKHO BBIOPaTh 21 — 3 Pa3/IMIHBIMU CIIO-
cobaMu, 1 T. 1.

Broimumem mpousBoggniyo pyHKIHIO ABYX MEPEMEHHBIX — OOLITHYIO
110 apryMenTy N ¢ 9KCIIOHEHITHAJIbHYIO [0 APTYMEHTY S:

Ty (N To(N
T(N:s) = 14 2sTy(N) 422 8V g o(N)

oo

 Tu(N

n=0

B 1986 romy ObL10 HAIEHO YAMBUTEJBHO IIPOCTOE W M3AINIHOE BhIPa-
2KEHUE It 9TOH MPOM3BOISIIEH DYyHKIIAN.

Teopema 9.17 (Xapep, 3arup).

T(N;s)= (1+S)N.

1—s
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JokazaTenbeTBy (K COXKAIEHUIO, HEIIOJTHOMY ) 3TON TEOPEMBI TTOCBSIIEH
CIIEYIOIUI pas3ies.

3ameuanue 9.18. Boiox npoussomsieii dynkuuu T(N;s) ne 6oLt
IJIaBHOM 11esibiI0 paborel Xapepa u 3arupa. ChopMmyaumpoBaHHAs BBIIIE
TeopeMa ITOC/TYKIJIa OCHOBHBIM TEXHUYECKUM PE3yJIbTATOM IIPU BBIUUCTIE-
HUU SUPMYANOHOT FUAEPOSOT TAPAKMEPUCTNUKY NPOCTPAHCNE MOYAET
IJIaJIKAX KOMILJIEKCHBIX KPUBBIX (PMKCHPOBAHHOTO POja g.

IIpoBepum, uro nUpuBeleHHasi B Teopeme (OpPMyJia JIeHCTBUTE b~

HO TPABWJIBHO NAaeT IepBble KOX(MMUIMEHTH MPOu3BOsIeil dyHKINN.
Hmeem,

T(N:s)=(1+435)¥(1—s) " =

:(1+Es+N(N_1)32+N(N_l)(N_2)s3+...)><
1 2! 3!
><(1—&-%8—&-N(J\;,+1)32+N(N+;?(N+2)s3+...):
B N N N(N-1) NN NN+ ,
_1+(f+i)5+( TR T TR T )3+
N(N-1)(N—2) N(N-1)N NN(N+1)
+( 31 TR TR TR TR
N(N +1)(N +2
L NN+ DIV +2) +33( + ))83+.. =
3
—142oNs4oN22 422N AN s

3

7 II0 KpaifHell Mepe HadaJjibHbIE YJIE€HBI Pa3JI02KEHUs COBIIQJIAIOT C yIKe
BBIYHMCJIEHHBIMUA HAMU paHee.

9.3. /lokazaTejibCTBO TeopeMbl Xapepa—3arupa

Ob6paTuM BHEMAaHUE, BO-IIEPBBIX, HA MOCIEI0BATEIHLHOCTE KOIhDUIT-
€HTOB IIPU CTAPIINUX CTEIEeHIX MHOIO4WIeHOB T),. DTa 110C/Ie10BATEIbHOCTD
HaynHaeTcs Tak: 1, 1,2, 5, 14, ..., U y HAC €CTb OCHOBAHUS ITPEJIIIOJIO-
KUTh, YTO OHA COBIYIAET C TOCJIEIOBATEILHOCTHIO uncesl Karamana.

Jlemma 9.19. Cmenenv mmozounena T, pasna n + 1. Koapduyuenm
npu N™ ™' 6 mnozouaene T, (N) pasen c,, n-my wucay Kamasrana.

HokazaresbcTBo. Ilo popmyse Ditjepa umciio BepiinH B rpade
Ha CKJIGEHHON ITOBEPXHOCTHU POJIa g OIPEJENISIeTCs N3 PABEHCTBA

2-2g=V-E+F=V-—-n+1,
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orkyna V=n+1-2g<n+1, tak kak poj g Heorpuraresnes. [locnennee
HEPAaBEHCTBO IPEBPAIIAETCS B PABEHCTBO TOIJIA U TOJBKO TOI/A, KOTJA
g =0, T.e. CKJIeeHHAsT TTOBEPXHOCTH — cepa.

HazoBewm s1Be mapbl cTOPOH MHOTOYTOJIBHUKA NEPEMENCANOULUMUCS, €C-
JIn MEXJy JBYMs CTOPOHAMM U3 IIEPBOil Mapbl €CTh CTOPOHA U3 BTOPOU
mapbl, B KAKOM ObI HAIIPABJIEHUH MbI HA OOXOJUJINA I'DAHUILY MHOI'OYTOJIb-
nuka. /Ipyrumu cioBamu, JiBe apbl CTOPOH MEPEMEXKAIOTCS, €CJI OTPE3-
KW, COeUHSIONINE CEPEIMHBI KayKI0I Tapbl CTOPOH, NlepecekatoTcs. Kean
B pa3dMeHNN CTOPOH HA MAPBI €CTh IEPEMEKAIOITUECs [TAPhI, TO UX CKJIEH-
Ka Jaer pyuky (cMm. puc. 9.15), u pe3yJbTUpYIOasi OBEPXHOCTh HE MOYKET

Puc. 9.15. Ckieiika py4uKy U3 IePEMEXKAIOMUXCS Iap CTOPOH

sSBJIATBCs cepoit. Haobopor, eciun B pa3dbueHnn HET IepeMerKaroIuXCst
map, TO pe3yJbTUPYIoIiasi IOoBepxHOCTh — cdepa. eiictBurepHo, B Ta-
KOM pa30MeHnN MOXKHO BBIOPATH Mapy CMEXKHBIX CKJIEUBAIONIUXCS IPYT
¢ apyrom ctopoH. X ckieiika naeT MHOTOYTOJIBHUK C MEHBIITHM YHCJIOM
CTOPOH, KOTOpbIe Pa30UTHI HA HEIlePEeMEeKAIONINecs Napbl, U Mbl MOXKEM
JIeiCTBOBATD 110 WHLYKITHH.

Pasbuenust cropon 2n-yroyibHUKa Ha Taphl, B KOTOPBIX HET IlepeMerKa-
FOIUXCS TIaP, HAXOISATCS BO B3aMMHO OJJHOZHAYHOM COOTBETCTBHUHU C MHO-
2KECTBOM IPABUJIBHBIX CKOOOYHBIX CTPYKTYDP U3 n map ckobok. [lelicTBu-
TeJIbHO, 3adUKCUPYeM KaKyI0-Iu00 HAYAJIBHYIO BEPIINHY MHOIOYTOJIHHU-
Ka n 6yﬂeM ABUTATbCA OT Hee BJ/I0JIb I'DaHUIIbI MHOI'OYT'OJIbHUKa ITPOTUB
qacoBoil crpesku. KaxK 10l mpoxo Mol CTOPOHE MHOTOYTOJIbHUKA COIIO-
CTABUM JIEBYIO WJIM [IPABYIO CKOOKY IO CJIEIYIONIEMY IIPABUIILY: €CJIA IIPOXO0-
JUMasi CTOPOHA — IePBasi U3 IMaphl, TO MBI COIIOCTABJISEM €Il JIEBYIO CKOOKY,
B IIPOTUBHOM cJiy4dae — paByio (cMm. puc. 9.16). $lcno, uro nosyuunsias-
¢ CKODOYHAs CTPYKTypa OyJeT MpaBUIbHOM, U UTO JTIOOYIO MTPABUILHYIO
CKODOYHYIO CTPYKTYPY MOXKHO ITOJIyYUTh POBHO OJUH Pa3.

Jlemma mokazama. O
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(OO
bddccbaa

b

d

Puc. 9.16. Pazbuenne cropon 8-yrojpHuKa Ha Iapbl 6€3 IIepeMerKaroIuXCs Iap U COo-
OTBETCTBYIONIAs CKOOOYHAS CTPYKTYPa

JlasibHeiiIee J10Ka3aTeIbCTBO TEOPEMBI Xapepa—J3arupa pa3oubaercs
Ha JBe JacTh. [IepByfo ero 9actb COCTABIISET CJIE/IYIONIAs JIEMMA.

Th(N
JIemma 9.20. Paccmompum ewpasicerue t(N, n) = ﬁ KaK
dynruuro om n npu gurcuposarnnom N. Tozda t(N, n) — mmnozousern om

n cmenenu N — 1.

IlepBoe moxkazaTeaIbCTBO 9TOro (hakTa, XOTS M HE OYEHb CJIOXKHOE, UC-
MOJIb3yeT HETPUBHUAJILHYIO TEXHUKY WHTETPUPOBAHUS IO MPOCTPAHCTBY
9PMUTOBBIX Marpull. HeraBHO HMOSBMJIOCH YMCTO KOMOMHATOPHOE JIOKa-
3aTesIbCTBO, IpuHayiexkaiiee boao Jlaccy. OHo, oHAKO, TOXKE JI0BOJIBHO
TpyAoeMKoe. ¢l OTChLIAK 3aMHTEPECOBABIIEIOCH YUTATENSI K OPUTHHAJIb-
HBIM paboTaM.

OcraBrascs 9acTb J0Ka3aTeIbCTBA HOCHT BITOJHE KOMOMHATOPHDIN
XapakTep.

[IpearmooXKuM, 9TO BEPIIMHBI 21-yTOJbHUKA PACKPAIIEHBI B HECKOJIb-
KO IIBETOB. ByJieM roBOpUTH, YTO CKJIeiKa CTOPOH MHOI'OYIOJIbHUKA, CO2A0-
COBANA C PACKPACKOT, €CJIN OHA, CKJIEMBAET TOJIHLKO BEPIIMHBLI OJMHAKOBOIO
1BeTa.

JIemma 9.21. Yucao T, (N) ecmv 6 mownocmu wucio CKAeer Cmopor
2n-Y2onbHUKaA, CO2AACOBAHNBIT C PACKPAckoll e20 sepuwun 6 (He Goaee wem)
N uysemos.

JokazaTesnbcTBO. HelCTBUTEILHO, IYCTh B PE3YJIbTATE CKIIEHKN
CPaHUIA MHOTOYTOJIBHUKA, TepexoauT B rpad ¢ V Bepmuunamu. Packpacum
KaxKIyIo BeprmuHy rpada B oqun u3 N mBeros. Karkmas Takast packpacka
3a/1a€T PACKPACKY BEPIIMH MCXOJHOTO MHOTOYTOJIbHUKA, COTJIACOBAHHYIO
¢ BbIOpaHHOI cKJeiikoil. Bcero ke packpacutsb V' Beprmu rpada B N
BeTOB MOKHO B TouHocTH NV criocobamu. [ToaToMy ofImee IucsIo CKIIeek,
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COTJIACOBAHHBIX C PACKPACKaMM, ecTh cyMMa ducest NV 1o BceM cKJieitkam,
YTO B TOYHOCTH COBIIQJIAET ¢ oupezenenueM muaorowiena T, (N). O

Beenem dyukiuio 7', (N) —4uciio ckiieek 2n-yrojabHuKa, COrJIACOBaH-
HBIX C PACKpPacCKoOi ero BepinuH 8¢ mowhocmu B N mnBeros. Torma

T.(N) :§N:<JX>T,L(L). (9.1)

L=1
HeitctBuTesbHO, L 1IBETOB MOTYT ObITH BRIOpAHBL n3 N I[BETOB B TOYHOCTH
N _ _ _
( I ) criocobamu. ITpu stom To(N) =T, (N)=...=Ty_»(N)=0, TaK Kax,
B cuiry JieMMBbI 9.19, ckjleek, COIIACOBAHHBIX C PACKPACKON BepIIUH 27-

yroJbHUKa OoJtee 1eM B 1 + 1 1[BeT, HE CYIIECTBYET.

- Tn(N)
Oyukius t(N, n) = Gn-Dn SABJISETCST MHOTOYJIEHOM IO 70 CTEIE€HU
n — 1)!!
N — 1, mpuaem mbl 3HaeM N — 1 KopHe#t aToro mHorowtena: n =0, 1, 2, ...

..., N — 2. ITosroMmy cylecTByeT Takas IIOCTOsHHAas Ay, 9TO
(N, n) = Ayn(n—1)...(n— N +2) :AN(N’i 1)(N— 1.

TTozcTapisist oy4yeHHOE BhipaxkeHue B dopmyity (9.1), Mbl mosydaem

T.(N) = (2n — 1)!1§N:AL(LT 1)(?)@* L.

B gacTtrOCTH, crapmmit koaddurment no N 3T0Oro MHOro4JeHa paBeH
(2n — 1)!!M.
(n+1)
C npyroit cropoHsl, o jgemme 9.19, 37or Ko GuImenT paBeH n-My IUCITy
Karamana: (2n)!

A
_yn et o AR
(2n — 1N Cn FTCESIE

(n+1)

Orciona A, = U IIO3TOMY

nl’

T.(N) = (2n — 1)!!2%2“(];) (Lf 1).

Dta dopMmya B TOYHOCTH COBIAIAET ¢ (HOPMYION I Pa3JIOKEHUsI

N
by (%) 110 CTEIEeHAM S:

c© N
1+s\V 2 3 N _ L<N> n n
(750) =(+2s+2 42+ )V =14s> 324 (] )(, ")

n=0 L=1

Teopema Xapepa—3arupa goka3aHa.
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9.4. 3agaun

9.1. OreHnTe MUHUMAJIBHBI M MaKCHUMAJbHBIA POJI TOBEPXHOCTH, B
KOTOPYIO MOXKHO BJIOXKUTH rpad K, — mosHbli rpad ¢ n BEPIIHHAMHA.
(Ioanvim HazbiBaercd rpad, B KOTOPOM JIIOOBIE JIB€ BEPINUHBI COEUHEHbI
B TOYHOCTH OJIHUM PEGPOM.)

9.2. Cymecrsytor i Bioxkenus: rpada Ilerepcena (em. puc. 9.17) B
a) Top; 6) HOBEPXHOCTH pojia jaBa’

9.3. MoxHO Jn BAOKHUTL B TOp rpad K3, cocraBieHHbIN n3 pebep
JeTBhIPEXMEPHOro Kyba?

9.4. C nomorpio GopMysnbl Jitiepa JTOKa-

JKHUTE TMPOCTYIO 9acTh meopemv, Kypamosckozo:
rpader K5 u K 3 HeIb3s BIOXKUTE B cdepy.

9.5. MoXXHO 7M1 BJIOXKHTb B IIPOEKTUBHYIO
wrockocTh rpadst a) Ki; 6) K; 3?7 Ecin na, To
[IPUBEIUTE COOTBETCTBYIONINE BIIOKEHUS.

9.6. Ilycts ' —3T10 rpad, obpaszoBaHubIii pe-

O6pamMu mKocayapa. VI3 Kaxk1oii BepIIMHbI NKOCA-

37Ipa BBIXOIUT 5 pebep B €CTECTBEHHOM IMKINYe-

CcKOM TIopsiake ...1>=2>=3>=4>5>1... 3ame- Puc.9.17. T'pad [Terepcena
HUM €CTE€CTBEHHBII MUKJIUYECCKAN HNOPAIOK BbI-

XOAAmMuX pebep B KarXKJ0! BEPIIUHE HA MOPSIO0K ... 1 >=3>5>=2>4>1...
(«3Be3UATHIN MKOCA3AP» ). BBIUUCINTE POJL HOBEPXHOCTU, B KOTOPYIO
BKJIAJILIBAETCS 3BE3YATHI UKOCAIIP.

9.7. JlokaxkuTe, 9TO CKJIEHKA CTOPOH MHOTOYTOJIbHUKA JaeT cdepy
B TOM ¥ TOJIBKO B TOM CJydae, ecau rpad, oOpa30BaHHBIN CTOPOHAMU
MHOI'OYTOJIbHUKA Ha CKJIEEHHOU HOBEPXHOCTH, SIBJISETCS JIEPEBOM.

9.8. JlokaxxuTe, 9TO POJ, IOBEPXHOCTH, KOTOPYIO0 MOXKHO CKJIEUTH U3

n
2n-yTOJIbHUKA, He IIPEBOCXOIUT [5}

9.9. Broimuiiure mpou3Bo Iy o (pyHKITHIO I TUCTA CKIIEEK 2Nn-YTOJTb-
HUKA, JAIOIIIX TOP.

9.10. [okaxkure, 9To 1pu derHoMm n muorowien T, (N) nHederen u
Hao0bO0POT.

9.11. OnwmmuTe Bece OMAPHO HEU30TOITHBIE BIIOXKEHUST BOCbMEPKH B TOP.



SaK/II0INTe/IbHbIE 3aMeUaHsl U YKa3aHMs
K Onbsmorpadun

Ha pycckoM s3bIKe mMeeTcsl HeCKOJIbKO MOHOTpaduil, B KOTOPBIX H3-
JIOXKEHHUE METOJ[a IIPOU3BOAAINUX (DYHKIMI 3aHUMAET OJHO U3 HEHTPA/b-
HBIX MeCT. B mepByto odepespb cieyeT OTMETHTh JiBe KHUrH [3] u [7] mox
onnHaKOBbIM HazBaHueM «llepeunciurenbuas kombuHaropukay. [lommmo
Goraroro Marepuasa (KOTOPBI TACTUIHO MEPEKPHIBAETCS ¢ U3JI0KEHHBIM
B HACTOSIINIEH KHUTE M B 3HAYMTEJIbHO CTENeHN JIOIOJHSIET €r0) TaM IIPH-
BEeIEHO OOJIBINOE KOJIUYIECTBO MCTOPUIECKUX CBEJICHUI M oOIupHas Ouo-
muorpacdus. [103ToMy MBI O3BOIMIKA cebe He CONPOBOXKIATL HU3IOXKEHIE
HUCTOPUICCKUMHE 3aMCYAHUSMHI, 9TOOBI HE OTBJICKATH BHUMAHNE YATATCIA.
IIpuBOMMBIl HUKE CIUCOK JIATEPATYPBI TAKXKE HE IPETEHJYeT Ha I0JI-
HOTY U IpeJHa3Ha4deH, B IePBYI0 OUepelb, JJIsS OTCHIIKN K ITyOInKaIsaM,
He BXOJUBIINM paHee B MOHOTrpaduu.

HecmoTpst Ha TO, 9TO ¢ MOMEHTA MEPBOTO M3JAHWA KHUTH [losma m
Cere [4] mponuio y»ke Tpu WeTBEPTH BeKa, OHa MO-TIPEIKHEMY OCTAETCH
OJTHON M3 JIyYIINX KHUT 10 KOMOMHATOPHUKE M, B TOM YHCJE, TI0 METOIY
NPOM3BOAAIIIMX (YHKIUA. B HACTOAILYI0 KHAT'Y BKJIIOYEHO MHOTO 33144
u3 3TOro cOOpHUKa. JacTUYHO 331891 B3ATHI TAKXKe U3 y2Ke yIIOMHUHAB-
muxcst KHUr [3] u [7], Apyrux MCTOYHHMKOB, a TaKxXKe IPHIyMaHbl MHOMN
CaMOCTOATENBHO. [lepedncInTeNbHbIe aCIeKThl TCOPHH Tpad OB OMHCAHBI
B [8]. U3 apyrux uzmanuii Ha pycckoM s3bike ormeruM kuury Caukosa (6]
U yKe HECKOJIbKO yCTapeBIyto KHury Puopmana [5].

Boisoj, ypaBHeHuii Ha npousBomsinue (PYHKIUU I A3BIKOB, IIOPO-
JKJIEHHBIX KOHTEKCTHO-CBOOOIHBLIMA TPAMMATHKAMHY, CJIELYET TIOIXOLY, U3-
noxkeHHOMY B [11] (cM. Takzke cebliku TaMm). CBsi3b 9TOrO MOAX0/A C yPaB-
uenueM Jlarpamxka moapo6uo onucana B [16, 17]. Tpeyronbuuk Bepmyi-
mr—iinepa BBesieH u noapobuo usyuen B. V. Aprossgom (9, 10, 1, 2| B
CBSI3M C MCCJICIOBAHUEM PA3JIUIHBIX (DYHKIUOHAIBHBIX TOMOJOTAIECKUX
POCTPAHCTB.

Bce, 9T0 ¢BSI3aHO ¢ IIpeACTABICHIEM TPOU3BOAAINX (DYHKIMN B BUIE
HEIPEPBIBHBIX Apobeil, s B3sul u3 pabor Praxose [12, 13]. Wznoxenue
BOIIPOCOB ACHMIITOTHKH KO3 (MPUIMEHTOB U €€ CBA3H C XapaKTEPOM 0CO-
Gernocrelt dbyukuuit cremyer [14]. okasaTeabcTBo TeopeMbl Xapepa—
3arupa BOCIPOU3BOJUT — C CYIMIECTBEHHBIMU KYIIOPAME — UCXOJHOE JIOKa-
3aTesbeTBO [15]. Huero KoMOGMHATOPHOE JI0KA3aTeabCTBO CM. B [18].

TaM ke IMeeTcs JT0Ka3aTeIbCTBO 0000MeHHol TeopeMbl Kam, Koro-
poe Bocxogut K IIprodepy [19].
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